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PREFACE 

This volume is essentially the work of Mr. G. E. Mahon 
and IS based on the lectures given by him for many years 
to engineering students at the Polytechnic. Regent St., W.l, 

The work is intended to provide a systematic and 
progressive text-book in mathematics for students taking 
mechanical or electrical engineering courses in a Technical 
Institution. It is in three volumes, which are planned to 
correspond to work which is usually done in the first three 
years of the senior course. The books include such mathe- 
matics as would normally be taken in a Technical Institu- 
tion in which the students are preparing for a National 
Certificate. They also cover the syllabuses for the Examina- 
tions (Si, $2 and S3) in practical mathematics conducted 
by the Union of Lancashire and Cheshire Institutes, the 
Union of Educational Institutions and the Northern 
Counties Technical Examination Council. 

The practical requirements qf, technical students have 
been, carefully borne in mind throughout the volumes, but 
an endeavour has also been made, within the limits neces- 
sarily imposed upon such a work, to provide a fundamental 
and theoretical basis such as is necessary for a more 
advanced study of the subject. 

The authors acknowledge, with gratitude, the permis- 
sion which has been kindly given by the Union of Lancashire 
and Cheshire Institutes, the Union of Educational Insti- 
tutions. the Northern Counties Technical Examinations 
Council, and the Board of Education, to use questions 
which have appeared in their Examinations, and by 
Messrs. Longmans, Green and Company, Limited, to re- 
produce tables from " Mathematical Tables and Formulae.” 
Thanks are given to Mr. A. F. Mahon for drawing the 
figures in this volume. 


V 


G. E. M. 
P. A. 



GENERAL EDITOR’S FOREWORD 

The Technical College Series today includes many books which 
are outstanding in their particular fields, and it is the aim of the 
publishers to maintain and develop the worthy tradition of the 
Senes while meeting in full the increasing needs of technical and 
scientific education. 

An outstanding contribution of the technical colleges to 
education has been the system of the National Certificates 
under which the Ministry of Education and the colleges work 
in association with leading professional institutions. The sys- 
tem has progressed from its early pre-occupation with engineer- 
ing until the schemes now cover practically the whole field of 
higher technology and applied science. The major engineering 
institutions, the Royal Institute of Chemistry, the Institute of 
Physics, the Institution of Metallurgists are all associated with 
National Certificate schemes. There are National Certificates 
m Building and in Commerce, with each of which a group of 
professional institutions is associated. Though the pattern of 
National Certificate Courses was originally dictated by the 
needs and limitations of the evening student, the system of 
endorsements obtainable by further study has now brought 
about the result that these courses have been extended to meet 
the full requirements of practice in the subjects with which they 
deal. During recent years the system of part-time-day release 
of apprentices and learners has become common in all branches 
of industry' as well as in the public services. This has effected 
something like a revolution in technical education; and in 
particular the treatment of National Certificate studies up to 
the standard already indicated has become much broader. 

The books included in the Series will be planned to suit the 
requirements of three main groups ; (i) the part-time and full- 
time students working in technical colleges for professional 
qualifications and university degrees; (ii) technologists, 
managers, and research workers in industry; (iii) teachers in 
technical colleges and elsewhere who require text-books of high 
standard but broad enough in treatment of their subjects to be 
readily adaptable to local approved schemes of study. 

W. E. Fisher. 
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CHAPTER 1 


THE SOLUTION OF EQUATIONS 

1. The Quadratic Equation 

Every quadratic equation can be reduced to the form 
ax^ + — 0, where a, b, c are real numbers. It may 

happen that either 6 or c is zero. 

We shall assume that the student is familiar with the 
solution of quadratic equations, either by factorisation or 
by the use of the formula 

^ i Vb"^ — 4rtc 

2a 

In addition, he will know that if the roots of any quadratic 
equation are a and (i 



Further, the roots are real, coincident, or imaginary’ when 
6^ — 4rtc is positive, zero or negative. The graph of 
y = ax'^ bx + c cuts the x-axis in real points if 
^2 — 4ac is + ve, touches the axis when — 4ac = 0. and, 
assuming a to be positive, lies above this axis when 
6* — 4ac is negative. 

Example 1 

IJ one root of x^ — Gr + ^ = 0 is 2, find k. 

The sum of the roots is 6. 

/. The other root is 4. 

k — product of roots = 8 

11 
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Example 2 

In drawing the graph oi y = — Z-lx + 3-12, we find 

the curve cuts the x-axis where x — 1*3. At what other 
point must it cut this axis ? 

The axis is cut where x^ — 3*7x + 3*12 = 0. One root 
of this quadratic is 1’3. 

The sum of the roots is 3*7. 

The graph again cuts the axis where x = 2*4. 

Also 2-4 X 1-3 = 3-12, the constant term. 

EXERCISE 1 

1 . Solve 2 - 7 = 3 - i- 

2. Factorise {a) x^ — x — 20, (fi) ttR^ — and 
[c] R3 + 6RV + 8Rr2. 

Use the results of (6) and {c) to find the values of these 
expressions when R = 6-5, r == 1*75 and n = 3T4. 

(N.C.) 

3. Given that / = express d in terms of the 

other quantities, and find d when D = 8, /> = 1100, and 
/= 3200. (U.L.C.I.) 

, . V/x , Wd\ 6^* 1 « j .u 

4. Given /- s(a + 6) L(a + 6)J- 

values of x given that / = 4*2, W = 1-5, S = 10, — 11, 

L = 240, a = 12, 6 = 60. = 8. {U.L.C.I.) 

5. The lengths of the sides of a triangle are 5*6 ins., 

5 ins., and 3*4 ins. Calculate the lengths of the two parts 
into which the longest side is divided by the perpendicular 
drawn to it from the opposite vertex. (N.C.) 

6. Fill in the blanks of 

3fl2 -[- 5ab - 262 ^ (3^2 Q^b) — {ab ) 

= 3a( ) - b{ 

-( )fa + 26) 


) 
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and evaluate with as little labour as possible 

3(8-9)a + 5(8-9)(25-7) - 2(25-7)3. 

(N.C.) 

7. Without solving the equations, state whether the 
roots of the following equations are real, equal, or complex 
(imaginary) : 


(fl) x^ + 3x+\^0. (6) 2x^—Zx + 4 = 0. 

(c) + 4x -f 4 = 0. {d) 0-2x2 _ —3 = 0. 


8. Given that the area of a rectangle, whose sides are 
X and y, is A. and that its perimeter is P, find a quadratic 
equation whose roots give the side of length x. 

Find the sides given A = 12 sq. ins. and P = 18 ins. 


9. Solve 


_3 

X 4- 2 


1 




10. When a body moves with a uniform acceleration /, 
we get s = «/ + where s is the distance gone in time t, 
and u is the velocity of the body at zero time. Find t if 
s = 3 miles, m = 8 ft. /sec., and / = 4 ft./sec.^. 


2. Equations Reducible to Quadratics 

It will be found that there is but a single idea underlying 
the solution of the equations given in this section — viz., 
the use of a simpler symbol for a group of symbols, or for a 
more complicated one. 


Example 1 

Solve — 5x3 4 _ 0 

Writing z for x^, the above becomes 

2^ - 5z 4- 4 = 0 
i.e., (z — 4)(2 — 1) = 0 

Hence 2 = 4 or 1 

i.e., x3 — 4 or 1 

giving X = ± 2 or ± 1 
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The equation has four roots, -j- 2, — 2, -|- 1, — 1, all of 
which satisfy it. 

* 

Example 2 

Solve j;* — 5x* + 4 = 0 (2) 

If = z 

then — 2 ^, and (2) becomes 

2* - 52 + 4 = 0 

and just as before, we get 

2 = 4 or 2 = 1. 

Hence = 4 or 1 

X = 256 or 1. 

Example 3 

Solve 2:2 = 4 + ... (1) 

Subtracting 8 from both sides, we get : 


x2_8 = -4 + 5\/.t2-8 , . . (2) 


Put 

2 = — 8. 

Then 

2 ^ = — 4 + 52, by substituting for z in (2), 

i.e.. 

2^ — 52 + 4 = 0 

or 

o 

1 

1 

Giving 

2 = 1 or 4 

i.e.. 

— 8 = 1 or 4 

Giving 

- 8 = 1 or 16 

i.e.. 

= 9 or 24 

or 

a: = i 3 or T: ^VE. 


Test if these roo ts sati sfy equation (1). 

They do so if y/ x^ ~ 8 is regarded as positive. 

Example 4 

So'''" + 3C = 0. 

1 


Put 
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Then — 13z + 36 = 0 

i.e., (2-4}(a-9) =0 

or 4 = 4 or 9. 

y = J or 

Giving :y = ± i or ± 

All four roots satisfy the original equation. 

3. Trigonometrical equations are frequently simple 
examples of the quadratic. 


Example 1 

Solve for cos 0, 

6 cos* 0 — 5 cos 0 + 1= 0 
. We have G;c* — 5 jc + 1 = 0 if x = cos 0. 
Giving {3x — l)(2.v — 1) = 0. 

X = J or J 

*•«.» cos 0 = J or cos 0 — 


Example 2 

Solve 12 — 9 cos 0 — 10 sin* 6 = 0 . . (1) 

(1) can be written : 

12 - 9 cos 0 — 10{1 — cos* 0) = 0 
i.e., 10 cos* 0— 9 cos 0 + 2 = 0 

.*. (5x- 2){2x- 1) = 0 

where x = cos 0 as before. 

Hence cos O = | or h 

Reference to a book of trigonometrical tables will give 
us the values ol 0. Where cos 0 = one value of G is U0° 

„ cos0 = ^ „ „ 66° 25' 
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EXERCISE 2 

Solve the following equations : 

1. x*-5x^-\-Q = 0. 

2. 6 = 0. 

3. - 3 = 0. 

4. x^-'2x~ + 4 = 0. 

5. z — 4Vz— 3 + 8. 

6. 12sin2 0- 13 sin 0 + 3 = 0. 

7. 4tan2 0+ 19 tan 0 — 5 = 0. 

8. Solve for sin 0,8 — 7 sin 6 — 6 cos® 6 = 0. 

9. Find tan 0, if 3 sec® 0 — 10 tan 6 — 11 = 0. 

Solve : 

10 . 3 " + ^ _ 12 = 0 . 

11. 17.2^ + 4 = 0. 

12. Given that cos 20 = 2 cos® 6—1, solve 

cos 0 + cos 20 = 0 for cos 0. 

13. Solve (i) 10^(1(F- 2-5) = - 1-5. 

(u) 5 sin® ;c - 3 cos® x = 1. (U.L.C.I.) 


4. Equations Involving the Square Root of the Un- 
*known 

Example 1 

Solve y/2% + 3 = 4. 

Squaring, 2x + 3 = 16 

or x = 6+ 

Strictly speaking, 'v/2F+~3 should mean + \/2x + 3, 
or — y/2x + 3, since any number has two square roots. 
To avoid ambiguity, the positive square root will always be 
understood. 
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Example 2 

Solve ■\/^-fl + 'v/* + 8 = 7. 

We have '\/x-\-% = l — 

Squaring, ;c + 8 = 49 + jc+1— 14\/^ + 1 

= 50-{-x- 14-^/^+ 1. 
i.e., HVx + 1 = 42 

V^Tl = 3 

Giving X = S, 

which will be found to satisfy the given equation. 

Example 3 

Solve V2x + 6 + VZx + 1 = 8 . . . (1) 

Transposing, V^x + 1 =; 8 — V2x + 6 

Squaring, 3x + 1 = 64 + 2x + 6 — IQV2x + 6 

=70 + 2x- \W2x + 6 

IQV2x^6 = GQ — x. 

Square again : 

256(2a: + 6) = 69= - I38;c + 
i.e.. 612% + 1536 = 4761 — 138% + %«. 

%2 — 650% + 3225 = 0 (2) 

{x - 5)(% - 645) = 0. 

Giving % = 5 or 645. 

It is clear that % = 645 does not satisfy the original 
equation. 

Hence % = 5 is the only solution. It will be found that 
% = 645 satisfies the equation 

— V2% + 6 + \/3F+l = 8. 

Whenever we have to square twice, as in the above 
example, one of the roots found will not satisfy the original 
equation. In every case the values found for the unknown 
should be tried in the original equation. 

VOL. MI. R 
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Example 4 

Solve for M the equation = M + VM^ + T^, given that 
T = 4-22 [tons-ft.) and T« = 18-54 [tons-ft.) (U.L.C.I.) 

Substituting, we get 

18-54 = M + {4-22y2 

(18-54 - M)2 = M2 -i- (4-22)2 
i.e., (18-54)2 _ 2M x 18-54 + M2 = M2 + (4-22)2. 
i.e., (18-54)2 - (4-22)2 _ 37-08M. 

M = ? — ? X 14-32 /using difference N 

‘ ' 37-08 Vbetween two squares/’ 

Notice that we could first solve the equation as given, 
thus 


I.e., 

i.e., 


(T, ~ M)2 = M2 + T2 
T.2 - 2M . T, + M2 = M2 + T2 

T,2 - T2 = 2M . T,. 

,, _ (T. + T) (T, 

2T, ■ 

With the given values M — 8-79. 


Giving 


-T) 


EXERCISE 3 

Solve : 

1. V3^^ = 5. 

2 . = 2 . 

3. = ^/Yl. 

4. Vx — 2 = ^/x— 1. 

5. VZx + l + -v/jTTS - 2. 

G. 3V:y + 2\/5^^ = 8. 

/. z 3 + 2\/2-j-l = \/2-|“13. 

8. l^/xY^ + ^/x = 5. 

. 12 , 
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10. A Board of Trade formula for determining the 
distances between the centres of rivets is 

10c = 

Find p when c = 1| and = |. (U.L.C.I.) 


5.^ Simultaneous Quadratic Equations 
Case I. 

When one equation is of the first degree. 
Solve 


+ 3/ = I3i .... (1) 

2x + y= 4} .... (2) 

From (2) y = 4 — 2x. 

Substitute in (1) and get : 

;t2 3(4 _ 2a:)2 = 13 

i.c.. ^ 4^2^ ^ 13 

Simplifying, this gives : 


t.e.. 


\2x- — 48x + 35 = 0 
(13x- 35)(x- 1) = 0 


From which, x = 1 or ;** 




Now substitute each of the above values for x in (2). 
Putting X = I, we get y = 2. 

Putting « = we get y = ~ \ 

The values (1,2), and (ff, - |5), wiU be found to satisfy both 
equations. 

The student will observe that the method of solution is to 
use the linear (first degree) equation to express y in terms of 
^ (or vice versa). This value is then substituted in the other 
equation, and the resulting quadratic is then solved. 


6. Case 11. 

Consider the equation 

Sji* + 2;ty — y2 = 0 . . . . (1) 
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Every term is of two dimensions in x and y, and the 
equation is said to be homogeneous. 

(1) becomes (3;t: — y) (;i: + y) = 0 . , . . (2) 

when we factorise. 

Hence, either Zx — y = 0 . . . (3) 

or X -\-y = 0 .... {‘i) 

From (3) we get : 

3x = y, i.e., ^ i 

From (4), % = — y, i.e., ^ = — 1. 

Such an equation as {!) cannot be solved for either x or y, 
but it can be solved for the ratio or 

y X 

If the equation cannot be factorised, we could still find 
the ratio 

:v 


For example, find the ratio if 

y 

— 2xy — 2y2 = 0 . 
Dividing by we get : 



Put 

(6) becomes : 
Giving 





2 ± \/l2 
2 


(5) 

( 6 ) 


f = i ± V3. 

7. We can now apply the above method to the solution 
of a certain type of simultaneous quadratic equation. 


fj: 7 ^ 
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Example 1 

Solve x2+jy2 = rii (1) 

2xy — y^ = ‘6l ( 2 > 

Observe that there are no terms of the first degree in 
either of the given equations. 

We have, by cross-multiplication, 

3 (^2 -|-y2) 

i-e., 3x2— lOxy -f 8/ = o. 

Factorising, we get : 

(3x — 4y) (x — 2y ) == 0 

These give x = 2y 


or 


x = ^ 
3 


(3) 


Substitute from (3) in ( 1 ) and get 

5y2 — 5 

y = ± » 

and X = ± 2 . 

The values (2, 1), (- 2, — 1) will be found to satisfy both 
equations. 

Now take (4)— viz., x = ^ 3 — and again substitute in (1). 
We get : 

25y2 


i.e. 

or 

and 


9 - = ^ 


y = ±4- = ±^y-® 

^ Vs ^5 


The values 

\ 5 o / 
satisfy both equations. 


/s 3 \/ 5\ ,/ 4x^5 y u \ 

o / -5 ■ - -6" ) 


3v^\ 


o 
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The methods used in Cases (1) and (2) are perfectly 
general, and will always solve simultaneous equations of 
the given types. 


(1) 

( 2 ) 


8. Notice the method used in solving the following : 
Example 1 

Solve X + y = 

xy — 12j 

Squaring (1) x^ 4- 2.vy = 49 
Multiply (2) by 4 4xy — 48 

Subtract — 2.vy + j 

i.e., {x — y)^ = 1 

Combine (3) and (I) 

x-y= 1 /giving * = 4,3- = 3 

X + y = 7] . . - . 

1 jgiving * = 3, >- = 4. 

The points (4, 3), (3, 4) both lie on the curves (1) 
and (2). 


( 3 ) 


Example 2 

Solve x^ 4" y2 

xy 

x^ + 2xy 4- y2 
{x + y)2 
^4-y 

Similarly x^ — '2xy 4- y* 
i.e.. {x — yV 

X — y 

We now solve 

X V — 141 

x-y= 12/ 
X 4- y = — 141 

:i-V= 12/ 


= 1701 .... 

• (1) 

= 13/ . . . . 

. (2) 

= 170 4- 26 = 196 


= 196 = 142 


= 4: 14 . 

• ( 3 ) 

= 170 — 26 = 144 


= 122 


^ ± 12 . . . . 

. (4) 

x4-y= 141 


X — y = — 12 / 


x-hy= - 141 


X — y = — 12 / 




1] the solution of equations 23 

These give the four solutions : 

^=13l li a:=- li x=-13l 

y= 1/ >'=13/ v= — 13/ y=— 1/ 

9. Simultaneous Equations of the First Degree with 
Three Unknowns 

The method of solution is to eliminate one unknown 

say, 2 — and get two equations involving x andy only. 

The method of solving this pair is known. 


Example 1 

X + y + 2 = C (1) 

2.r - y + 3z = 0 (2) 

.r -h 3y ~ 2 = 4 (3) 

Adding (1) and (3) we get : 

2x + 4y = 10 

O'" X + 2y = 5 (4) 

Now multiply (3) by 3 and add to (2). 

Then 5x + 8y = 21 (5j 

Solving (4) and (5), we get 

X = 1. y = 2. 

Sub^titute these values in (1) and 2 = 3. 

Example 2 

It is knoivn that the readings given below for x and y follow 
a law of the form y = Ax^ + Bx + C = 0. Ftnd A B 
and C. ' ' 


T. . . 

\ ] ! 

1 2 

3 

r ■ ■ • 

1 

3 

.2 1 

I 


Substituting the pairs of values for x and y in the given 
equation, we get : 


A + B + C = 1 
‘lA + 2B + C = 3 
9A + 3B + C = 12 


( 1 ) 

( 2 ) 

( 3 ) 




CO I H 
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Eliminate C from (1) and (2) by subtraction. We get : 

3A + B = 2 (4) 

Subtract (2) from (3) and get : 

5A + B = 9 (5) 

Now eliminate B from (4) and (5), and 


2A = 7 
A = ^ 

Substitute in (4), giving B := 2 — 3A = 2 — -V = 
From (1)C=1 — B— A = l + -^— ^ = 6. 


1 T 
T 


Hence 


7x2 

y= -o — o- + 6. 


2 2 

Other readings could be checked by the equation. 


EXERCISE 4 

1. Solve : y — 

y — 2x = 2/' 

2. x^ — xy = 2\\ 

x-y= 3/' 

3. % + y = 5 i 

xy = 6l' 

4. 9i£;2 = 281 
2 — 3w = 2} 

6. x^ xy = 

xy + y2 — 6/ 

6. 3x^ + 4xy 5y2 = 31 \ 

x + 2y = 5) 

7. x^-hy^= 1001 

xy = 14/' (U.L.C.I.) 

8. Find the values of - and - if - — - = 13 and 

X y X y 

2 

' y 


(N.C.) 
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9. 3x^ — 5xy = — 21 
4xy—3y^=^ if' 

10. If x = 4y and l(2x + 7 ^ - 1) = §(2x - 6y + 1), 

find a: and y. (N.C.) 

11. Find the values of x and y which satisfy 

<> = H* + Vy‘ + 4f} 

tan 20 = 

X 

Given that 6 = 22^°, / = 50, and a = 150. (U.L.C.I.) 

12. S and T are connected by a relation 

S = aT^ + 6T2 + cT, 

where a. d, c are constants, and S = 11-4 when T = 2 
S = 42-3 when T = 3, and S = 202-5 when T = 5. Find 
the values of a, b, c and deduce the value of S when T = 4. 

o (U.L.C.I.) 

13. The equation to a parabola is given by 

y = A Bx Cx\ 

The parabola passes through the points (1-4, 3-19) 
(2, 4) and {6, 10-75). Find A, B, and C. (U.L.C.I.) 

14. The parabola y = a bx cx^ passes through three 

points whose co-ordinates are (- h. yj, (0, y^), {h, yA. 
Insert these values and find a, b, c in terms of y^, y,. y», 
and h. jg 


10. Some Other Types of Equation 
Example 1 

Solve the simultaneous equations 3-^ = 27*' - 2 and 25'' = 5' - 2 

XT ■ c. (U.L.C.I.) 

Notice 25 = 5^^ and 27 = 33 . 

Hence 


and 


3z ^ 33(y-2) 

6 ^*' = 5*-2 


( 1 ) 

( 2 ) 
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Equating indices 

X = 3y — 6 from (1) 
and 2y = X — 2 from (2). 

Solving this pair of simultaneous equations we get : 

X = IS and 3/ = 8. 


Example 2 


1/5^ = find the values of x. (U.L.C.I.) 

Taking logs of both sides of the given equation we get : 


• ♦ 

wlience 


X log 5 = (x"^ — 4) log 3. 


X log 5 
log 3 


= a:2 — 4 

x^ — T465Ar — 4 = 0 


solving 

whence 


l-4Go ± \/(l -465)2 + 16 
' 2 

a; = 2-862 or — 1-397. 


EXERCISE 5 

1. The points x = 2, y = 6-49, x = 4, y = 15-43, and 
X = S, y = 40-06 lie on a curve whose equation has the 
form y = a bx'* where a, b, and n are constants. Find 
a, b, and n. (Note that the abscissas form a G.P.) 

(U.L.C.I.) 

2. Three variables, p, v, T, are related by the formula 

pv'^'^ = c and pv = RT where c and R are constants. 
Given that p = 150 and T = 500 when v = 31, find the 
values of p and T when v = 126. (N.C.) 

3. Given that 0 = 0-8:c, [x = 0-3 and N = Me'"®, if 
(N - M)V = 33000P when P = 30 and V = 520, find N. 

(B.E.) 

4. y = a + bx'* is the equation to a curve which passes 

through the three points % = O.y = 1-24; x = 2-2, y = 5-07 ; 
V = 3-5,jy = 12-64, find a, 5. and «. (B.E.) 
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5. If V = be where 6 is a constant t is the time in 

seconds, K = 0-8 x 10-®. When i = 0, v = 30, and when 
^ = 15, V = 26-43, find R. (B.E.) 

6. There is a root of + 5^; — 11 = 0 between 1 and 2. 
Find it, by calculation, by putting (1 + h] for at, neglecting 
A® and solving the resulting quadratic for h. 

7. Solve = 0^ 

8. Solve 2®^-*' = 4 ^- 2 , 

9. Solve 3^*-® = 81^ 

10. Solve 3^-!' = 9^^2 

5*+y s= 25‘^-^yJ 

11. Two variables, x andy, are connected by a law of the 

form y = a -t bx‘, where a, b, c are constants. When a: has 
the values 0, 6-33, 9-05, the values of y are 2-36, 13-40, and 
20-66 respectively. Find (1) the values of a. b. and c and 
(2) the value ofy when x — 10. (N.C.) 



CHAPTER 2 


GRAPHS. THE DETERMINATION OF LAWS. 

THE GRAPHIC SOLUTION OF EQUATIONS 

1. In drawing the graph of ^ = x^, it should be observed 
that the equation imposes a definite law on the point whose 
motion is represented by the graph. 

We could translate the command " Draw the graph 
oiy = x^" by the words, “ Draw the path, on some suitable 
scde, of a point which moves so that its ordinate is always 
equal to the square of its abscissa.” 

We shall refer to the path of a point when it moves 
under a given law as the ” locus ” of the point ; and if we 
can find an equation connecting the co-ordinates of the 
point with the law we impose on its motion, we call this 
equation the ” equation of the path ” or the ” equation of 
the locus.” 


2. The Equation of a Straight Line 

Find the equation of the path of a point which always 
moves in a given direction, and passes through a given 
point. 

Case I, 

The locus is a straight line, and we shall find an equation 
which is satisfied by the co-ordinates of every point on the 
line. 

Suppose K is the given point. (Fig. 1.) Let the fixed 
direction make 0 with the positive sense of OX. Clearly 

28 
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the locus is the straight line KP. For simplicity take the 

y-axis through K. Take any point 0 on this axis as origin 
and draw the other axis XfiX. 

Suppose K is the point (0, c). Let P be any point on 
the straight line; let its co-ordinates be [x,y). 



Fig. 1, 


The law imposed on the moving point gives us the 
constants c and 0. We connect these with x and y, thus : 

NP 


KN 


= tan 9, 


where KN is parallel to OX. and PN parallel to OY. 
KN = X and NP = MP — MN = y — c. 


y — c 


= tan 0 


= tan 0 . a: + c (1) 

This is the required equation, usually written 

y = nix-\-c ( 2 ) 

In this equation m {= tan 0) is called the gradient of the 
straight line; c is the intercept on the y-axis. 



30 


NATIONAL CERTIFICATE MATHEMATICS [VOL. Ill 


We make, then, the important inference that “ Every first 
degree equation in x and y {or any other two variables) 
represents a straight line” 

This follows from the fact that any such equation can be 
put in the form (2). 

3. Instead of taking the point K on the y-axis, take it 
anywhere in the plane— f.e., let the co-ordinates of K be 
(Fig- 2.) 



Fig. 2. 


The equation of the straight line is got in exactly the 
same way as before — i.e., we write down the value of 
tan 0 thus : 


Let the co-ordinates of P be {x, y). 


OR = Xi, OM = X 
RK = yi = MN 

tan 0 = w 


Hence 


RU =: KN = 
/. NP = y — yi 
NP _ y - yx 
KN X - Xj 





Example 1 

The straight line through (3, — 4) inclined at GO'* to the 
x-axis, is : 

y + i= V3{x - 3). 
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Example 2 

Find the equation to the straight line through (— 2, 3) and 
U.4). 

Let y — mx chQ the straight line. 

We must get values for m and c. 

(— 2, 3) is on the line 

.*. S ~ — 2m c (1) 

Similarly 4 = m -j- c (2) 

since (1, 4) is on the line. 

Solving (1) and (2) as simultaneous equations 

m = §, c = -V 

y — 3 + V’ required equation. 

It may be written — 3y -b 11 = 0, by clearing fractions. 

4. The Determination of Laws of Linear Form 
When we are given equations like 

y = 3 j: -b 4 

or y = 0-2x^ 

it is a simple matter to get corresponding pairs of values of 
X and y, and so plot the graph. 

The converse problem often confronts the student. He 
is given, or gets for himself in the laboratory, corresponding 
pairs of values of two variables — say, the extension of a 
spring under various weights, or corresponding values of the 
pressure and volume of a gas under certain constant 
conditions, or the voltage drop as known values of a current 
are passed through a resistance. From the data he is asked 
to find an equation connecting the two variables — i.e., he 
must find the law connecting the variables. 

In many cases we know the general form cf the law. 
Thus Hooke’s Law connecting the tension (y) of a sj^ring 
with the extension x, is y = kx. In the case <•! a gas we 
get pv'' = constant. 
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In these cases we find k for our particular spring, and n 
together with the constant for the gas. 

In other cases, however, we have no indication of what 
the law may be, and we must use the method of trial and 
error ” — i.e., we invent various forms of equations and test 
each one to see if the data given satisfy it. 

6. The following examples illustrate some of the ways in 
which a non-linear law is reduced to a linear one. 


Example 1 

The following corresponding values of x and y are thought 
to be connected by the law y = a -j- bx^. Test this and find 
the most probable values of a and b. 

p^ote. — There may be slight experimental errors in the 
given values. (U.L.C.I.) 



= / . 


2-25 


6-29 


6-25 


7-29 


7-84 


Since 
we write 
where 


bx^ -f a 
bt a 

t. 


The values of x andy in the table are those given. 

We find the values in the bottom line by squaring the 
x-values. 

Now plot y against L (Fig. 3.) 

The points he almost on a straight line, AD. 

Take any two points on the line. 

We take the points C (4, 21), and D (8J, 36). 

These must satisfy the equation : 

y = bt a 

21 = 46 + <2 (1) 

and 36 = 8^6 a (2) 
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By subtraction 15 =4^6 

h = 3’5 (nearly) 
and a = 7 

by substituting for b in (1). 



The equation is 

y = 7 + 3-5^2. 

Example 2 

The following table gives the sectional areas of Whitworth 
bolts at the bottom of the thread for various diameters of bolts. 


1 

A = area in sq. ins. 

013 

0-3 ' 

0-9 ' 

1-3 

1 

1-8 

2-28 

d = diam. in ins. 

^^0-50 

0-75 

1 

1-25 1 

1-5 

1-8 

2 t 
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It is believed these figures are connected by a law in the form 


of A. = ad‘^ + bd. 

Test this, and if correct find the most 

probable values of a 

and b. 

We have 

K = ad^^ bd 

i.e., 


viz., 

y = ax b. 

wliere 

y = 2 X = d. 



■ I ' I ‘ ‘ I I I ■ ' I ^ ' I > ■ ' ! ‘ ' ■ 1 I I 1-1 LJ 

0-25 0*50 075 lOO 1-2S 1*50 175 2*00 

Fig. 4. 


0-20 
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A 

Now calculate and make the following table : 


X = d . 

0-56 

0-75 

1-25 

i 1-5 

1 1 

1-8 

1 2 

A 

d ■ 

0-24 

0-4 

1 

0-72 

0-87 

1 

1 

1-14 


The graph is shown in Fig. 4. 

We have taken the line through the points (1-75. 1) and 
(O G, 0-3). 

These points are on y = ax -Y h. 

Substituting, we get : 

1 = l-75a -hb . 

and 0’3 = O-Gu + 6 (2) 

Subtracting (2) from (1) : 

0-7 = h\oa 
a = 0-61 

6 = 0-3- 0-3G0 (from (2)) 

= - 0-006 

the law is A = 0-61d‘^ — 0-066d. 

Example 3 

Show that the following corresponding values of p and v can 
be represented by a law of the form 

p = l + b 


and find the most suitable values for a and b. (U.L.C.I.) 


\p ■ ■ 1 

100 

1 

120 

140 

100 

1 

1 

180 

r ■ ■ ■ 

1 

! 3-57 ' 

3-16 

2-75 

' 2-49 

1 

0-233 

0-28 : 

0-316 

1 

1 

' 0-304 

1 

1 

0-402 
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Put - = V, and find the third row in the table. 

Then : p =: ay b 

Now plot against See Fig. 5. 


( 1 ) 



100 110 120 130 140 ISO 160 170 180 

Fig. 6. 


The line drawn passes through the points p = 100, 
= 0-23G and p = 150, y = 0-34. 

Hence, substituting in (1) we get : 

100 = a X 0-236 + b 
150 = a X 0-34 + b. 
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Solving, a = 481 and 6 = — 13*5. 
The approximate law is : 



6. The Class of Curves 

*/ = «*'* ( 1 ) 

whether n be positive or negative, can be reduced to the 
linear form by taking logarithms of both sides to base 10. 


Y 



O X. 


Fig. 6. 

Clearly 

log y = « log a: + log a 

z = nt c (2^ 

where z = log^o y, t = logn, Af, and c = log,o a. 

We thus plot logy against log x. 

The following points concerning the curves given by (Ij 
abus e, might be noticed. 
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(1) They all pass through the point (1, ci\ 

(2) Two of them are straight lines — ^viz., 
y = a, {n = 0), and y = ax, {n = 1). 

(3) y = ax"^, a parabola, is a member of the family. 

(4) p-iy* = constant, is also a member, and so is the 
rectangular hyperbola xy — c, {n — 1). 

A few are sketched in Fig. 6, for -f- values of x. 


Example 1 

A curve showing the pressure p lb. per sq. in. and volume 
V cub. ft., of a gas in an engine cylinder passes through the 
points p = 21, V = 0-175, and p — 112 and v = 0-045. If 
the law of the curve is pv’* = constant , find (!) the value of n, 
(2) the value of v when p = 45. (N.C.) 

Let pV^ — c 

logio ^ « logio ^ = logio c 

i.e., substituting 

log 21 + n log 0-175 = log c . . . (1) 

and log 112 + « log 0-045 = log c . . . (2) 

Subtracting (1) from (2) gives : 

log W + « log tVV = 0 
giving « = 1-232. 

To solve the second part, we have : 

45^1-232 = c = 21 X (0-175)i-232 

Hence 

log 45 + 1-232 log V = log 21 + 1-232 log (0-175). 

This is a simple equation for log v. 

Solving, we get log v = 2-974 

and V = 0-094. 
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Example 2 

The following values of d and W were obtained in a series of 
experiments on the strength of pillars. 


\ ^ ■ • • i 

2-5 

235 

2 

J-55 

W . 

1 68.900 

46.800 1 

26.600 

10,900 


Find the law connecting d and W of the form W = kd’', 
where k and n are constants. (U.L.C.I.) 

Here 

log W = « log -f log A . . . (1) 

y = nx + c (2) 

Make the following table 


X = log d 

. i 0-398 

0-371 

i 0-301 

0-190 

y = log W 

. 1 4-770 ! 

1 

4-070 ] 

4-425 

4-037 


Take the origin at (0, 4). Unit on x-axis = 100 squares, 
on ^/-axis 10 squares. 

Plotting y against x, it will be found that the points are 
almost co-lincar. See Fig. 7. 



The line drawn passes through (0-25, 4-25) and (0-35, 
4-GO). 

Substituting in (2) above : 

4*25 = « X 0*25 + c 
4-60 = n X 0*35 + c. 
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These give n = 3*5 and c = 3-375 = log k and the 
approximate law is 

W = 237 
EXERCISE 6 

1. Find the equations to the straight lines : 

(а) Through (2, 3) inclined at 30° to the a;-axis. 

(б) Through (— 1, 1) inclined at 120° to the ;i;-axis. 

(c) Through (— 3, — 2) inclined at 37° to the 

jc-axis. 

{d) Through (— 2, 3) and (5, 6). 

{e) Through (4, — 1) and (— 2, 0). 

2. In a certain experiment it is required to show that the 
product of two variables x and y is constant. In observing 
the value of y there is a constant error in the reading. The 
following table gives the experimental reading, y^, for each 
value of X. 


X 

16 

17 

: 20 ' 

25 

30 

• 

34 

40 

y, 

1 

600 1 

1 

1 4-34 i 

1 

3-60 

1 

2-76 i 

2-20 

1-87 1 

1-6 


Using squared paper find the most probable value of the 
constant error. 

3. In experiments on the strength of a boiler-plate, to 
resist varying tensile stresses, the following results were 
obtained : 


y • 

. ‘ 26-6 

r 

1 22-5 

17-8 

: 12-5 


0 1 

X . 

■ 1 ^ 

0 

9-3 

13 

16-8 

' 17-3 

1 


It is believed that the relation between y and x can be 
represented by a formula 

y = + Va — bx, 
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where a and b are constants. Test this graphically, and 
find the best values for a and 6. (U.L.C.I.) 

4. The following results are found to obey, allowing for 
errors of observation, the law x{y + n) = m. Determine 
the values of the constants n and m. 


y . . ' 

3 

4 

6 

' 6 

1 1 

[7 1 

8 

1 

1 

9 

10 

X . 

2-35 : 

1 

2-1 , 

1-9 I 

1-75 ' 

1 

1-58 

1 

1-45 

1-35 

1-25 


(U.L.C.I.) 

5. The following values of x and y were found in a certain 
experiment : 


1 

X . . . ' 

6-6 

1 



m 

H| 

1 8-5 

90 

y ■ 

513 , 

1 

4-91 1 4-71 ; 

4-62 j 

4'3G 

4-20 

4-04 ! 

1 

3-91 


Show that the figures follow a law of the form v = v -- — 

I ax 

and find the values of the constants a and b. 

(U.L.C.I.) 

6. The air resistance to the motion of a flat vane is given 
in the following table, where R = resistance in lb. and 
V = speed in ft. /sec. 


R . 

30 

105 

163 

230 

313 

V . 

( 

10 1 

1 

20 

25 

30 

35 




Determine whether these values are connected by a law 
of the form R = a -j- bV^, and if so find this equation. 

7. Ihe following measurements were made from the 
expansion curve of an indicator diagram. 


X . 

4 

6 

6 

7 

8 

y • 

! 00-1 

4y'6 

1 

1 42-4 

1 

30-8 i 

321 
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It is desired to represent the curve approximately by the 

equation y = a + Test this, and find good average 

values of a and 6. (B.E.) 

8. A steamship at the following speeds, v knots, uses the 
indicated horse-power P. 


V 

. • 10 

12 

14 1 

16 ! 

18 

20 

i ■ 

. j 1070 j 

1910 

3220 1 

4950 

1 

7360 

10.400 


Is the law connecting v and P of the form P = Aii" ? If so 
find the best values of k and n. There are experimental 
errors in the values of v and P. (B.E.) 


7. The student should train himself to recognise sym- 
metry in a curve from its equation. 

Take y = 

We get the same value of y for or — values of x. 
Hence the curve is symmetrical about they-axis. 

Similarly if we have only even powers ofy, there is sym- 
metry about the x-axis. 

Where both powers are even, we have symmetry about 
both axes as in the circle y^ = a-. 

In y = x^, if any point, say (2, 8), is on the curve, then 
{— 2, — 8) is on the curve, and the curve lies only in the 
first and third quadrants. We need only find points in the 
first quadrant. The corresponding points in the third 
quadrant are obtained by a change of sign. 

8. The Ellipse 

The curve — 2 + p = 1 is clearly symmetrical about 
both axes. 
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X can never be greater than a', othenvise would be 
negative, and y imaginary. Similarly y can never be 
greater than 6. The curve is an ellipse, whose semi-axes 



are a and b. If a > b, 2a is the major axis and 26 the 
minor axis. 

The curve is readily drawn with the help of a trammel — 
say, the straight edge of a piece of paper. 

Draw AB and CD (Fig. 8), the major and minor a.xcs, each 
bisected at right angles at 0. 

KL is the edge of a sheet of paper. 

Take any point E on the edge and make EG = a = OB 
and EF — 6 = OC. 

Keep G and F on the minor and major axes respectively, 
and mark the varying positions of E. 
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The locus of E is the ellipse : 

1 

with 0 as origin. 

Proof . — In any position of the trammel with G and F on 
the axes, let KL make 6 with OB. 

Then OM = x = the projection of GE on OB. 


= GE cos 0 

i.e., = a cos 0 . (1) 

Similarly 

y = me = EF sin 0 

i.e., y = 6sine {2} 


From (1) 

- = cos 0 
a 

From (2) 

^ = sin 0 
b 


Squaring and adding we get : 

^ 4- -^ = cos^ 0 sin^ 0=1. 
b^ 


To draw 



make AB = 8 units, CD = 6, EG = 4 and EF = 3. 

We could, of course, graph the curve in the usual way. 


EXERCISE 7 


Plot the followng curves : 



3. + 4>'2 = 48. 


2 . 

4. 


9 ^ 16 

^2 + 2y2 


1 . 

16, 
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9. Graphic Solution of Equations 

Notice the following method of solving a given equation 
graphically. 


Example 1 

Solve — Sx ~ 5 = 0. 

This may be done by plotting y = ~ Sx — 5. and 

finding the points where the curve cuts the A:-axis. 



Or we may solve thus : 


Now plot 
and 


;t3 _ 8^ _ 5 ^ Q 

= 8x 5. 
y = x^ 
y = Sx + 5. 


The scale on the A:-axis is ten times that on they-axis. 
The grapli is shown in Fig. 9. The points common to the 
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two curves are A, B, C and their absciss® are 3*1, — 0*65, 
and — 2-5, respectively, true to two figures. These are the 
roots required. 


Example 2 
Solve graphically 


Clearly 
Now graph 
and 

These are sho\vn in Fig. 10 


+ ^2) 

11 


(N.C. 

2-6 

32a: 

~ 4 + 

y 



32a: 

y 

“ 4 + a: ^ 



Fig. 10. 


The absciss® of the points of intersection give two of the 
roots. 

These are x — 3*6 and a: = — 0*75. 


10. The Cubic and Other Equations 

The accurate graphing of a cubic function is more readily 
done when one knows how to get the turning-points on the 
curve. See Chapter 7. 
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In solving any equation grapliically say f{x) = 0, we are 
merely concerned with finding the points where the curve 
y = f[x) cuts the x-3.\is — i.e., the points where y = 0. For 
this purpose it is not necessary to draw the whole curve. 

Suppose, in the curve y = f{x), that when x ^ y is 
positive, and when x = 4,y is negative. 

Clearly the curve must cut the axis between x = ^ and 
X = Hence we infer a root of f{x) = 0 between these 
two values. To find this root we need only plot values of 
X and y between these numbers. We may similarly limit 
our plotting for any further roots. 

Example 1 

Solve graphically the equation 

x^ - F87x- - 4-34x + G-41 = 0. 
by plotting between at = i 3. 

First, make the usual table 



0 

! 1 

2 

3 

1 

!- 1 

' — 9 

L:, 

1 . . 1 

lO j 

1 

8 

1 

: 27 

i-' 


-27 

! -l-87.r2 

1 


1-1-87 

-7-48 

-1G-S3 

;-i-87 

-7-48 

-11). 83 

! -4 rj4-*-+G-n 1 

C-4li 

' iS7j 

-2-07; 

-7-21 

, lu-!*’) 

15-10 

2003 

y. 

,y-4i 

1 

1 1 

-2-15 

1 

2 IHJ 

1 8 0S i 

1 1 

0 01 

-23-8 


Noting the changes in the sign ofy, we see that tlie roots 
are between 1 and 2, 2 and 3, whilst the third root is — 2 
(nearly). Hence we need not plot for the negative values 
of x. 

10 squares = 1 unit horizontally. 5 squares = I unit 
vertically. Fig. II (a). 

To get the root between 2 and 3 : 

The curve cuts the A-axis between x = 2-6 and x — 2-7 
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When X = 2-64, y — — 0-2 

X = 2-66, y = — 0-08 (A) 

,, a: = 2-68, y=-{- 0-07 (B) 

The root is between 2-66 and 2-68. 

Plot the last two points, A and B, on the diagram. 
Fig. 11(6). 

50 squares — 1 unit on A:-axis, 100 squares = 1 unit on 
^-axis. 

The root is clearly 2 67 correct to three figures. 

The other roots will he found to he T2 and — 2. 


2-66 


A 

Fig. 11 (a). Fig. 11 (6). 

Example 2 

Graph the Junctions 0'08(4r — 3)(x* — 9) and + 1) 
for values of x from — 3J /o + 3i, ^^sing the same scales and 
reference axes for both graphs. By means of the graphs 
estimate to two significant figures the roots of 

0-24(4x - 3 ){a:2 _ 9) - x = 1. (N.C.) 

Plot y = 0*08(4x - 3){x2 - 9) . . . . (1) 
i.e., = 0-08(4jt - 3)(j; - 3){x + 3) . . (2) 

and the straight line 




( 3 ) 
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Plot the straight line first. 

Where (1) cuts (3) we have, by equating ordinates, 

- 3)(;t2 - 9) = ^{x + 1) 
i.e., 0-24{4^ - 3){x^ - Q) ^ x 1. 

Hence, the common abscissae give the roots. 

The graphs are shown in Fig. 12. 



■1.1 ■■■■■■ 


■■k ■■■■■■ 

■■■■!■£«■ 

■■■■kina 


■■■■■■«■ 
■■■■■■kua 
■■■■■■kaa 
■iaaaaaia 
■■■■■■■u a 

■■■■■■■!■ 

laEli 

laaak' 






ik 


■■aaaiiaiia^siri 

■■ii aak^PgSaaaa- 

■p^ pi^SSSSBB 


:as!f 

■aa* 

pstfia 

PPIBE 

■■im 

■anai 


■■■■a laa 


aasssssssa^ 

S aaaaaaaaa3 
■■■■■■■■ 
■■■■■■■■■la 



asaaa 






50 


NATIONAL CERTIFICATE MATHEMATICS [VOL. Ill 


Example 3 

Solve graphically the following equation 

3^ — - 2x \ ^ 0. (U.E.I.) 

Put_y = — 2x^ — 2x -{• I and draw up the table below. 


X . . . ^ 

0 

1 

1 

2 

1 

3 i 

y . . • . i 

1 I -2 

-3 

4 

0 


From the table, one root is clearly x = — 1. 
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Since y changes sign between x == 0 ^nd x = \ there is a 
root between these values. 

Similarly, y changes from negative to positive between 
x = 2 and x = Z -, we thus infer a root between 2 and 3. 

Actually we need only plot the curve between = 0 and 
* = 1. and between x ^ 2 a.nd x = but the full curve is 
drawn in Fig. 13 between x = — I and at = 2*7. 


1 

X 1 

1 

1 1 

0 1 

0-2 

0-4 

2 

2-2 

2-4 

26 I 

1 

2-7 

y 

1 

0-528 

-0-056 

-3 

-2-432 

-1-5 

1 

o 

0-703 


The student should make the above table. Joining the 
points (0-2, 0-528) and (0*4, - 0-056) to get one root and 
the points (2-6, -0-15) and (2-7, 0-703) to get the other. 
The roots are seen to be — 1, 0-38, and 2 62. 


Example 4 

Sh070 that ^2 _ 4 ^ ^ 2-86 is satisfied by a value 

between x = 2 and a: = 3, and by a graphic method or other- 
wise find this value correct to three significant figures. 

(U.L.C.I.) 

Put y = x^~^\og,x~2-'&Q, ( 1 ) 

or y = _ 9-212 log^o ^ - 2-86. ... (2) 

since log, a: = 2-303 logn, a:. 

If a table of napcrian logarithms is available use (i) 
above ; otherwise use (2). 

Putting a: = 2 in (1) above we get 

y = 4 - 2-77 - 2-86 = - 1-G3 

Put x = 3, 

y = 9 - 4-39 - 2-86 = + 1-75. 

Hence a root lies between a: = 2 and x = 3. 
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Draw up the following table. 


;r . . . 

2-2 

2-3 

2-4 

2-5 

2-6 

- 2-86 . 

— 4 log, X . 

1-98 
-3- 15 

2-43 

-3-33 

1 

2-90 

-3-60 

3-39 

-3-67 

1 

3-90 

-3-82 

y • 

-M7 

1 

-0-90 

-0-60 

-0-28 

-i-0-08 



The root lies between x = 2*5 and x s= 2’6. 

Now join the points given by the last pair of coordinates 
in the above table and find x = 2-58 correct to three 
figures. (Fig. 14.) 


EXERCISE 8 

1. Plot y = *2 

and y = 5-2jc — 6-4 

Hence solve — 5*2;t + 6-4 = 0. 

2. Solve x^ — 6-4;c + 9-43 = 0 graphically. 

3. On the same axes and to the same scale graph the 

functions y = Ix^ and y = -|- I, and hence solve the 

quadratic ^ ^ = 0. 
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4. Ploty — andjy = 9x — 3’5, and hence find one root 

of _ 9^ ^ 3.5 ^ Q 

5. Graph each of the functions [0-2r3{4 — x)] and 
[0-5{a: — 2)2 + 1] for values of ;ic from ^ = 0 to = -1- 4, 
showing accurately the turning-point of each graph and 
using the same scales and reference axes for both graphs. 
By means of these graphs estimate within limits ± 0*05 the 
roots of the equation x^{x — 4) + 2-5x2 — lOx -|- 15 = 0. 

[Take the x-axis parallel to the longer side of your sheet of 
squared paper, and use a length of 8 ins. for the range 
X = 0 to X = 4, and a length of 6 ins. for the range y = 0 to 

y = (N.c.) 

6. Graph the function J(x - 4)2(;i: + 2) for values uf 

X from — 2 to -f- 6. By means of the graph solve each 
of the equations 

{x - 4)2{x -h 2) = 10 

(x - 4)2(x -h 2) = 17. (N.C.) 

7. Graph the function (3x2 — x^) values of x from 

- 1 to 4- 3. Find graphically within ± 0-03 the roots of 
each of the equations. 

(i) x2 - 3x2 ^ o.25(;^ ^ 9) = 0. 

(ii) x2 — 3x2 _ o-25(x — 11) = 0, (N.C.) 

8. The equation - 4-485 + ^ _ 9.4 iog,„ * = 0 has 

a root between 2-5 and 3. Find this root accurately to tlie 
third decimal place. (U L C I ) 

9. Solve by plotting 

3x2 - 20 logj„ - 7 077 


(U.L.C.I.) 



CHAPTER 3 


PERMUTATIONS. COMBINATIONS. THE 

BINOMIAL THEOREM 

1. No special mathematical knowledge is required to 
understand the method of finding the permutations or 
combinations of a given number of different things. 

We must first understand the words “ permutation ” and 
" combination.” 

A “ Permutation ” is an arrangement. 

A ” Combination ” is a group. 

Thus bac, abc, cab, are different permutations of the same 
group abc. 

Hence in arrangements order is the essential thing. 

In groups or combinations the order of the things is of 
no importance. 

If there are three members of a permutation or combina- 
tion, we shall speak of it as a three-permutation or a three- 
combination. 

Tlius pqr, rpq, are three-permutations of the same three- 
combination. 

2. The Fundamental Principle 

Suppose there are four ways of going to school, and three 
different ways of returning home. We can clearly go to 
school and back in 4 x 3 ways, never using the same road 
twice in the return journey. 

This is a simple illustration of a principle that is funda- 
mental in dealing with the subject of permutations. 

This principle is enunciated thus : 

Suppose there are m ways of performing a certain action. 
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and when it has been done in any one of these ways, there 
are n ways of doing a second action, then the numbers of 
ways of performing the two actions in succession is w x m. 

The principle is almost self-evident, and can be extended 
to any number of consecutive actions. 

Example 1 

Take the popular pastime of filling in a football coupon. 
Suppose we have to predict the results of 7 matches. Three 
results are possible in each match. Each may be associated 
with the three results of any other match. Hence the 
number of columns we require to make certain that one 
column is correct is 3’ or 2187. 

Example 2 

How many possible sets of three letters are there available 
for the registration of motor cars, assuming that the twenty- 
six letters of our alphabet can be used. 

The first letter may be cliosen in 20 ways. Since we may 
repeat any letter, the second -and third letters may also be 
chosen in 20 ways each. 

The required number is 20^ or 17,570. 

3. To find the number of ways of arranging n 
different things, using all of them in each 
arrangement 

Suppose we have n different things, and we wish to find 
how many different ways they can be arranged, using all 
of them in each arrangement. 

Tlie problem is identical with that of seating « people on 
n chairs, in every possible way. 

The first chair may be filled in n ways. 

When this has been done the second chair rnav be tilled in 
(« — 1) ways since we must leave one person on the Jir>vt 
chair. 
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/. Using our fundamental principle, the two chairs may 
be filled in n{n — 1) ways. 

We go on in this way, until there is but one person to fill 
the last chair. 

.*. The number of ways of arranging n things using all of 
them in each arrangement is 

n{n - l)(n - 2) ... 3.2.1 . . . . (1) 

This is the product of the first n integers, and is denoted 
by or n !, and read “ factorial n” 

Thus [5 -= 1 . 2 . 3 . 4 . 5 = 120 = “ factorial five.” 

4. To Find "P, 

It often happens that we want to find how many r-per- 
mutations we can make from n different things. 

Clearly r can never be greater than n. 

This problem is stated shortly thus ; " Find "Pr.” 

The ” n ” refers to the number of different things, whilst 
'* r ” tells us how many of them appear in each arrangement. 

We now see that our problem is to find how many 
different arrangements of people we can get on r chairs if 
we have n people at our disposal. 

The first chair can be filled by any one of the n people — 
i.e., it can be filled in n ways. 

When it has been filled in any one of these ways the 
second can be filled in [n — 1) ways — i.e., in (« — 2 + 1) 
ways. 

The third can be filled in (n — 2) ways — i.e., in 
(^ _ 3 -j- 1) ways, and reasoning in this way we see that 
the rth can be filled in (» — r + 1) ways. 

Hence, using the fundamental principle we find : 

"P, = n(n — l)(n — 2) . . , — r -f 1) . . (2) 

The number of factors is the same as the number of chairs 

—viz., r. 
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5. The problem solved in § 3 may now be stated as 
Find "P„ — t.e., find the number of ways in which n 
different things may be arranged, using all of them in eacli 
arrangement. Putting n for r in (2) above we get : 

"P„ = n(n — l)(n — 2) . . . 3 . 2 . 1 = [n. 
Example 1 

The number of arrangements of three coins which can 

be made from a penny, a shilling, a florin, and a half-crown 
is : 

‘Pa = 4 . 3 . 2 = 24. 

Example 2 

The number of three-permutations which can be made 
from a complete pack of cards is 

= 52 X 51 X 50 = 132,000. 

Example 3 

Express 10 x 9 x 8 x 7 factorial notation. 

We have 

10x9x8x7=*^-^-®-'^-f6^-^*3-2.1) 

(6. 5. 4. 3. 2.1) 

| 0 ‘ 

EXERCISE 9 

1. Evaluate (a) ’P„ (d) and (c) 

2. Express (a) {b) H\. and (c) ^P^ in factorial notation. 

3. Show that "P. = i” 

[« — r 

4. If there are nine horses in a race, how many possible 
ways are there of nominating the first three horses ^ 
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5. How many terms are there in the product 

{a + 6 -t- c){p 4* ? + r)[x y + z w)} 

6. If there are six stations between two towns, how many 
different kinds of single third-class tickets must be printed so 
that one may book from any station to any other ? 

7. How many numbers each containing three different 
digits can be made from 2, 3, 4, 5, 6 ? How many numbers 
of three digits can be made ? 

8. In how many ways may eight people sit on eight chairs 
arranged in a line, if two of them insist on sitting next to 
each other? 


6. To Find 

The notation "C, means the number of groups (or com- 
binations) each containing r things which we can get if we 
have n different things from which to choose them. 

The problem is identical with that of finding how many 
different groups of r people we can get from n people. 

Observe that any group of r people can be arranged in 
\r ways. Thus a group of four people can arrange them- 
selves in [4, or 24 ways. 

Putting X = "Cr, we see that x[r represents the number 
of ways in which the n people can form r-arrangements, 
since every group of r can arrange themselves in [r ways. 

Hence x\r = "Pr 


X = 


= v{n 


l){n - 2) . 

l)(n-2) . 


(h - r + 1) 
{n-r-\- 1) 


Ir 



— l)(/i — 2) . . . { n — r -f- 1) 

1 , 2 . 3 . . . r 


The above formula is very important. Notice that the 
number of factors in both numerator and denominatoi is r. 




5.4.3 

“1.2.3 




CH. 3] 


PERMUTATIONS. COMBINATIONS 


69 


7. If we take a group of r from n things, we have a group 
of (n — r) things left. Hence the number of r-combinations 
equals the number of (n — r)-combinations. 


i.e,, 

Thus 

Similarly 



12.11 

1.2 





n(n — 1){m — 2) 

1 .273 


Example 1 

The number of soccer teams that can be picked from 
14 people is 



14 . 13 . 12 
1.2.3 


304. 


Example 2 

Reverting to Example 1 above, find in how many of the 
teams a particular man. say Brown, appears, and in how 
many he does not appear : 

(1) if he is in the team, pick 10 men from tlie 
remaining 13 men, 

he is in — t.e., 2SG of the teams. 

(2) He is not in of them— f.e.. he is not in 

13 12 

~l' 2 ~ teams; since when he is excluded, we just 
pick 11 men from 13. 


Observe that the number of teams Brown is in together 
with those he is not in = 364. 

This example can be generalised ; and it follows that 


"Cr = + "’1C, 

since the groups of r may be divided into (I) those in 
which a particular thing appears and (2) those in which it 
does not. 
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EXERCISE 10 

1. Find {a) K,. {b) (c) [d] H:,. 

2. Express each of the above examples in factorial 

notation. 

3. Show that -f *^4 = 

4. How many different triangles can be formed from 
16 points in a plane, if no three of the points are in a 
straight line? 

5. How many points of intersection have 

(а) eight straight lines in a plane, no two of which 
are parallel. 

(б) eight intersecting circles in a plane ? 

6. From eight white and six coloured balls in how many 
ways may three white and four coloured balls be selected ? 

7. In how many ways may seventeen articles be packed 
into two parcels one containing ten of them and the other 

^pvpn ^ 

8. If Kr = ^C^r-7. find r. 


8. The Binomial Theorem 

Wlien n is a positive integer, we are now in a position to 
show that 



+ = 1 + "CiX 4- "CgX* + . ■ . 


+ ”CnX^ 



i.e., that (1 + ac)" = 1 + na; + + . . . + (2) 

The expansion in (2) above is known as the Binomial 
Theorem. 

By actual multiplication we see that 

(1 _p xY = (1 + x){l x) = I 2x . . . (A) 

(1 + xf = (1 + + ^){1 + ^) = 1 + 3x 4 3^2 4- (B) 

(1 4. x)* = (14- ^)(1 4- *)(1 4- ^)(1 4- X) 

= 1 4- 4% 4- 6x^ 4- ^ 4- X* (C) 
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Proceeding in this way, we observe that 

(1) Each expansion is in ascending powers of r. 

(2) Each expansion starts with — i.e,, I— and 
finishes with a power of x indicated by the particular 
index. 

(3) The number of terms in the expansion is one 
more than the number expressed by the index. 

We thus infer that, when n is a positive integer, 

(1 + a:)" = 1 + UyX + a^x^ ... (3) 

All we require to find is the value of each of the as — 
viz., a^, flg. etc. 

This is a simple problem in combinations. 

When n is a positive integer 

(I -f = (1 + 3 r)(l -|- x)(l + x) . . . to n factors. 
The term in the product on the right-hand side which 
contains, say, is formed by taking x from three of its 
factors in every possible way. Since we have n factors, 
this may be done in "C 3 ways. Similarly, for every other 
power of x\ the coefficient of is, then, "C.. and that of 
x' is "Cr. 

Substituting for a^, a^, etc., in ( 3 ) we get : 

U + = 1 -f- '>C^x + "CrX^ 

4- . . . + (4) 

= I -1- ma: + ■ (o) 

The forms (4) and (5) above for the Binomial Theorem 
should be remembered. 

Example 1 

Expand fully {1 -f- x)8. 

We have 

(1 -f ;c)6 = 1 + ec,A: + + ^C^x^ + 
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Notic6 that ®Cg = 1, and that ®Cg = etc. So that 
the coefficients of terms equidistant from the beginning and 

end of the series are equal. 

Writing out the coefficients fully, we get : 

(1 -I- = 1 + 6a: + I5x^ + 20x^ + 15a:* + 6a:5 + a:«. 

From (4) above, the coefficient of any particular power of 

X may readily be written down. 

Thus, in (1 + a:)® the term involving x^ is 

i.e., 56a;®. 

9. Now notice that : 

(1 - xr = {! + (- X))- 

= 1 +«{-*) + 

= 1 — nA: + 

viz— the terms are alternately positive and negative. 
Thus the first four terms of (I - a;)’ are : 

I _ 7;c + 21 a:2 - 35a:® 


(1 H- 2x)^ is e.xpanded thus : 

(1 + 2a:)® = 1 4- ^C,{2x) + + ®C 3 ( 2 a:)® +, etc. 

= 1 + 18a: + 144^2 4- 672;r® 4-. etc. 


10. The form 

. nf«-;-l) , . n{7i — 1){« — , 

(1 + *)"■ = 1 + «^ + -tV* + 1.2 7 3 ■ 


we shall call the ” Standard form of the Binomial 
Theorem.” Any other form can be reduced to this one. 


Example 1 
Expand {a 4 " ^)'*- 

{a + x) = ' 2(1 4- j 
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(« + a:)" = «"(l + 

= a"[l + + . . . + "C,^ + . . .] 

i.e. (a -f- a:)” = o'* x + ’'C 2 fi''~^x^ + ■ • • 

+ '’C,a'*--x--+ . . . (6) 

This expansion is more general than the one in standard 
form, but is not so useful. 


Example 2 


Expand (^3 + 2 ) 


=* + 5) = K* + g 


3 + 2 ; =3V + 6 


= 3« 1 + 0 . n 4 - 


0 . 5 X 


1 . 2 36 


4\i> *i" ♦ • • 




=n'+*+i2> 

11 . The expansion of (1 + x)" preserves the same lorin 
when n is not a +ve integer, provided that x is real and is 
numerically less than unity. The proof of this proposi- 
tion is beyond the scope of this book. 

Thusif%<; 1 (numerically) 

(I 4- a;) ■ ^ = 1 + (_ 4)x + 

-h i.2.3 ‘^’ - 

= \ - 4x+ \0x^ - 20x^ + . . . 

N.B. — We cannot use the form involving '‘Cj, etc. 

In the above, observe that the series on the right-hand 
side is unending. 
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Similarly 


(1 -;()-* = 1 + (- i)(- X) + *) 


2 


+ 


(- i)(- 4 )(- i), 

1 n o \ 


1.2.3 


X) 


= 1 _L * + 5^-' + 
^ 2 ^ 8 ^ 


5r^ 


16 


. +, etc. 


12. We summarise our results thus : 

. n(» — 1) , , »(» — 1)(» — 2)^ , 

(1 + x)'* = 1 + + —17273" ^ ‘ 


{a) If n is a positive integer, the series terminates after 
1 ) terms have been written down, and the series 
gives the exact value of (1 + xY for all values of x. 

(b) Ifn is a negative integer, or a positive or negative 
fraction, the "form " of the series is preserved, but gives 
the true value of (1 + xY only when x is numerically less 
than unity. 


Example 

= 1 + (- 3)(2*) + + • • • 

= 1 — 6;i; + 24je2 — , etc. 

In the above case 2x < 1 (numerically), 
i.e., x<, \ (numerically). 

N.B.— When we wish to refer merely to the numerical 
value of x. we write it thus \ \x\ ^e.g.. 



I I is then read " the numerical value of 
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In the above example, we have, then : 

\x\<h 

13 . The following examples are typical of many which 
involve a knowledge of the Binomial Theorem. 

Example 1 

Find the term independent of x, i.e., the constant term, in the 
expansion of . 




xV 


1 


The required term will be the one containing -3 when the 
binomial is expanded — i.e., the fifth term. 

Its value is x® . ®C4^— = 1120. 

Example 2 

Write down the expansion of {x a)^ where n is a positive 
integer. Give in full the [r -f- \)th term. Find the constant 

term in the expansion of ( . 


(U.L.C.I.) 


(* + a)" = *”( 1 + 5 


n 


( n. / 2 ^' 

1 + "C,- + "C2-, + . . . + ”Cr- + . . . + 

= 4- ”CiX’'-^a 4- 4* . . . 

4- ^CrX^-'a’’ 4- ... 4- a"- 

The (r 4- l)th term 


_ n{n - l)(n - 2 ) ... (w - r 4- l)^n.. 


1.2.3. . . r 


fl’’. 


VOL. III. 
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Also 


(*• - 1)‘‘ = - r ■ 


Hence (see example 1 above) the constant term is the 
seventh and is : 

■ "c.(- D' 

= . 26. 

Example 3 

= 1 + (- 1)j: + (- +, etc. 

— \ — X — . . . 

If X is so small that x^ and higher powers may be 
neglected, we get that : 

1 


Similarlv 


1 + 
1 


= 1 — X. 




Vl + X 

neglecting higher powers of x than the first. 
Thus: 

^ ^ = (1 - 0 - 002 )-* 
Vo-998 VI - 0-002 

= 1 ^ j X 0-002 = 1-001. 


Example 4 
Let 


E = 


(1 4- xy 

Vl -X 


= {1 + *)*(! -*)-* 

= {1 + 4Ar + . . .)(! + i* + 
= 1 + 4* + i* + . . . 

= 14 -^. neglecting x'^, etc. 


. .) 
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Evaluate 

Here 


( 1 - 02 ) 


\/0*98 
a; = 0*02 

An approximate value is, therefore, by example 4 : 


Example 5 


1 + I X 0-02 = 1-09. 


Consider the formula ^ = constant, where p is the 

pressure of a gas in Ib./sq. in., v the volume in cub. ins., and 
T the absolute temperature. 

Suppose V increased by 3%, T diminished by 2%, what is 
the percentage change in ^ ? 

V becomes v(l + 0-03) 

T becomes T(1 — 0 02) 
p becomes p{\ -f x), say 

PJ _ + 0-03) 


= constant = 
1 + * == 


T . (1 - 0 02) 
1 - 0 02 


1 + 0-03 

= (1 -0-02)(l + 0-03)-i 
= (1 - 002)(1 -0-03) 

= 1 - 0 02 - 0 03 
= 1 - 0-05. 

Hence x = — 0 05 and p decreases by 5%. 


EXERCISE 11 

Expand to four terms, putting where necessary each 
binomial in “ standard form.” 

1. (a) (1 + z)‘, (b) (1 -h)-\ (c) (1 +:>')», (d) (1 - x)-i. 

rr^- ^TT^x 0^“' 

(k) (a + *)->, (/) (a + 2/.)', (m) (2 - 3x)-‘. 
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2. Find approximately, using the Binomial Theorem, 
(a) (l•02)^ (6) (0-997)*, (c) VroOB. {d) 


1 


(.) 3:^5. if) 

3. Supposing h small compared with x find values for 

[x + h)^ — X® (x + /»)* — X* 

h ’ h 

4. Using the Binomial Theorem, find the first five terms 

in the expansion of Vl + 2x. (U.E.I.) 

5. If X is so small that its third and higher powers may 
be neglected, show by the Binomial Theorem that the 

"A 4-"^ ^ 

values 01 


'4 


— and 

X « — X 


may be considered equal. 

(N.C.) 

6 Expand ~ in ascending powers of x as far as 

(1 — X*)* 
the term containing x^. 

( 1 - ^ (1 - X)* 

(1 + *)* (1 - 

when X = 0*12, " . ^ .L is approximately equal to 0*9038. 

(1 + x)* 

(N.C.) 

7. Find the coefficient of the seventh term in the 

2 x3\io 


Prove that ^ and hence deduce that. 


expansion of ^ 




(U.L.C.I.) 


8. Expand (1 — 3x)® for five terms and find the values of 
the fourth and fifth terms when x = 0*06. (U.L.C.I.) 


9. Find the middle term in the expansion oi(x + - J • 

(U.L.C.I.) 

10. Expand (x — y)* to the first four terms, and when 
X =s 3 and y = — 0*1 find the numerical value of each of the 
first three terms of your result to four significant figures. 

(U.L.C.I.) 
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11. Find the term containing in the expansion of 


3N 14 

4 


(U.L.C.I.) 


12. Given Fj = 

the Binomial Theorem the approximate value of Fj — Fg. 
when I is so small compared with d that powers of ^ above 
the first can be neglected. (U.L.C.I.) 


m 



CHAPTER 4 


FUNCTION. LIMIT. INFINITESIMAL. DEFINI- 
TION OF A DIFFERENTIAL COEFFICIENT 

1. Functions of One Variable 

In plotting y — we give a value to x. and then cal- 
culate a value of y. The two values, x and y, determine a 
point on the graph. 

Both ^ and y are termed variables. In the above case 
is the independent variable because any value whatsoever 
may be given to it. y is the dependent variable because its 
value depends on that given to x. 

Definition 

When a value given to x determines a value of y, y is called 
a function of x. 

2. Notation 

When y is a function of x. we express the fact by wnting 
y =f{x) or y = F(;c), and sometimes by y — ^[x). We 
shall use one or other of the first two forms. 

Thus y = fix) = _ 5^; + 2 

and y = F{6) = 3 sin 0 + 2 cos 8 

are examples of functions of x and of 6. Both the above 
functions are called explicit functions, because one variable 
is expressed solely in terms of the other. In both cases we 
know the “ form ” ofy. 

On the other hand, if we merely know y =f{x)—i.e., 
that y is some function of x — the only knowledge we get 
from the relationship is that values given to a; determine 
values of y. We cannot calculate values ofy, but can only 

say that when ;i; = 2,y = /(2), when x — 0,y — fiO), etc. 
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Example 1 

If y = j{x) = — 4x -{- 2 

/( 2 ) = 3 . 22 - 4 . 2 + 2 = 6 
/(- 1) = 3(- 1)2_4.(- I) + 2 = 9 

AD = 3(i)2 - 4(J) + 2 = J. 


Example 2 

If y — sin 20^ 

we have F(0®) = sin 20° 

F(15°) = sin 30° = 4 

■v/3 

F{30°) = sin 60° = ^ 


0 - 866 . 


The student will now realise that all the formulae he uses 
are examples of functions. 

Thus ; V = ^Trr* 

— the volume of a sphere is a function of the radius. 

Again, if 

— the intensity of stress, /, is a function of the strain, x. 
Any other formulae may be regarded in a similar way. 

It should be observed that some functions of x are true 

only between certain values of x. For instance, f ~ ~j- 

holds only for values of x between the elastic limits. 

Similarly _y = - is not a function of x for the value 

X 

% =s 0, since ^ has no value. 

Perhaps the student has been accustomed to state that ^ 
IS equal to “ infinity," whatever he may mean by that 
word. He should, however, remember that we cannot 
divide by zero; and will convince himself of this fact if he 
tries to divide both sides of the equation 2x0 = 3x0by 
zero. 
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EXERCISE 12 

1. Given that f{x) — — 5^ -j- 2, find (a) /(2), (6) f{0), 

(c) /(- 3), [d] /(i). 

2. If /{6°) = 3 sin 26° + 4 cos 0°, find (a)/(0°), (6)/{15°). 
(c) /(30°). 

3. If F(x) = Zx^ - 4x + 2. find (a) F(3) - F(2), (6) 
F(- I) - F(- 3). 

4. If fix) = 2^2 _ - 4, find [a) f{x + 2) — fix), (6) 

fix + /:) - fix). 

5. If ^(0 = 3^2 4- - 1, find <i>it + 2) - + 1). 

3. The Notion of a ** Limit ” 

The use of the word limit in a mathematical sense is 
closely allied to many of the ways in which we use the word 
in everyday speech. 

When we speak of “ working to the limit,” or say that a 
person has reached the ” limit of endurance ” we imply : 
(a) a boundary to the amount produced by, or to the possible 
endurance of, say, an individual, and (6) that the boundary 
has not quite been reached, otherwise the person could 
neither work nor endure. 

This notion of ‘‘ not quite reaching the boundary ” is 
inherent in the mathematical notion of a limit. 

Consider y — Z 

Case I. 

Let X increase progressively. 

If = lOS y = i = 0-0001. 

If * = 10®, :y = 1^5 = oooooi. 

as gets larger and larger, we see that y gets smaller and 
smaller. 
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To express this progression of x through greater and 
greater values we shall use the S 3 Tnbol oo, and call it 
infinity. 

We then write : 



Lf is an abbreviation of the word “ limit." ** x — ^ co ” 
should be read as " x tends to infinity ” and the statement 


.ii.© - »■ 


means that as x progresses through greater and greater 
values - approaches nearer and nearer to zero. 


Ca%e II. 

Let x decrease indefinitely. 

When a: = 0*001, y = = 10^ 

When ^ 0*0001. y = = 10^ 

and again we see that as x gets smaller - becomes greater — 

oc 

i.e., that 

L/ (-\ =00 (2) 

r ^(|\^/ 


We do not mean that co (infinity) is a number, but the 
statement (2) is a short way of saying that no matter how 
great a number N may be named by some hypothetical 

person Z, we can always choose x so small that ^ N. 


All we need do is to choose x smaller than 



Further, 


notice that we never contemplate x as having the value 
zero. 
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If we graph ^ i for positive values of x we get a curve 

that approaches the a:-axis as x — ^ oo , and approaches the 
^-axis as x — > 0. 


Example 1 


When 


y^f{x) = 
x=\,y^ 


(3-x)(;^- 1) 

X- 1 

2 X 0 _ 0 
0 0 - 



If we are asked " what is the value of y when x = \}, 
we must reply that nobody knows, or that its value is 
indeterminate, which means the same thing. 


Now, in (1) put 
Then 


X = \ h 

(2 -h).h 

y = — 

= 2-h. 


provided h is not zero. 

If, after dividing by h, we now make A = 0, we get 


y = 2. 

We write this result : 

U ~ -p i) = 2 

,_>i {x—l) 

Thus, although we cannot find a value ofy when x—l, 
the result shows that if our hypothetical person Z names 
any small number e, we can find a value of x that differs 
very little from unity, which will make y differ from 2 by 
less than e. 

In the above example, should Z give the number 0-00001, 
we merely choose h smaller than this — say, 0-000001. 


Example 2 

Evaluate 


U 


X 


-x-2 


If the student will adopt the following method, he will 
have difficulty neither in evaluating examples similar to the 
above nor in understanding them. 
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If X = 2,f{x) takes the form 
Put X = {2 ^h) 

Then : 


/(2 + A) = <l+i)^(l±^LrJ 

h 

h 

+ 

h 

= A + 3. 

Now put h — 0, and we see that the required limit is 3. 


1. Evaluate 

2. Find 

3. Find 

4. Find 
6, Find 

6. Evaluate 

7. Find 

8. Show that 


EXERCISE 13 


L/ + 4)(x - 1)^ 

* >.1 X — \ 

u 

x^2 X — 2 

2^2 _ 5x - 3 


U 


* - 3 


u 


u 


Lt 


2x^ ~ X - 15 
■\-2x- 15* 

— X — 2 

2^- 3;t^ 2’ 

3/* — 13/ — 10 
, 2/2 - 9/ - 


U + ^ _ 

— wo k 
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6. The Differential Notation and Infinitesimals 

Suppose ABK is any curve whose equation isy —f{x). 

Let OM = * MA = f{x). 

MN is a positive increment of x. It will be wntten Ax. 
[Not A X X.] This is simply a notation, and may be read 
as “ an increment of x " or '' a bit of x,” or “ Delta x.” 


Y K 



A is the Greek capital D, and is named Delta. 

ON is then = x Ax 

NB = f{x + ^x). 

li AR is parallel to OX, we see that 

MA = NR = fix) 

RB=f{x + Ax)~f{x) . . . 
AR = Ax. 


and 
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Tt is clear that the gradient of the chord AB is tan 0, 
where 

^ AR 

Now let — > 0 — t.e.,let N approach M so that no mattei 
how small a number, e, is named by our hypothetical 
Mr. Z, we can make Ax smaller than e. We thus observe 



that although we never contemplate the actual arrival of 
N at M, it is impossible for Z to stop the approach of N to 
M, since no matter how small a number he names, we can 
make Ax smaller than this number. 

As N approaches M, B approaches A, and the chord AB 
approaches coincidence with the tangent at A, as in the 
above figure. 
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The gradient of the tangent at A is tan In the above 
work, A;c is an example of an infinitesimal, which we define 
as a variable whose limit is zero.” 

Ax may now also be read as " the differential of x. 

We shall often use the letter " h ” instead of the symbol 


Ax. 

Referring to Fig. 15 of this chapter, we see that 

MA = NR == f{x) =y, 
and NB = NR + RB = y + 

for by our definition RB is an infinitesimal, and may be 
regarded as the differential of y, or the increment of y. 

6. We summarise the ideas of the last paragraph thus : 

(1) For any curve, y = f{x), 8 is the angle made by 
any chord AB with the positive sense of OX. 

(2) The gradient of this chord is tan 8, where 

, „ RB fix + Ax) - fix) fix + A) - fix) 

*^"®=AR = Ai IT 

= 

Ax 


(3) Fig. 16 is what Fig. 15 becomes as h — > 0, and 
we infer that the gradient of the tangent at any point 
A of the curve y = fix) is tan where 

,an+= U Lt /(^ + 1') - m (1) 

Ax k — ^ I h 


Example 1 

Consider y = fix) = x^. Find the gradietit of the chord 
joining (1, 1) and {2, 4). 

If tan 0 is the gradient, we get : 

Q _ Diff erence between the two o rdina tes 
tan — between the two abscissse 

_ 4 - 1 
” 2-1 
= .3 
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The gradient of the chord joining two points on a curve is 
sometimes called the average gradient of the curve between 
the points. 


Example 2 

V f{^) = X 1 , find the average gradient of the 
graph between the points where x ~ \ and x ~ 2,, 


Average gradient = 


m -m 

2-i 





In this example we have taken the average gradient of the 
graph between the two points as that of the chord which 
joins them. 


Example 3 

Find the gradient of the tangent at the point (2, 4) on the 
curve y — f{x) — x^. 

This example shows how we apply to a particular curve 
formula (1), which is fundamental in much of the work of 
this book. 

From formula (1), if tan is the gradient we have : 

tan + = Lt /(^ + ^)-/W 

h ^0 « 

In our example 

fix) = ;c2, and X = 2 

• tan = L. f 

h 

h h 

= L; {4 + h) 

=- 4. 
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Example 4 

Find the gradient of the tangent to the curve, y = + x-\, 

at the point where * = 3. 

Here, /W = x 

l2(3-l-/t)^ + {3 + /^)-l}-{2-32_+_3^} 
tan 'I' = __io ^ 

(2(9 + 6A + + 3 + A - 1-20} 

= L( I 

, , 13A + 2A> 

= h 

= L( (13 + 2A) 

= 13, if we put h = 0. 

Example 5 

Find the equation to the tangent at the point {3, 20) on the 
curve in the above example. 

We have just found the gradient of the tangent— viz., 
tan^ to be 13. Also, the tangent passes through the 

point (3, 20). 

Hence its equation is 

y _ 20 = 13(;t - 3) 

U.. 13* -y- 19 = 0. 


EXERCISE 14 


Y If y ^ find the average gradient between the 

points where x = 1 and x = 2. *.hp 

2 If y = find the gradient of the chord joining tne 


points where — 

(fl) X = 3, and X = 4. 

(6) X = - 1, and X = 2. 

(c) % := 1, and X = 1 + A. 

3. Using the result of (c) above, find the gradient of the 
tangent at the point (1. 1) on the curve y = x . Write 
down the equation to the tangent at this point. 
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4. Find the equation of the tangent at the point where 
r = 2 on the curve y = 

5. Find the equation to the tangent at the point where 
« = 2 on the curve y = 2x^ + x + I, 


y K 



7. Differential Coefficient, or Derivative 

The above figure is Fig. 15 of this chapter reproduced. 
The equation of the curve is >» = /{x ) ; OM = x and 
MN = A = Ax. 

Notice that A represents any point on the curve, and in 
order to get the gradient of the tangent at A, wc let N 
approach M and use the equation from paragraph (0) 

tan^= u/<^-+''bl/W 

*—►0 h 


voi ni 


F 
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This limit is called “ the differential coefficient of y or 
with respect to x!" 

We write it . It is also called the first derivative of the 

dx 

function of x.f{x), with respect to x. 

Similarly if ^ =/(e), is the differential coefficient of z, 

or /(G), with respect to 0. 

The relationsliip 

u + ^) - /w 

dx h^o ^ 

is fundamental, and must be remembered. 

It has already been used by the student, when finding the 
gradients of the tangents to the curves given in the last set 
of examples. 

Geometrically, a differential coefficient is the gradient 
of the tangent at any point {x, y) of the curve y =/(^)- 


Example 6 




= + X, find 



dy ^ Li + + + 

dx 

, X2hx + A* ^ 

-Li ^ 

= U(2x + A + 1) 

= 2;c 4- I, when h — > 0. 


2a: 4- 1 is then the gradient of the tangent at any point 
whose abscissa is x. Thus if x — 2, then y = 6, and 
tan = 5. 

Hence the equation to the tangent at (2, 6) is 


y — 6 = b{x — 2) 
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EXERCISE 15 

1. Find the differential coefficients with respect to x of 

(a) {b) Sx^ + (c) 

2. Get and + 3). 

3. If ^ = Zx^ + 2^; 4 find Then write down the 

equation to the tangent at the point where % = 1. 

4. Find the gradient of the tangent where / = 2 on the 
curve y ^ ‘i — t 1\ 



CHAPTER 5 


DIFFERENTIATION OF FUNCTIONS OF A 

SINGLE VARIABLE 


1. The Differentiation of x” 

It must be recalled that it y = f(x), the gradient at any 



Fig. 18. 


point A, where OM = x and MA = y = f[x), is calculated 
from the equation : 




f{x + h)- fix) 
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If y=f{x) 

f(x + *) = (*+ A)» = ^ 

Hence 



Before proceeding to evaluate (2), it is advisable to note 
the following points : — 

(1) The letter standing for “function” must 
be omitted from (2), since we have been given its form 
explicitly. 

(2) {x + h)^ has been put in ” standard form.” 

(3) Since h — >-0, -may be taken as a proper 

fraction and therefore the expansion of ^1 + is 

true for all values of n, positive or negative, integral or 
fractional. 

(4) In finding the gradient at A, x or OM re- 
mains constant; the independent variable is MN — 
t.c., h or Ax. 

Hence 




[Taking out the common factor, 



= 


+ — + tenns in higher powers of Ii) 


h 



j^riie two units disappear; and the only term 

without h after division is - 

x_ 
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JL 

dx 


(aj") = 


This result holds for all values of n. 



Further, if^' = ax:^ 
dx 



This will be clear by reference to (2). Instead of in 
the numerator, we have ax^ and this expression will be 
carried through the whole of the subsequent work. 


N.B.— If 


dv 

y — a constant, ^ = 0 


Example 1 
If 



Example 2 
If 




Example 3 


^(4x=>) = 12x2 


Example 4 

|(3M) = - 2^-’ 


Example 5 
If 



then 
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EXERCISE 16 


1. Differentiate 


(i) x\ (ii) (iii) (iv) 

X 

2. Evaluate |/|), i ~. 

3. In the following examples find y.^, where = \ 

drXt 

(“) ^ (6) (c) ^ = 6*« 

4. Differentiate the following functions with respect to 
the appropriate variable : 

(i) 2x->. (ii) 50', (iii) 2z *. (iv) ’’f. 

vt 

6. Differentiate 


(i) 2.-, (ii) *0-. (in) (W) (V) 


2. The Differential Coefficient of a Sum 

The differential coefficient of a sum of a number of 
terms is the sum oj their separate differential coefficients. 

+ 3*2 + 2 * + 4 ) = 3*2 + 6 * + 2 

This foUows from the fact that a differential coefficient is 
a hrnit ; and that the sum of a finite number of limits equals 
the hmit of their sum. (See end of chapter for proof ) 

The proposition remains true if some of the terms are 
negative. 
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Example 1 

If 

We put 


Example 2 
Write 


y = - 3v'r+ &,find 

y = = — 3;* + 6 

j]’ = 2-6««^ - l-5/-» 

z* - 32^ + - I 



y = z — 3z-^ 4- 2^'^ — (by division) 

^ = 1 + 32 -^- 4^-3 4 - 32 -*. 


EXERCISE 17 


1. Find — 3;t3 _[_ 4;,; _ 2) and 


i(2^v3 _ 4,-3 + 3). 


2. Differentiate with respect to the independent variable 
used : 


(i) Ti— 


.... 3/2 « - 4^0 3 4- 2 

(ii) 


(iii) {x + 4){x — 5), (iv) {3x 4- 1)® 

3. Give the derivatives with respect to ;r of : 

{a) (2x^)\ (6) 1 - (c) - 43), 

W W (2** - 

4. Give the derivatives of 

(i) (^Y, (ii) x‘(2x^ - 83), (ui) 


(N.C.) 


(iv) - 2^x0 *, (v) 


^12 _ ^3 

Zi ■ 
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Find, without using tables or slide rule, the values of the 
first four of these derivatives when x = 2®. (N.C.) 

5. Find ^ when (U.E.I.) 


6. Find ^ if 
ax 


V 


(a) y = 4- 4^ y ^ 2 _ 2 

X* 

(c) y = x{x^ + 3)(a; - 4). (U.L.C.I.) 

7. (a) Find from first principles the value of if 
= 3 *=' + 2X + 6. 

lb] Write down the value of at the point where 
= 6, if pv‘ = 100. (U.L.C.I.) 

8. {(?) Find in the following cases : 

(i) y = ix^ + X, (ii) y = ?.(^+ 

X 

(6) At what points on the curve y = 3^^ _ 3^^ 1 20 

(U.L.C.I.) 


is the slope equal to (i) 2. (ii) 0? 

9. From first principles find if ^ ^^2 + 2x. 

d% 

Write down 

ax 

(i) wlien y = 29:^0 2 -f- 5, (ii) when 

(UX.CJO 

10. The equation to a curve is jy = K^;*. Find K so 

that ^ - 8,3; = 3 is a point on the curve. Find the gradient 
of the curve at this point. (U L C I ) 
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11. The equation of a curve is given by 

y = ’^-Zx^ + 5x + i. 

Find an expression which will give the slope of the curve at 
any point on it. 

^Tiat are the co-ordinates of the points on the curve 
(i) where the cur\'e is horizontal, (ii) and one point where it 
is inclined at 45®? (U.L.C.I.) 


a 


12. The curve y = - bx^ passes through the point 

X 

dv 

X = Z,y = 16*5, and the value of ^ at this point is (— 1). 

Find the values of the constants a and b. (U.L.C.I.) 

dy 

13. Find from first principles the value of ^ when 

y = 

when : 


Find 


dx 


(a) y = X i (6) >' = a(| - at). 

(U.L.C.I.) 


3. Repeated Dififerentiation 

If y = 3;c3 - + 1 (1) 

we have ^ = 9x^ ~ ^ (2) 


A notation often used for ^ isy^; hence 




Observe thatyj is itself a function of x. Hence likey it 
too may be differentiated. 
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For two differentiations we use the notation ^ or 3/3. 

This is called the second derivative. 

From (3) above we have : 



Continuing from (4) we see that : 


(4) 


and 


d^y 

(a constant) 


as are all subsequent derivatives. 

Example 1 

y = ZX i: 

:V: = lOx + 3 
^2 = 10 

>'s = 0 = y^, etc. 

Another notation for derivatives of y 


= /W isj\x) for 


Example 2 
If 


f{x) ^Zx^ ~ Ax •\-\ 
fix) = 9 x^~ - 4 
r{x) = IHx, 


EXERCISE 18 


1 . If y — Zx* — 6x^ 4 - 2^: — 1, find ;yj and^y^. 

2. Given /W = 
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3. My = 362 _ 66 + 6. find 

4. Find which differential coefficient first vanishes if : 

(a) y — -\-lx 1. 


{b) y = 


3^5 - -f Zx^ 
2x‘^ 


5. If f{x) = 3^ — + 3;r — 6, find the point on the 

curve where f”(x) — 0. 


4. Function of a Function of x 


Consider y = (a;* — 4)® 


Putting z = — 4 (1) 

then y = (2) 


From (2) it is seen that jy is a function of z. But from 
(1), ^ is a function of x. 

y is thus seen to be a function of a variable, z, which is 
itself a function of x. From this point of view, y is said to 
be a function of a function of x, a cumbrous expression, 
which nevertheless must be noticed. 

If we are asked to differentiate (%* — 4)®, we observe 
that the independent variable is x, and putting 



{x- — 4)®, we must find 


dy 

dx 


Since 



dy 

dz 


= 62 ® = e{x^ - 4 ) 5 , 



and 2 = a;* — 4, 


Now, 


dy _ dy ^ 
dx~ dz ’ dx 


(see end of chapter for proof) 


= 6 ( a :2 _ 4)5 ^ 2x 

= \2x{x^ — 4 ) 5 . 
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Put 


y = {x‘-5x + 2)». We require ^ 
^ — 6a: + 2 


dz 

dx 


^ = 2a: - 5 


and 


y 

dy 

dx 


= 2 ^ 


dy dz 
dz ’ dx 


= 32* . (2a: - 5) 

= 3(a;* - 6a: + 2)*(2a: - 6) 


6. The Formal Aspect of Differentiation 

There is no necessity for the substitution employed in the 

last paragraph if the formal aspect of differentiation is 
recognised. 

Consider 


y = ^ 

dy 

^ = «a:”-* 

The formal meaning of (1) will be clear if we write : 

y = { )’ 


( 1 ) 


dy _ 


n{ )n-i 


( 2 ) 


)■ 

where any function of a: may be written in the bracket. 

the form of (1) holds no matter what expression 
be put for x. 

Hence if y ~ [x^ 4)® 

dy dy d( ) 

ix ~ J[ j • ^ ~ 

With a little practice examples like the above may be 

done very readily, and the second step — putting in the 
brackets — may be omitted. 
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Example 3 




+ fl 


ar‘ ■ 2 * 


In the above 


and 


2 (^) = - 
dl ). 


-a 


dx 


2x. 


EXERCISE 19 

Differentiate the following functions of x : 

(a) By first putting each bracket = z, finding 

and then using the equation 

dy dy dz 

dx'~' dz' dx* 


{b) Without using the above substitution of z. 


1. 



2. 

{^x 

2 . 

- bx + 6)^ 

3. 

[x^ 

+ 3)5. 

A 



1 



1 

*±* 

(^2 

+ 

Zx + 4)' 



+ 3)* 

6 


1 




4 



+ 

w 

7. 

(F 

- 3;c + 1)** 

8. 

{X2 


\Zx + 4)3. 

Q 


1 

10 



4 


V** + 3 

A V • 

i/2x^ 

+ x + \ 


6. Differentiation of a Product 

If y = (x^ + 4)® . (x + 2)2. it would be very tiresome to 
expand each bracket and then perform the multiplication 
before differentiating. 
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DIFFERENTIATION OF FUNCTIONS 


We now establish a formula which enables us to 
differentiate products such as this. 

Let y = u.v, where « and v are functions of x. 

Let a; increase to % ^ h, i.e., to x Ax. 

Then « and v become {« -f- Am) and (v Av) respectively, 
whilst y becomes y + Ay. 


Since 

• • 


y = nv . . . . 

y + Ay = (w -f Au)(v + Av) 



= uv + vAu -h uAv -I- Am . Av . (2) 

Subtract (1) from (2) and get : 


Ay = vAm + mAv + Am . Av 


• • 


Ax 


Am 


Av . Am 


== + Mr-. + 7-. . Av 


Ax 


Ax Ax 



Notice that the last term involves the product of — and 

Ax 

a differential Av. 

Now let Ax — > 0. Then Av — 0, and the last term on 

the R.H.S. of (3) — 0, and (3) becomes ~ = v^ -j- » — 

dx dx ‘ dx' 


. dv , du 

dx **dx ^ 

(4) must be remembered thus : 

{d.c. product) = (first factor x d.c. second) 

-f (second factor x d.c. first). 
Either of the two factors of mv may be called the " first 
factor.” since mv = vu. 


Example 1 

y = x^[x^ ^Qx + 3} 

= 3x^(x^ + 6^ + 3) + x^i2x + C) . (5) 

= 5x*-\- + dxK 
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Example 2 

y = . {x^ 4)* 

= 3x^[x^ + 4)* + . iix^ + 4)3 . 2x (6) 

[n.B. ^(*3 + 4)* = 4(*3 + 4)3 . 2*] 

Simplifying (6) we get : 

^ = x^{x^ + 4)3{3(:c2 + 4) + Sx^} 

= x^x^ + 4)3(1U2 + 12). 

Example 3 

_ 

y ~ {x -{-5) 

Notice y = 2x^ X {x 5)"^ 

^1 = 43 ; X (* + 5)-' + (-!)(* + 5)-' X 2*3 

__ 4x 2x^ 

~ x~^~5 {x + 5)* 

This example shows how a quotient may be treated as a 
product. 

EXERCISE 20 

Differentiate the following products : 

1. x^x^ + 3^ + 6). 2. x^x^ -\-5x- 2). 

3. (i) x\x^ -\-Sx-\- 6)\ (ii) x^x - 1)*. 

4. (i) Zx-^{x^ + 2)*, (ii) t-Ht + 3)3. 

5. (i) *3(*3 + 3)-3, (ii) 2*3(1 _ x^)-\ (iii) 3*(2 - *)'*• 

« /•* X .... 3x^ ..... 1 

(^) (ii) i^-x’ x^X + 3)’ 

x ^-\- x + 2 , , <3 _j_ 3 

( x -\. 1)2 » (1 H-/ + ^2)2* 
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7. The Dififerential Coefficient of a Quotient 

The formula for differentiating a quotient could be 
obtained from that for a product. 

We will, however, get it directly. 


Let 


u , 

y ~ where u and v are functions of x. 


Let X change to at -f Then, as before, we get 

u Au 


y + Ay = 






u 

V 


V + Av 
u -h A u 
iT+Azj ' 

^ v(w + A ») -- u{v + Ai;) 
{v -f Azj)(ij) 

^Am — uAv 
(zr+ Az^IzT 
Au Av 

Ax (v + Av) . y * • • 

Now let A^: — > 0. Then {v + Ay) 


( 1 ) 


V 


and (1) becomes = y 


dx 


dx 


t.e., 


dx \v/ 


^2 

du dv 
dx dx 


( 2 ) 


This formula should be remembered in words, thus * 
(D.C. quotient) = 

(Denom, x D.C. numerator) - {Numerator x D.C. Denom.) 

{Denom,)^ 

Example 1 __ x — a 

^ ~ x~^ a 


dy 

dx 


{x + a ) -.{x- a) 


2a 


(X -f- a)2 


VOL. III. 


(X + a)^ 
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Example 2 

^ a^ + x^ 

dy (a^ + *’“) . 2(a -*).(-!)-(«- x)^ . 'lx 
dx ~ {a‘ + x^)‘ 

— 2{a — x){a^ + -\- x{a — x)] 

{a^ + x-^Y 

— 2(a — x){a^ + ax) 

” (a2 + a:2)2 

— 2a (a2 - ^2) 

~ (a2 + x2)2 


4- 2;<r -h 2 
^+1 
Ry2 


8. Differentiation of an Implicit Function of x 

If we consider the two equations : 

y = 3^2 4- 2x H- 1 . . • . (1) 

and y^ — 9 (2) 

we notice that in (1), the two variables x and y appear on 
opposite sides of the equation ; they are not mixed together, 
as in equation (2). 

In (1) y is said to be an explicit function of x. 

In (2) y is an “ implicit ” function of x. 


EXERCISE 21 

Differentiate the following quotients : 


1. 


4. 


X -|- a* 

Vx 

x + 2' 


2. 


x* — a 


2 


X* 4- 


2* 


5. 


3x2 




l+X 

1 - x* 


8 


x4-2' 
^5x2 + 3 


X 4- 2 


6 
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In the simple case considered above in (2) it is seen that 
we could write : 


t.e.. 


yi ^ 9 — X* 

y = ± 


a 


where y becomes an explicit function of x. 

In other cases it may become tedious to express y ex- 
plicitly in terms of x, yet we may require the value of . 


If 


z = y^ 

dz _dz dy _ dy 
dx dy’dx ^ ' dx 


t.e.. 


dx^y ^ - -ydx 


Similarly ^ 3^2 ^ ^ 


{3} 


(4) 


If we now differentiate (2) with respect to x, we get : 

2 . + 24 - »• ■■■'■. t--’y 

Now suppose we require where y is regarded as 

some function of x. 

Differentiating as a product, we get : 


-f 2^ .y2. 


dx 


( 5 ) 


Example 

The point (1, 1) is clearly on the circle whose equation is : 

+ 2x + 4y — 8 = 0 . . . (6) 

Find the gradient of the tangent at this point. 
Differentiating (6) we get : 

9v oJy I o , .‘6' n 
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+ 4) = - 2a: - 2 = - 2(* + 1) 

. ^ y + 1 

' ■ dx y + 2* 

Now put x = 1, >> = 1. and we see that the required 
gradient is — f . 

EXERCISE 22 


Differentiate with respect to a: : 


1. 3a:1“ _ 

3. Vx - 4. 
5. ® 


's/^x — 2* 

7. (3 - x^)*. 

9. xVx + a. 

11. 2x^{x^ + 2x + 3)* 

1 

13. 


2. {2x - 3)3. 

6 . V5 - Gx. 

8. (3x2 _ 2x + 2)*. 
10. x^{x + a)3. 

12. - a2)3. 


+ X + 1 


16. 


17 


14. 


16. 


VxT"!’ 


3x2 4. 2x + 1 

X + 2 
2x2 __ 1 

x^-f-S* 




3 - X 
2 + x‘ 


• w 

Find the gradients of the tangents at the points indicated 
on the following curves : 

18. y = 3x2 — X + 1 at (1, 3) and (2, 11). 

19. y = at (2. 4) and (1, |). 

Find from the following equations : 
dx 

20. x2 H- >-2 = 6. 

21. x2 4- 3x:y + 4 = 0. 

22. x2 ^ _|_ 3x + 4>> + 1 = 0. 
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Appendix to Chapter 6 

1. To Show that the Sum of Two Limits = Limit of 

Their Sum 

Suppose Li ^ and U ^ 

Ax— >-0^^ Ax— * 

^ ^ ^ ^2 ■*" * 2 * and 

both — > 0, as Ax — >- 0. 

Then ^ = U{/, + k, + I, ^ k,) 

= + ^2 

which proves the proposition. 

This can be extended to the sum of any finite number of 
functions. 

2. To Show that the Limit of the Product of Two 

Functions = the Product of Their Limits 

• ^) = Li(/. + A.)(/, + *,) 

= L/(/j/ 2 -f Aj/j + Ag/j + 

= /i/j {since and botli — ^ 0 as A;r > 0) 

= product of the two limits. 



CHAPTER 6 


DIFFERENTIATION REVERSED. INTEGRATION 


1. In the previous chapter we were given certain functions 
of a variable, usually x, and we learned how to obtain the 
derivative or differential coefficient of the function. 

In this chapter we learn how, in certain cases, to reverse 
the process. 

We are given the derivative, and we try to find the original 

function. 

2. If y = f{x) 

/(^ + ^) - /(^) ^ ^ 

Hence the relationship 

- U ^ 

dx 

is always true, whilst the statement 

dy __ Ay 
dx^ txx 

becomes more nearly true, the closer Ax tends to zero. 
Hence Ay = ^ . Ax as Ax — >- 0, and in any case, when 


Ax is small. Ay gives a close approximation to the change 
in y corresponding to the small change Ax in x. 

From the relationship 

dy 


All = . Ax 

^ dx 


( 1 ) 


which is widely used for the calculation of small corrections 

Ay _ dy 

Ax dx 
102 


where the ratio 
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we see that ^ is the coefficient of the " differential," ^x, 

and for this reason it is called a " differential coefficient." 
We now learn to drop the A in (1) and write it ; 

( 2 ) 

and we shall in future refer to dx and dy as the differentials 
of X and of y, respectively. Each is a distinct quantity. 

If we now differentiate both sides of the equation 


% = (3) 

Hence from (2) : 

dy = 4x^ .dx (4) 

From (3) is the differential coefficient of at* with 

respect to x, whilst from (4) dy or . dx is the differential 
of x^. 


3. Reversing the process of differentiation is called 
integration, and is indicated by using the symbol L an 
old-fashioned s, in front of a differential. ^ 

Thus from v — — 

we get dy = x'^dx. 

Reversing the process : 


Similarly if y = 

dy — x’^dx 

and [ x"rfar = . 

is called an integral of X^dx. 





104 NATIONAL CERTIFICATE MATHEMATICS [VOL. Ill 

From (1) and (2) of this paragraph the rule for integrating 
any power of x is seen to be 

'* Increase the index by one, and divide by the 
increased index/" 



The Constant of Integration 
stant 

Starting with y — 


or the Arbitrary Con- 


or with 



+ C 


where C is any constant we get dy = xHx in both cases. 


Hence 


xHx = 



This is the most general form 


of the integral. We do not know the value of the 
constant, and for this reason it is sometimes termed 
the Arbitrary Constant, and must be added each time 
we integrate. 


Example 1 


Example 2 


jxHx = -f 



/ ^*002 


Example 3 




+ c 

+ C 


Example 4 


dx 

^^3 ~ j 

= jx-^dx 
= 4x* + C 
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Notice that we can always test the accuracy of our 
integration by differentiating the integral. Take the last 
example 

,4(4.* + C) = ^ 

Determination of the Constant of Integration 

The constant can be determined if a corresponding 
pair of values of x and y are known. The foUowing example 
indicates the method. 

Example 5 

If dy = x-^dx, andy = 3 when x == 2, express y in terms 
of X. 

We have dy = x-^dx 

y — jx-^dx 


2x^ + ^ 

Now put X = 2 and y = 3 
We get C = 3 + ^ 

Hence v = — -■ 

^ ^ 2x2 

5. The Integration of a Sum 

The differential coefficient of a sum of separate functions 
is the sum of their differential coefficients. Hence, reversing 
the process, the integral of a sum of differentials will be the 
sum of their separate integrals. 

Example 1 

/{.= + x*)dx = 4 + + C 

We need add only one constant. 
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It is no use writing the integral as 

? + C, + j + C, 

since the two constants combine into a single one. 


Example 2 

l(x^ - x-i + x-^]dx = ^ - I** - ^ + C 

6. A constant coefficient may be taken outside the 
integration sign. 

Thus j4jc^dx = 4jx^dx = 4 . ^ + C, t.e., = x* C 

[ f dX^ ^ ^ 

Similarly jax^dx — ujx^dx = ^ + C 


Example 1 

I {3x^ — 4x-i- 2)dx = *3 _ _|. 2^; + C 

Example 2 

I (1-3x2 3 o-5x^^}dx = ||x3 3 + + C 

= 0-39x3-3 -j- 0-38x1-3 _|_ c 


7. An Exception to the Rule for Integrating a Power 
of X 

If we apply the rule for integrating a power of x to 

^dx 


It -I 


x-^dx 


we get ^ t.e., an expression that is meaningless. 


0 


0 


The student must not infer that J j is meaningless 
We shall later show that 

a result that should be noted. 
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EXERCISE 23 


Integrate the foUo\ving functions : 


1 . 

X*. 

2. 

xK 

3. 

x~^. 

4. 4 

x^ 

6 . 


6 . 

2x^. 

7. 

5x-i. 

8 i 








9. 

2;c0«. 

10 , 

3-2;»:^^ 

11 . 

21 

^-3- 

19 

A;ir 

13. 

{x^ + 3;t). 



14. 

- 

. vO'4 1 ^ \ 

+ 2xy‘ 

15. 

(3*2 4 - 2x- 

■=* + 

a- 

16. 

CO 

1 

- 21x» 3). 

17. 
=* 1 

If dy = Zx*dx, < 

• 

express y 

/ in terms of 

iJC if y = 4 when 


18. If ds « express s in terms of given that 
s = 4 when ^ = 2. 

19. Given that ds = (2P + 5)dt, and that s = 2 when 
t = 3, express s as a function of /. 

20. Integrate with respect to x : 



{b) V2 - 




21. Integrate (after simphfying where necessary) the 
following functions : 


(«) (6) 3 - 2x-^-\ (c) {x^ - x^)\ (d) 1) 

22. Integrate (after simplifying where necessary) : 

« V 1 ... 


2^2x3’ 


(i) n - 6x-°-^, (c) 1 _ - 


1 


2 Vi' 

(N.C.) 


{d) 8x(x* + x~i)\ 

23. Integrate each of the following : 

(a) {b) + (U.L.C.I.) 
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8. The “ Formal ” Aspect of Integration 

We have previously drawn attention to the importance 
of “ form " in differentiation. 

It is equally important in integration. In fact the 
student must be warned at the beginning of his study of 
integration that his success in evaluating integrals will 
depend largely on his ability to recognise their “ form." 

Consider j x”dx = ^ 

Under the sign of integration he will notice a power, the 
«th, of X, followed by the differential of x. 

The "form" of this is evidently j{ )”d{ ), 

where the same function of x may be put in the brackets. 

We have then 

/( )"< ) = + 
where the same function of a; is put in each bracket. 


Example 1 

I = jlx — 3)^dx .... 

Notice dx == d{x — 3), since the differential 
constant is zero. 

! = /(*- 3) V(* - 3) 

= jz^dz 


( 1 ) 

of the 


or 


{z = x-~3) 


If the student will observe the “ form ” of (1), he can 
write down the value of the integral immediately. 
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Example 2 

I = |2(*“ + 5yxdx. 

Notice 2xdx = d(x^) or + 5). 

1 = f {*2 + S}^d{x^ + 5) 

/{ M ) = (£l^‘ + C. 


Example 3 

I = l(x^ -(- a)^ . xdx 
In this case xdx = ld{x^ + a) 

_ 1 {^2 + a )* . ^ 

2 * 4 ^ 

It is always possible to evaluate integrals similar to the 
preceding in the following way : 


Example 4 

Put 

Let 

i.e., 


1 = |(x3 + ^Yx'^dx 

2 = + 2 
dz — ZxHx 




t.e., 


j _ + 2}^ 

12 


The student should, however, try to see the *' form ” of 
the integral at once, and should learn to recognise the 
differentials xdx. x^dx. x^dx, etc., as id{x^ + constant) 
\d{x^ + c), etc. 
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Example 5 




xdx 


x^ a 




= + + a*) 

= j.(£l:^‘ + C 
= Vx^ + fl* + c. 



EXERCISE 24 

Evaluate 


• 

1. 

4 

l(x + Z)dx. 2. 

1 (a + 4)^dx. 

3. f(5 + x) 'dx. 

4. 

f 5 

((■^2\Q\ 9^/Jy 

/ {X + 3)=^- . 

j \ 


7. 

— 1)3 . xdx. 

8. 

[(a® - l)a2ila. 

9. 

I(x^ + 3)^x^dx. 


/■ 2xi;t 

1 (x^ + 6)3* 

11. 

{ xdx 

Z2.J 

f Zx^dx 


f - 2)3- 

13. 

4 

f 2xdx 

14. J 

r 

1 Vx^ + 3' 

^ a* 

15. 

4 

f (2%+ l)dx 

16. J 

f {Zx^ + 2x)dx 

l{x^ + x + Zr 

'(x3 + j«2 + 1)3- 
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SOME APPLICATIONS OF THE CALCULUS. 

MAXIMA AND MINIMA 

1. Velocity and Acceleration 

Suppose a body is moving in a straight line ; for example, 
a train moving on a level track, a stone falling vertically, or 
a weight vibrating at the end of a spring. 

We can get expressions for the velocity and acceleration 
in the following way : 



Fig. 19. 


Suppose OX is the line of motion. 0 being a fixed point 
P is the position of the moving body at time t, Q tla 
position at t -f- A/. 

Let OP ~ X, PQ = Ax. We require the velocity and 
acceleration at P, i.e., at any time t. 

Ax 

= average velocity over the distance PQ. 


Now. as At — 0, Q — P, and the actual velocity at 


„ . .Ax dx 

^ “ dr 

Hence 


V = 


tlx 

(It 


( 1 ) 


The relationship between acceleration and velocity is 
analogous to that between velocity and distance. We thus 
infer that : 


dv __ d^x 
(it ~ dt^ 
111 


Acceleration at P 


( 2 ) 
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Notice also that 

dv dv ^ 

dt^ dx' dt 


dv 


vdv 


-j- .V OT j 

dx dx 


. . ( 3 ) 



All the expressions in (1), (2) and (3) are widely used. 

Should the body be mov- 
ing in a curve, OA, let the 
length of the arc OP = s, 
where O is a fixed point on 
the curve. If PQ == As, we 
get by reasoning similar to 
that in the last paragraph, 
that velocity at P 

ds 

-^^di 

and tangential component of acceleration at P 

_dv _ dH _ vdv 
^ It ds' 

There is also a component along the normal at P. 

Example 1 

Suppose a body is moving in a straight line, and its 
distance x from a fixed point O in the line, at any time is 

given by , ^ g,, _ 2 , + i (A) 

Then v = ^ = — 2 (1) 

and "7 = "^* = ® 

From (2) we infer that the body has a constant accelera- 
tion of 6 ft./sec.=^. 

From (1) we deduce the velocity at any time. 

Put i = 3, we get ^ = 16 — i.e,, v = 16 ft. /sec., after 

moving for 3 secs. 
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Example 2 

A body ffiovtng along a straight path passes a fixed point 0 
of the path with a velocity of 12 ft.jsec., and t secs, later, when 

dh 

it *s s ft. from 0, ifs acceleration is given by = 6^. Find 

the velocity of the body when t — A, and its distance from 0 at 
that instant. (U.L.C.I.) 

We have ^ | =:-J = Qt 

dr dt 

.*. dv = Gtdt 

and u = 3/2 + C . . . . (1) 

When V = 12, / = 0 if we measure time from the .iistant the 
body was at the point 0 of the path. 

C = 12. 


Hence, from (!) 

V = 3/2 + 12 (2) 

i..., % = 

ds = {3F + \'>)dl 

and s = /2 + 12/ + C, . . . . (3) 

Now. when / = 0, tlie body was at the point O. Hence 
putting s = 0 and / = 0 in (3), we find Cj = 0. 

s = /" + 12/ (4) 

When / = 4, we get 

V = fiO ft. /sec. [from (2)] 

and s = 112 ft. [from (4)] 


Example 3 


dh . 


If s is a function of t such that is inversely proportional 

(is 

to /2, and the value of is 5 when / = 1, and 7 when t = 3, 
ds 

express ^ rt function of t. (N.C.) 

VOL. III. n 
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We have 



Integrating once, 

Now putting the given values in (1) we get 

5 = — ^ + C 



These are two simultaneous equations for k and C, 

Solving, we find ^ = 3 and C = 8. 

ds 3 

Substituting (1) “ 7 


EXERCISE 25 

1. A body moves in a straight line, and its distance 
s ft. from a fixed point O in the line is given by 

s = ^ + 2, 

where t is the time in secs. 

Find (1) How far the body was from 0 at zero time. 

(2) Its velocity six seconds later. 

(3) When its velocity vanishes. 

(4) Its acceleration. 

(5) Its average velocity from ^ = 3 to / = 5. 

2. If s is a function of t such that ~ is proportional to Vi. 

and the value of s increases by 31 whilst the value of i 
increases from + 4 to + 12^. find the increase_in the value 
of s whilst the value of t increases from 12^ to 2o. Find also 
the average rate of increase of s with respect to ^ ^^r the 
interval t ~ ^ io t = ( • d 
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3. If s = 8 + 108f — where s and t have the same 
meaning as in question (1), find (a) the velocity, (6) the 
acceleration, (c) when and where the body stops and 
reverses the direction of motion. 

4. If s = -f 2t^ -\- 4t — 10, plot a velocity time graph 
for the interval / = 1 to f = 4. From the graph, find the 
acceleration at time t — 2*5. Compare the value you obtain 
with the value calculated from the given equation. 

5. At time t secs, a body has moved x ft. along its path 
from a fixed point in it. Find the average speed in each 
interval, and the approximate acceleration at each instant. 



0 

01 

0-2 1 

0-3 

0-4 

0-5 

0-6 

X 

0 

1 

4 

8-170 

12-558 

17-187 

22-094 

27-306 


(B.E.) 


6. X and t are the distance in miles and the time in hours 
of a train from a railway station. Plot on squared paper 
and state why it is that the slope of the curve shows the 
speed. Where is the speed (1) greatest, (2) least ? 


i ^ . 

1 

0 

0-12 

0-6 

1-52' 2-5 1 

1 

t 

2-92 

3-05 

3-05 

' 3-171 

3-00 

'3-8^ 

/ 

0 

1 

0 05| 0-10 

^O-IO 

' 

0-20| 0-25 

0-30 

0-35! 0-40' 

J 1 

1 ] 

0-45 0-5oj 


(B.E.) 

7. The distance covered s (ft.) in time / secs, is given by 

s = 200/ - 16/2. 

Find the velocity at / = 1, 2, 3, 4. 5 and 6 secs. Plot 
velocity vertically against time horizontally. From this 
velocity time curve find the acceleration by a graphic 
construction. (U.E.I.) 
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3. Maxima and Minima 

It is often important to know what the maximum or 
minimum value of a given function of x is, and where such 
a value occurs. For instance, we may wish to know where 
the maximum bending moment occurs in a loaded beam, 
and what is its value. 

The determination of maximum and minimum values 



of a function of one variable is a simple exercise in 
differentiation. 

The curve above is one drawn merely for illustration. 
Suppose its equation is y = j{x). At the points marked, 
we observe that the curve turns. Hence, these points are 
called “ turning points.” At each of these points the 
tangent is parallel to the x-a.xis ; therefore its gradient is 


dy 

zero; t.e., at every turning point ^ 
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Example 

FiTid the turning points on the curve 

PC 

^=3 -- 2 -+®*-^ • • • (1) 

We have 

= {x- 3)(;. - 2) 
for turning points 

{x - 3)(a: - 2) = 0 
i.e., % = 3 or 2. 

Put = 3 in (1) above. 

We get ^ = 9 — + 18 — 4 

= h- 

Now put ^ = 2 in (1) 

3^ = 5-10+12-4 

= I 

Hence (3, J) and (2, 5) are the co-ordinates of the turning 
points. 

4. Referring to Fig. 21, the ordinates at Aj, A2, A3 are 
maxima, those at and Bg are minima. 

Definition : 

A maximum value of a given function of x is one that is 
greater than the values immediately before and immediately 
after it. 

Similarly, a minimum value of a function is one less than 
the values immediately before and immediately after it. 

It will be seen from the figure that the minimum at Bg 
is greater than the maximum at Aj. The word " immedi- 
ately " is therefore important in the above definitions. 

Another inference may be made from the figure — viz., 
that maxima and minima occur alternately. 
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Hence, if we know that there are two turning points on a 
curve, and that one of them has a minimum ordinate, the 
other ordinate must be a maximum. 

5. To Distinguish a Maximum from a Minimum 

There are two very simple ways of distinguishing a 
maximum from a minimum. 

First Method, 



to the curve y at the point {x,y). 

dy 

i.e., 2^ = *“+. 

4 

where A is any point {x, y) on the curve. 

dy 

In Fig. 22 (1) ^ is + because ^ is acute. 

dy 

In Fig. 22 (2) ^ is — , because ^ is obtuse. 

Notice that in Fig. 22 (1), as the value of x increases, that 
of y also increases, and the curve slopes upwards from left to 
right, whereas in Fig. 22 (2), as the abscissa increases — i.e. 
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moves from left to right — the ordinate y decreases, and the 
curve slopes downwards. 

No matter how the curve be drawn, it will be found that 


when is positive, y increases as x increases, and when 


is negative, y decreases as x increases. 



Consider the turning-point Aj, illustrated in Fig. 23. 
Notice that as we pass from the left to the right of a 

maximum, changes from acute to obtuse — i.e., ^ changes 

from positive to negative. 

This means that is itself decreasing as x increases, and 
that therefore its differential coefficient is negative — i.e., 
at a maximum is negative. 

Similarly at a minimum, is positive. 

The results of this paragraph should be remembered. 
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Taking the previous example ; 

^^ = x^-5x + 6 = {x- 3)(x - 2) 

^-2x-5 
dx^ - 0 - 


[VOL. Ill 


The turning points occur where x = 3 and x — 2. When 
= 3 

d}y 

= 6 — 5 = + 1, i.e., is positive. 


/. The ordinate at a; = 3 is a minimum. 

When X = 2 

A ' 1 • • 

•^2 = 4 — o = — X, t.e. IS negative. 

Hence the ordinate at x = 2 is a maximum. 

We found the maximum value of the function was 
whilst the minimum value was J. 


Summary : 

(1) To find turning 

Solve 


points on y — f{x), 

= 0 
dx 


The roots of this equation give the abscissae of the 
turning points. 


(2) Substitute each root in the expression for 


d^y 

dx^’ 


A negative result indicates a maximum. A positive 
result indicates a minimum. 

(3) To find the maximum and minimum values of the 
ordinates, we must substitute the appropriate value of 
X in the original equation. 
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6. A second method which distinguishes maxima from 
minima can be employed which does not use any differential 
coefficient except the first. 

It was seen that as we pass through a maximum from left 

dy 

to right, ^ changes sign from positive to negative, whilst 
when we pass through a minimum, the change is from 

— to -h* 



The change through the minimum is shown in Fig. 24, 
where as we pass through B from the immediate left to the 

immediate right, 4-1 is obtuse, i.e., is negative, whilst is 
acute, is positive. 

We take the example previously used to show how the 
above ideas are applied. 


Example 1 


5.v2 


V = - -)- Gr — 4 

^3 2 ^ 

_ 5;c 6 = (;c - 3)(x - 2) 

The turning points are at % = 3 and a; = 2 


( 1 ) 
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The abscissa of a point immediately to the left ot x = Z 
is a; = 3 — /j, where h is very small. 

Now, putting (3 — h) for x in (1), the first factor becomes 
(— h) and the second (1 — h). Since h is very small, the 
signs of these two factors are (—){+)» and the product is 
negative. 

Similarly, taking the point immediately to the right of 
X = 3, i.e., putting 3 + ^ for x, we see that the signs of 
the two factors in ( 1 ) above are (-}-)(+). 

Hence when passing through x = 3,^ changes from — to 
-h ; therefore ^ ^ 3, is the abscissa of a minimum point. 

Similarly the change in the sign of ^ in passing through 
X = 2 will be from -1- to — . 


Example 2 

Find the turning points and distinguish the maximum from 
the minimum on the curve 


2x^ 5x^ , ^ 

y 2 2 ^ 


( 1 ) 


We have 


^^ = 2x^-5x-\-2 

= (2x~\){x-2) ... (2) 

The abscissae of the turning points dst x ^ x = 2. 
Suppose X is just less than the signs of the factors in 
(2) above are clearly 

(—)(—). i-e., ^ is +. 

If X is just greater than J the signs are (+)(—) 

Hence the change in ^ is from + to — . 
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We infer ^ ^ is the abscissa of a maximum. 

Since maxima and minima occur alternately, x = 2is the 
abscissa of a minimum. 

The values of the maximum and minimum ordinates can 
be found by putting a: = and = 2 in (1) above, and will 
be found to be — 2^ and — 3§ respectively. 


Example 3 

Given the equation y = a: (12 — 2xY, determine the values of 
X for which y is a maximum or minimum, and the value of y 
corresponding to each of the two values of x so determined. 

(U.L.C.I.) 

( 1 ) 


We have, 


y = Ar(12 — 2x)^ 

= 2x{12 - 2x){- 2) + (12 - 2x)^ 

= (12 - 2a:){ 12- Gx) 

s= 12 (C — x){2 — X) ... . 

From (2) = 0 when x = 6 and when x = 2 


Putting 

Putting 


a; == (G — h) in (2), is — ve. 

x=(G + h) in (2), is + 


ve 


X = 6 is the abscissa of a minimum 
and X = 2 that of a maximum. 

Substituting these values in (1) 

y = 0 is the minimum value 
and y — 128 is the maximum value. 


( 2 ) 


Example 4 

The total surface area of a solid cylinder of diameter x ins. 
is 5 sq. ins. Obtain formula in terms of x and S for the height 
and volume of the cylinder. 
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If S is constant, prove that when the volume of this cylinder 

^ and that the area of its curved surface 

is two-thirds ofS. (N,C.) 

Let h = the height and V = the volume of the cylinder. 
Then S = the cylindrical surface -f two ends 

= nxh -f- 2 . 7C . fll 

Solving (1) for h, we get : 


” = .-.(s - ^ 4 ) 


Similar!}', 


nx 


y .h 

4 


X 

2 


( 2 ) 


= ,x(l - i) “^'"6 (2) nbove 


;tS 

4 


T 


( 3 ) 


Differentiating (3) with respect to x, we get : 


lY 

dx 


S 

4 


3t:X^ 

” 8 “ 


( 4 ) 


dV 


Equating to zero gives : 


S 

4 


3-v* 

8 


2 2S 

* = 3S- 


i.e., X = rejecting the negative value of the ?qi:are 


root. 
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From (4) ^ . Hence the value found for x gives 

a maximum value of V. 

The area of the curved surface is nxh. 




using the value found for x 





Example 5 

ds 

Given that ^ = 4-8 — 3-2/, and that s = 5 when t = 0*5, 

express s as a function of t and find : 

(i) the other value of t when s = 5, 

(ii) the maximum value of s (N.C.) 

Fro"’ ^ = 4-8-3-2< .... (1) 

we get, by integration, s = 4-8; — 1-6/2 -j- C. 

Put s = 5, / = 0-5, and find C = 3. 

s = 4-8/- 1-6/2 + 3 ^ 2 ) 

When s = 5, we have the quadratic equation 

1-6/2 - 4-8/ + 2 = 0. 

The sum of the roots of this equation is i,e., 3. 

Since one root is 0-5. the other is 2-6. 
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P'rom (1) 


at this point 



= 0 for a turning point. 
_ 4-8 _ 3 
“ 3 2 “ 2' 


dh 

Since ^ — 3*2 (by differentiating (1)) this value of / 

gives a maximum value of s. 


Substituting in (2), the maximum is given by 

s = 4-8 X ^ - 1*6 X 1 + 3 
= 7-2 -3-6 + 3 
= 6 - 6 . 


EXERCISE 26 

1. Find the maximum and minimum ordinates of the 
following curves : 

(i) y = 3 - 2 - 2x + 4, 

(u) y = - 6^:2 + 12, 

(iii) y = — X 4:. 

2. A sphere has a radius of 1 ft. Find the volume of the 
greatest cylinder which can be cut from it. 

3. What is the volume of the largest cone whose slant 
side is 8 ins. long ? 

4. Explain how differentiation enables us to find the 
maximum or minimum value of a function. 

The energy available in a certain water supply is given 
by the equation 

E = 3(1732V - 0-602V3). 

Determine the value of V which makes E a maximum 
and calculate this value of E. (U.L.C.I.) 
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5. A metal tank for a liquid motor starter has to be 

constructed on a square base to contain 8 cu. ft. of electro- 
lyte. Calculate the dimensions of this tank so that the 
surface contact between the tank and liquid may be a 
minimum. (U.L.C.I.) 

6. A piece of wire is cut into two parts. One part is 

bent into the form of an equilateral triangle, and the other 
into that of a square. It is desired that the sum of the 
areas of these two figures should be a minimum. If the 
wire was originaUy 10 ins. long, find the point at which it 
must be cut. (U.L.C.I.) 

7. Show how the sign of the gradient of the graph of the 

function -j changes as the graph passes through the 


point at which its gradient is zero. (N.C.) 

8. Draw the graph of y = ^2 - 5:t + 7. Find graphi- 
cally the slopes of the curve where x = 1-5 and x = — 2. 

Show by the calculus that tlie values of the slopes found 
are correct. 

Determine the minimum value of y and the value of x 
where it occurs. (U E I ) 

9. The curve y passes through the point 

given by * = 3, jy = lG-5, and the value of at tliis point 

is (— 1). Find (i) the values of the constants a and b, 
(ii) the minimum ordinate of the given curve for positive 
values of (U.L.C.I.) 

10. A right triangular prism whose ends are equilateral 

triangles is to be made of aluminium. If the total surface 
area is to be 90 sq. ins., find the dimensions of the prism 
wliich will give the greatest volume. (U.L.C.I.) 

11. For what value or values of x is the value of the 
function ^ 2 ( 5 ^ - 4)(;c - 2), (i) a maximum, (ii) a minimum ? 
Sketch the graph of the function for values of from 
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12. Prove that the turning values of the function 
— 9x^ + 15jr) + b, where a and b are constants occur 

when X — I and x = 5. 

If this function has turning values of -f- 4 and — 2 
when x has the values + 1 and + 5 respectively, find a and b 
and calculate the values of the function when x equals 
— 1, -h 3, and + 7. (N.C.) 

13. In estimating the cost of an electric cable the following 
equation was obtained : 

y={2x-{- 1) + 2x -f 1 ’ 

Determine the values of x which make y a maximum 
or minimum. (U.L.C.I.) 

14. The section of an open gutter is made of thin material, 

and is to be a rectangle of area 40 sq. ins. If the base is 
X ins. wide, express the perimeter of the section in terms of x. 
Hence find the dimensions of the section if its perimeter 
is to be a minimum. (U.L.C.I.) 

15. (a) Find the turning point on the curve 

y = 2x^ — Gx 10. 

State whether it is a maximum or a minimum. 

{b) If H = and ^ = 3 — JV, find the maximum 
value of H. (U.L.C.I.) 

16. A gas holder is a flat-topped cylinder without a 

bottom. Find the dimensions of a gas holder to hold 
1 million cu. ft. of gas if the area of the metal plate used in 
its construction is a minimum. (U.L.C.I.) 


7. Calculation of Small Corrections 

Most of the following formul®, and many others, will 
be familiar : 

A = ^bh (area of a triangle). 

V = (vol. of sphere) 
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oscillation of a 


simple pendulum) 


pv = C (Boyle’s law). 

The data employed in the formulae are usually the results 
of measurements whose accuracy can only be vouched for 
between certain limits. It will thus be clear that results 
dependent on such data will be erroneous, and it is frequently 
necessary to calculate the relative error or the percentaj^e 


error. 


Example 1 

Suppose the radius of a sphere is taken as 4 ins. subject to 
an error of 0*01 in. What is the approximate error in the 
volume ? Find also the relative and the percentage error. 


V = *7rr* 

dV = ^nr^dr (notice the use of differentials) 
= 4tu.4^ (0-01) 

= 0-647r cub. ins. 


The relative error 


Calculated error 
Calculated volume 


0'64tc 
i . n . 4 ^ 

4 * 


= 0-0075. 

The percentage error = relative error x 100 

= 0-75 


Example 2 

A hollow cylindrical vessel was ordered whose height was 
to be 8 ins. and diameter 10 ins. It held the correct amount 
of liquid, but the radius of the base was in. too great. 
What was the height? 

VOL. III. 
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t.e.. 


Vol = Tzr^h = . 25 . 8 = 200jt . cub. ins. 



Hence the decrease in height was in. and the approxi- 
mate height was ins. 

Notice in the above that if the radius was found to be 
in. too small instead of too large, we should have taken 
dr = — 0-1 in. and then 



X (- 0-1) 
in. 


Example 3 

A standard type of question on the simple pendulum is the 
following. 

Given the formula t = the % change in i if the 

length is decreased by 1%. 

Notice that 2:? and g are constants, and we can write : 

t = k .1^ (^where k = . . . • 

Hence dt — ^kl'^dl 

I 


( 1 ) 


Now 


dl = - 


100 


dt — ^ . A/ * . — 200 ■ 


200 


Hence the percentage change 

= X 100 = - i, 

L 
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EXERCISE 27 

1. If the side of an equilateral triangle can be measured 
accurately to 0-01 in., find the possible error in the area 
when its sides are 20 ins. 

2. Find the possible error in the area of a square whose 
side is 20 ins., assuming the same accuracy of measure- 
ments as in Example 1. 

3. The diameter of a circular disc can be measured 
accurately to in. Find the error in estimating the area 
of a disc of 8 ins. diameter. 

4. A cylindrical steel bar has to be made from a given 
volume of metal. Its diameter should be 8 ins. and its 
length 30 ins. If the diameter is found to be in. too 
small, find the difference in length. 

5. Suppose that the pressure and volume of a gas are 
connected by the relation 

pv — C {a, constant). 

At a given instant ^ = 14 Ib./sq. in. and v = 20 cu. ft. 
find V (1) when p = 14-1 Ib./sq. in. 

(2) when p = 13-98 lb./ sq. in. 

Also (3) find p when v = 20-2 cub. ft. 

6. The formula t = gives the time of oscillation of a 

simple pendulum of length /. Find the change in the time 
of oscillation when the length I is increased by 2%. 

7. The area of a triangle ABC is A, where A = ^bc sin A. 

If A and c arc measured correctly, but there is an error 

of 2% in the measurement of b, find the relative error in the 
calculated area. 

8. If X and y are the sides of a rectangle of constant area 
A, we get xy = A. If the side x is slightly altered to 
X dx, show that the correction to be applied to y is 

dx. 

-y^ 
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9. If h is the hypotenuse of a right-angled triangle and 
X and y the other two sides we have and get 

by differentiation 

2h . iih = 2x , dx 2y , dy . . , . ( 1 ) 

If when X = 8 ins. and y = 6 ins., both sides receive an 
increment of 0-02 in., find from (1) above the increase in the 
hypotenuse. 


8. Rates 

A velocity and an acceleration are examples previously 
met with of “ rates.” The underlying idea in most rates 
is that of ” change per unit time.” 


Example 1 

Suppose the radius of a circular ripple on a pond is increas- 
ing at ^ft.jsec. At what rate is the area increasing when the 

radius of the circle is 10 ft.? 

Let A be the area, and r the radius at any time. Then 

A = (1) 

and = TO 


We require 


^A 

dt 


From (1) 
and 


dk 

dt 

dA 

dr 

dt 

dA 

dt 


dA dr 
dr ‘ dt 


-T- = 2Ttr 
“ 10 


270 -. 


rr 

5* 


This result gives the rate of growth for any radius, r. 
To answer the question put r = 10. 
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We get 


dk 

dt 



— 2n sq. ft. per sec. 


Example 2 

The adiabatic law for the expansion of air is pv^^ = k. 
At a given time, p = 100 lb. per sq. in. and i; =. 20 cm. ft. 
Find at what rate the pressure is changing, if, at the given time, 
the volume is decreasing at 2 cu.fl. per sec. 


pv^'^ =s k 

- 4 .^ ^ 

• • ^ ~ i;> * 

We are given 


Now 

and from (1) 
Hence 


Jl — — ^ cu. ft. /sec. . 

dp _ dp dv 
~dt dv ' dt 

<^P _ _ 14 

dv ~ 1/2 * 

dt v^*~ ^ 


^ X 2-8 X p 

/it/** X V 


( 1 ) 

( 2 ) 


(Notice the multiplication of numerator and denominator 

by p.) 


2>8 X p 

V 


Now put /> = 100 and t/ = 20. This gives 

dp _ 2-8 X 100 , ^ ^ 

dt 20 — ~ ib./sq. in. per sec. 
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EXERCISE 28 


1. The radius of a sphere is increasing at the rate of 
in. per sec. At what rate is the volume increasing 
when the radius is 6 ins. ? 



If y = 3x x^, and 


dx 

Tt 


= 2, find 


dt 


when X = 



3. Find the rate at which the volume of a cone is in- 
creasing when the radius of its base is 4 ins., given that its 
height is constant and equal to 6 ins., whilst the radius of 
the base increases at the rate of 0-3 in. per sec. 

4. An inverted conical vessel with its axis vertical has 
water running into it at a constant rate. Show that the 
height H at which the water stands after a time / is 

H = c^ 


where c is a constant. Prove that the rate of increase of H 
at any particular height is inversely proportional to the 
square of the height. (U.L.C.I.) 

5. A rod AB, 15 ft. long, slides in slots along two bars 
OX, OY, at right angles and fixed. A moves along OX at 
the rate of 0-2 ft. per sec. At what rate is B moving along 
OY when OA = 6 ft. ? 

6. Coal is pouring steadily into a symmetrical bunker of 

wedge shape whose inverted apex angle is 40° and whose 
length is 5 ft. at the rate of 10 cu. ft. per sec. Find by 
calculus the rate at which the depth of the coal in the 
bunker increases. (U.E.I.) 

7. A weight is being lifted by means of a rope passing 
over a pulley 25 ft. above the ground. The rope is 50 ft. 
long. A man holds the other end of the rope at a height of 
6 ft. and walks away at 10 ft. /sec. How rapidly does the 
weight start to ascend ? 

8. A water cistern has the form of an inverted cone, 
radius 3 ft. and height 10 ft. At what rate is the water 
pouring into the cistern when its height in the cistern is 
4 ft. and rising at the rate of 2 in. /sec. ? 



CHAPTER 8 


TRIGONOMETRY 
1. Measurement of Angles 

The figure below, which we shall refer to as the " angle 
generator/’ consists of the usual axes XOXj, VOYi at right 
angles to each other, and a movable radius OP, 



The amount of turning which OP undergoes in passing 
from the position OX to its present position is called the 
angle POX. 

If OP turns anti-clockwise, the angle POX is positive; 
if clockwise, negative. 

Thus OP will occupy the same position on the generator 
if POX = 150® or — 210®. 
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We observe, further, that we can generate positive or 
negative angles of any size, though the greatest angle we 
can picture on the generator is one of 360® or four right 
angles. 

In generating an angle of 390®, OP would occupy the 
same position as in generating an angle of 30®. 

Angles will be measured in degrees or in radians, a radian 
being the angle subtended at the centre of a circle by an arc 
equal in length to the radius. Observe in this definition 
that the radius must be bent to coincide with the arc. 

The value of 1 radian in degrees, minutes and seconds is 
57° 17' 44", approx. 

We assume that the student can convert degrees to 
radians, or radians to degrees. (See Vol. I and Vol. II.) 

Example 

A thin rod whose length is 25 ins. is bent into the form of an 
arc of a circle. The distance between the ends of the rod is 
20 ins. If <f> is the angle in degrees subtended by the rod at the 
centre of the circle of which it forms fart show that 



o 


Fig. 26. 
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Suppose that 0 is the centre of the circle. 

OA is the radius = r, say. 

ODB bisects the arc, the chord AC. and the angle 
AOC (= <l>). 

Then arc AB = 12J ins. and AD = 10 ins. 

(1) Express^ in radian measure, thus: let 2 = a radians. 


Then 





From the figure 



( 1 ) 

(^) 


Substitute for r in (1) and get the result. 


2. The Trigonometrical Ratios of Angles of Any 
Magnitude 

Let XOP be any angle. The radius OP is shown (Fig. 27) 
in each of the four quadrants. 

Drop PM perpendicular to the x-a.xis. 

The triangle MOP will be referred to always as the 
“ defining triangle," since its sides are used to define the 
trigonometrical ratios of the angle XOP. 

Each side of this triangle will be named thus : OP is the 
hypotenuse — denoted by " h " the initial letter. 

PM is the ordinate (or opposite), denoted by " o." 

OM is the abscissa (or adjacent) denoted by “ a.” 

The terms ordinate and abscissa are quite familiar from 
our graphic work. 

For them the rule of signs, as in graphs, holds whUst OP 
or h is always positive. 

The appropriate signs are placed on each figure. 
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Fig. 27. 


In every case let XOP = 0. 

The equations of definition are : 


sin 0 = 


ordinate 

hypotenuse 


0 

h 


cos 0 = 


abscissa 

hypotenuse 


a 

h 


tan 0 — 


ordinate _ o 
abscissa a 
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The signs of these ratios vary with the quadrant in which 
OP stops. Anyone familiar with graphs will have no 
difficulty in seeing that the signs to be given to the ratios 
are those in the following table. 



1st ' 

Quadrant. 

2nd 

Quadrant. 

3rd 

Quadrant. 

-ith 

Quadrant. 

sin . 

+ 

+ 

1 

. 

cos . 

+ 

1 

1 


tan . . ' 

! 

+ 

— 

+ 

1 

positive 

All 

sin i 

1 

tan 

1 

COS 


The words in the bottom row may assist the student in 
remembering which ratios are positive in the various 
quadrants. 

In addition to the three ratios given, we must know also 
their reciprocals. 

l^potenuse\ 
ordinate /' ^ 

cos 6 is sec 0, and of tan 6 is cot 0. 

The abbreviations are those of cosecant 0, secant 0, and 
cotangent 0 respectively. 

Hence for all angles 

sin 0 . cosec 0 = 1 > 
cos 0 . sec 0 — 1 I . . . . (1) 

tan 0 . cot 0 = W 


The reciprocal of sin 6 is cosec 0 


Notice also that tan 0 = - = - 

a 


o 

h 

a 

h 


sin 0 

COSO 


/. cot 0 = 


COS 0 

sin 0 


% » 



And 


(3) 
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Further, in each of the four figures — i.e., for all values of 6 


0 ^ 

Dividing both sides of (4) by we get 

= 1 



i.e., sin^ 6 + cos* 0 = 1. . . . (5) 

Similarly, dividing (4) by o* and a* in succession 

we get 1 4- cot* 0 = cosec* 0 (6) 

and tan* 0 + 1 = sec*0 (7) 

The values of the trigonometrical ratios of certain angles 
are given below. 



0" 

30" 

45" 

60" 

90" 

sin 

0 

i 

1 

V2 

Vs 

2 

J 

cos 

I 

Vs 

"2 

1 

V2 

i 

0 

tan 

1 

0 

1 

1 

Vs 1 

1 

Vs 

00 

cosec 

00 

2 

V2 

1 2 

J 

sec 

1 

2 

Vs 

V2 

2 

00 

cot 

€0 

Vs 

1 

I 

Vs 

0 
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3. Graphs of the Trigonometrical Functions 

The following facts assist us in drawing the graphs of the 
trigonometrical functions : 

1. sin 0 and cos 6 are never numerically greater than 
unity. Both have values between i 1, or 1, 

2. Their reciprocals cosec 0 and sec 0 are never 
numerically less than unity. 

3. tan 0 and cot 6 have values ranging from — co 
to -b 00 . 

4. We need to calculate the values of any of the 
functions only in the range from 0 = 0 to 0 = 90® 



y=cos e 

ib) 

Fig. 28. 
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4. If we are given the value of one trigonometrical ratio 
of an angle, we can write down all the rest by using the 
following method. 


P 



Given sin 0 = §, find tan 0, cos 0, and cot 0. 

Sketch any right-angled triangle POX. Mark the 
angle 0, and put numbers on the appropriate sides; in the 

PX 

above case, since put 2 on side PX and 3 on OP. 


These numbers do not give the actual lengths, but merely 
the ratio between them. 


By Pythagoras’ theorem, OX = VS. 

Then we can write down any ratio of the angle 0. 
Thus 


tan 0 = 


_2_ _ 2jv/5 

Vs 5 


cos 0 = 


V5 

3 


and cot 0 = 


2 


Similarly if we are asked to express every trigonometrical 
ratio of 0 in terms of tan 0, we proceed in exactly the 
same way. 

Put 



tan 0 — a 
tan ^ j 
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The triangle is sketched. Since the value of tan 0 is a, 
we let BC = a, and AB = 1. 

c 



K l B 


Fig. 30. 

By calculation AC = Vl -h 

We can now express every trigonometrical ratio of 6 in 
terms of a — i.e., in terms of tan 0. 

^ tan 0 

Ihus sm 0 = — V - =: . 

Vl + a* Vl + tan^0 


5. The Inverse Notation 

If cos 0 — a, 

we write : 0 = cos-ia. 

Any equation such as this must be read by the student thus : 
“ 0 is the angle whose cosine is a/’ 

Thus cos-^ ^ means the angle whose cosine is I — i.e.. 


60“ or g. 


Similarly tan-* 1 is the angle whose tangent is 1 — i.e., 


45“ or 

4 


Further, 


1 

sin-»^ + cos'i-^ = 60° + 45° 


= 105 ' 


and is thus the sum of two angles. 

VOL. III. 



146 


NATIONAL CERTIFICATE MATHEMATICS [VOL. Ill 


Sin~^ X and (sin x)-'^ must then be clearly diflerentiated. 
Sin - ^x is the angle whose sine is x ; but 


(sin = cosec x, 

' ’ sin a; 


1 


and means the reciprocal of sin x, just as x-'^ = the 

X 

reciprocal of x. 


EXERCISE 29 

1. State the values of the following, using tables where 
necessary : 

(i) sin 124^ (ii) cos 130% (iii) tan (- 320%, 
(iv) cosec 348% (v) sec (- 290%, (vi) cos 

, • ■ V • 3^ / 

(vii) sin y , (viii) tan ^ . 

2. Given that sec 0 = 5, find cot 0 and sin 6. 

3. If tan A = 3, find' all the other trigonometrical 
ratios of A. 

4. If 0 = cos-' I, find sin 0 and tan 0. 

6. Show that sin-' -f cos-' ~ = 90°. 

2 2 

6. Express the following angles in circular measure : 

(i) 30°, (ii) 45°. (iii) 60°, (iv) 120% (v) 228°.' 

7. Express the following angles in degrees : 

(i) (ii) (iii) (iv) |, (v) ^ radians. 

8. Show that cos-' -f sin-' i = 75°, 

V2 2 

9. Show that sin-' 1 + cos-' 1 = 
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10. The following formula is developed in connection 
with a high-pressure transmission line 

Es 2 == (Er cos ^ + RI )2 + (Er sin -f X . I)^ 

Where Eg is the sending end voltage and Er the receiving 
end voltage. Find Er given that Eg = 8,000, cos ^ = 0*8, 
R = 8-5, X = 6-5, and I = 200. (U.E.I.) 


5. It will have been noticed that as 0 completes the range 
from 0° to 360°, or from 0 to 2-, sin 0 takes every possible 
value. If OP continues to revolve, sin 0 repeats the 
previous values. 

Now sin 0 satisfies our definition of a function of 0, since 
when 0 is given a value, sin 0 takes a value. 

It is called a periodic function of 0 whose period is 360° 
or 2n radians, because each time 0 is increased by 2ii, sin 0 
has the same value as before. 


Thus sin 0 = sin (0 2r) 

Similarly cos 0 = cos (0 -1- 2::) 

But note tan 0 = tan (0 + tt), showing that the period of 
tan 0 is tc. 

Now let OP start from OX, and turn in the positive sense 
at the rate of 3 radians pei; sec. In t secs., XOP = 3( radians 
and sin XOP = sin 3^. 

No matter what value I may have 


sin 3f = sin (3/ + 2n) 



Notice that the sine has the same value at times ” / *' 

2Tt 

and ^ "k 'g • tkis case sin 3/ is a periodic function of I, 
whose period is 
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Generally, since 


sin nx = sin {nx -}- 2ti) 


= sin n( a? + — 


the period of sin nx is — . 


. 2n 


Similarly we find that the period of cos ^^0 is 
since cos f£0 = cos (fc0 + 2n) 

= cos /e (e + ^) 

showing that cos ^0 has the same value for angles 0 and 

(« + 1 )- 

The addition of a constant to the angle does not affect Its 
period. 

Thus sin (3* + 4) = sin (3^; + 4 + 2:c) 

= sin {3(* + 1^) + 4} 

2 ^ 

showing that the period is 

Now consider 3 sin 2x 4 cos 4x. The period of sin 2x 

IS _ — t,e., 7t— that of cos 4x is — t.e., 

Hence the expression 3 sin 2x + 4 cos 4x will have the 
same value for angles x, x n, x 2Tt, etc—i.e., its 
period is tt. 


6 . The Solution of Trigonometrical Equations 

Fig. 31 (1) shows two angles XOP, XOP^ whose sines 
are equal. 

If XOP = 0, XOP, =71-0 

. . MP M,P, . , 

and sin 0 = Qp = Qp- = sm (tc — 0). 
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Hence between 0 and 2 tc there are two angles whose 
sines have the same value. 



Fig. 31. 


We know that sin 60® = = 0-866. If we try to 

solve sin = X—' we infer at once that one value of x is 


60®. There is, however, another value— viz., the supple- 
ment of 60®. Hence there are two solutions giving angles 
between 0® and 360®— viz., 60® and 120°. 

The number of solutions is infinite, since we can increase 
either of the above angles by any integral multiple of 360®. 

Usually we are interested only in those values of a- 
between 0° and 360®. 


Example 1 


Solve sin 3a® = J. 

sin 3a® = sin 30® = sin 150®. 
/. 3a = 30® or 150® 
i e ., X = 10® or 50®. 


Example 2 

Solve sin 5a = 0-3971. 

We have, sin 5a = sin 23® 24' (from the tables) 

= sin 156° 36' (using the supplement) 
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5x = 23” 24' or 156” 36' ... . (1) 
;c= 4” 41' or 31” 19' ... . (2) 
correct to the nearest minute. 

If we require any more values, we can get them by adding 
multiples of 360” to the angles (1), or what is the same thing 
multiples of 72° to the angles (2), 

In Fig. 31 (2) XOP = 0, and we see at once that 

cos 0 = cos (— 0) or cos 0 = cos (360 — 0). 

Example 3 

Thus, given cos 0 = J, we infer at once that 0 = 60° 
or 300”. 

Example 4 

If cos 4x = 0*2974 

= cos 72” 42' (from tables) 

= cos (360” - 72° 42') 

= cos 287” 18' 

4x = 72” 42' or 287” 18' 
i.e., x= 18” 10*5' or 71” 49*5'. 

In Fig. 31 (3) if XOP = 0 and XOPj = tt -f 6, 

tan 0 = tan (n + 0). 

Example 5 

Sol\ e tan 

vT 

tan x° = = tan 30” 

V3 

^ - 30” or (180 + 30)” 

= 30” or 210” 

7. To Express the Trigonometrical Ratios of Negative 
Angles in Terms of those of the Corresponding 
Positive Angle 

Suppose XOP = 0 and XOPj = — 0. 

Notice that the defining triangles for each angle are 
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congruent. They have a common side OM. The signs to 
be placed on abscissae and ordinates are shown. We get : 


sin 0 = 
cos 0 — 


tan 0 = 


MP 

OP 

OM 

OP 

MP 

OM 


MPi . , 

OP, ~ ^ 

OM / ox 

OP, = 

MP, * , 


0 ) 


- 0 ) 




Hence sin (— 0) = — sin 0 "j ■* 

cos (— 0) — cos 0 
tan {— 0 ) = — tan 0 ) 

Taking the reciprocals of these, we have : 

cosec {— 0) = — cosec 0] 
sec (— 0) — see 0 
tan (— 0) = — tan O J 

EXPRCISE 30 

1. Explain what is meant by saying that the trigono- 
metric functions of 0, sin 0, cos 0 and tan 0 are perio<lic. 
State their periods. 

2. If I represents time in seconds measured Irom some 
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fixed instant, find the number of seconds that has elapsed 
before sin 2/ again reaches the value it had at time t. 

3. Find the periods of (i) sin Zt, (ii) cos 4^, (iii) tan 3/^ 
(iv) cos (5x 4- 4), (v) sin {ax + a), (vi) 3 sin + 4 cos 2x^ 
(vii) 2 cos Zx — sin 4jc. 

4. Write down the values of the trigonometrical ratios of 
(90 + A) in terms of those of A. 

5. Solve the following trigonometrical equations, giving 
in each case two values of the angle between 0° and 360*^ 
which satisfies it : 

(1) sin 2x = 

(2) cos Zx = VZ 

~2 

(3) tan 26 = 1. 

(4) sin 5x = 0-3621. 

(5) tan 39 = 2. 

(6) cos Zx = cos 60°. 

6. Express 5 — 5 cos 6 — 3 sin^ 9 = 0 as a quadratic 
equation in cos 6, and find all the values of 6 between 0° 
and 360° which satisfy it. 

7. Use the relation sec* 0 = 1-)- tan* 0 to find all the 
values of 0 between 0° and 360° which satisfy the equation 

tan* 9 — sec 9 — 5 = 0. 

8. Solve 14 — 11 sin 0 — 12 cos* 9 = 0, for values of 9 
between 0° and 360°. 

9. Find the periods of 

(1) sin {Zt 2). 

(2) cos {5t -{- 3) 

(3) sin (2/ -{- a). 

(4) tan (4i -h p). 

(5) sin {ax 4- a) -{- cos {Zax 4- P)* 
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10. Express the following in terms of the trigonometrical 
ratios of the corresponding positive angle : 

(1) sin (- 20*^). 

(2) cos (- 60°). 

(3) tan (- 42°). 

(4) sec {- 130°). 
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1. Projections 



AB is any segment of a straight line. It may be con- 
sidered to have two senses — viz., AB and BA, and we have 
AB = - BA. 

If Aa, Bb are perpendicular to any line OX, then ab is the 
orthogonal projection of AB on OX. 

If OP is equal and parallel to AB, and Pp is drawn per- 
pendicular to OX, then Op = ab. Hence “ equal and 
parallel straight lines have equal projections on any other 
straight line.” 

If AM is parallel to OX, we have AM = ab = AB cos 6. 

Further, notice that Opj = pP = MB = AB sin 0. 

Hence, the projections of any line AB which makes an 
angle 0 with OX are 

AB cos 0 on the ;r-axis'i 
AB sin 0 on the y-axis j 
AB2 = AM2 + BUK 

154 


and 

also 


. . ( 1 ) 
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_ Hence if we know the lengths. AM and BM, of the projec- 
tions of AB on two straight lines at right angles, we can 
find the length of AB. 



Let ABC be any triangle ; drop the perpendiculars 
Ad, Bb, Cc on OX. 

Now notice from the above figure tliat 

ab = ac cb, 

i.e., the projection of AB = the sum of the projections ol 
the two straight lines joining A to B. 

By drawing any figure, the student will see that the 
projection of AB = sum of the projections of all the straight 
lines joining A to B in any way. It is not even necessary 
to keep to the plane of the paper. 

The above property of projections is often stated thus ; 
The sum of the projections of the sides of any closed 
polygon, on any straight line is zero. 

In the case of the triangle above, we have 

ac cb ba =: 0, 
ba = — ab. 


smce 
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3. Let OP make 6 with OX, and let PR be perpendicular 
to OP. 



Then PR makes 90® -f 6 with OX, as can readily be seen 
by imagining RP produced backwards to Q 

ZXQP = 6 + 90°. 

Hence the projection of PR on OX is, by using a previous 
result, 

PR cos (90 -f 0). 

But cos (0 + 90) = — sin 0. 

the projection of PR on OX = — PR sin 0. 

The projection of OP on the X-axis = OP cos 01 
and the projection of OP on the Y-axis = OP sin 0/ 

Similarly the projection of PR on the Y-axis is 

PR sin(90 -|- 0) = PR cos 0. 


Example 

Suppose AB = 3 ins. and BC = 2 ins., and that AB is 
inclined at 14° to OX, whilst BC makes 30^ with AB, as 
shown in Fig. 36. 
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We require the length of the projection of AC on OX. 
The projection could be readily found by a drawing to 

scale, but we are interested in calculating it from the 
diagram. 


C 



The projection of AC = proj. of AB + proj. of BC 

= 3 cos 14° + 2 cos 164° . (1) 

[Notice that BC makes 150° with AB, and hence 104° witli 
OX.] 

(1) becomes 3 cos 14° — 2 cos 16° 

= 3 X 0-9703 - 2 X 0-9G13 
= 2-9109 - 1-9226 
= 0-9883 ins. 


4. To find cos (A f B) and sin (A + B) 

In Fig. 37 suppose Z XOQ = A and ZQOP = B. 

Let PR be i to OQ. 

Then the projection of OP on OX = the projection of 
OR on OX -F the projection of RP on OX. 

i.e., OP cos (A + B) = OR cos A + RP cos (A + 90°) 

= OR cos A — RP sin A . . (1) 

Now OR = OP cos B and RP = OP sin B. 
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Substituting for OR and RP in (1), we get : 

OP cos (A + B) = OP cos A cos B — OP sin A sin B. 

Y 


X 


Fig. 37. 

Hence, cancelling OP, 

cos (A + B) = cos A cos B — sin A sin B (2) 
For sin (A + B), project OP on OY. We get : 

OP sin (A + B) = OR sin A + RP sin (A + 90°) 

= OR sin A -f- RP cos A 

Substitute for OR and RP as before, and get : 

OP sin (A H- B) = OP sin A cos B + OP cos A sin B. 

Now divide throughout by OP, and 

sin (A + B) = sin A cos B + cos A sin B . (3) 

The figure in the preceding proof has been drawn for two 
positive angles whose sum falls in the first quadrant, but the 
proof is quite general for all angles. 
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Now take cos (A + B) = cos A cos B - sin A sin B and 
write (— B) for + B. 

We get : 

cos (A — B) = cos A cos {— B) — sin A sin (— B) 
i.e., cos (A — B) = cos A cos B + sin A sin B . (4) 

since cos (— B) = cos B 

and sin (— B) = — sin B 

Similarly writing — B for -j- B in (3) we get : 
sin (A — B) = sin A cos (— B) + cos A sin (— B) 
i.e., sin (A — B) = sin A cos B — cos A sin B . . (5) 

The four formulae (2), (3), (4), (5) are collected here for 
reference, and should be well known. 

sin (A + B) = sin A cos B + cos A sin Bi 
sin (A — B) = sin A cos B — cos A sin BJ 
cos (A + B) = cos A cos B — sin A sin Bi 
cos (A — B) = cos A cos B sin A sin Bj 

Example 

Find, wiihout using tables, sin 75°. 
sin 75° = sin (45 + 30)° = sin 45° cos 30° + cos 45° sin 30° 

_ ~ _L - i 

~ V2' 2 V2' 2 

+ 1 

“ 2V2 ' 

5. Consider the two equations 

r sin a = 2 (1) 

r cos a = 3 (2) 

Squaring both sides, then adding, we get ; 

(sin^ a cos^ a) = 13 
i.e., r* = 13, since sin^ a + cos* a = 1 
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Taking the positive square root for r, this gives : 

r= Vl3 = 3-61. 

Now divide (1) by (2) we get : 

tan a = § = 0’6666 . , , 
a = 33° 4r from the tables. 

This method of finding r and a illustrated above is 
important. 

Example 1 

Express 3 sin x 2 cos x in the form r sin (;v + a) , where 
r and a are determinate. 

Expanding sin (x -f a) we get : 

3 sin X + 2 cos e r sin x cos a + r cos x sin a 

B r cos a . sin -|- r sin fl . cos x 

This will be true if r cos a = 3 and r sin a = 2. 

We have found values for r and a above. 

Hence : 

3 sin ^ + 2 cos x = VlS sin {x -f 33° 41'). 

Example 2 

Express 3 sin nx + 4 cos nx in the form R sin (nx -f *) 
where R and <x are independent of x. 

Find the values of x between 0° and 360° /or which 

3 sin I + 4 cos I = 2. (N.C.) 

We must have 

3 sin nx + 4: cos = R sin (nx + a) 

E R (sin nx cos a -f- cos nx sin a) 

E R cos a . sin + R sin a cos nx. 

Hence we put : 


and 


R cos a =5 3 
R sin a = 4 


( 1 ) 

( 2 ) 
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Solving (1) and (2) in the way shown, it follows that : 

R® = 25, R = 5 (taking the -j- square root) and 
dividing (2) by (1) 

tan a = * = 1*3333 

a = 53° 8' (from the tables). 

So that : 

3 sin nx 4 cos nx — 5 sin (nx + 53° 8') . (3) 

To solve 

3 sin I + 4 cos I = 2 . . . . (4) 

notice that the left-hand side of (4) is the same as tliat of (3) 
if we put n = J. 

5 sin (I + 53* 8') = 2 

or sin (g + 53° 8') = | = 0-4. 

From the tables, sin 23° 35' ^ 0*4 
Hence, also, sin (180 — 23° 35') = 0*4. 

~ -1- 53° 8' = 23° 35' or 156° 25' 

-29° 33' or 103° 17' 

;r= -59° 6' or 206° 34' 

Written positively x = (3G0° — 59° 6') = 300° 54'. 

EXERCISE 31 

1. A man walks for 3-2 miles in a direction 13° N. of E., 
and then 5*4 miles in a direction 27° N. of E. How far 
due E. has he travelled ? and due N ? 

VOL. III. 


L 
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2. ABC is a triangle whose side AB is inclined at 13® 
to the horizontal OX. 

If AB = 7 ins., BC = 5 ins., and the angle ABC = 63®, 
find 

(1) the projection of AC on OX. 

(2) its projection on a perpendicular to OX. 

Hence deduce the length of AC. 

3. Solve for r and a 

(1) r cos a — 2\ 
r sin a = 1 J 

(2) r sin a = 3l 
r cos a = 5J 

Then put 2 sin ar cos x in the form r sin {x -f a) and 
5 cos a; — 3 sin a; in the form r cos {x a). 

4. Find all the values of x between 0® and 360® for which 

4*37 cos Zx -f- 3*84 sin 3x = 5-73. 

(U.L.C.I.) 

5. (a) Write out the formulceforsin (A -{- B), sin (A — B), 
cos (A + B), and cos (A — B). Prove any one of them. 

(6) Use the formulae to find the value of sin 75® and of 
tan 15®. (U.L.C.I.) 

6. Show sin e 4- sin (8 + 120) + sin (0 + 240) = 0. 

(U.L.C.I.) 

7. By expanding sin (6 -{- 90) and cos (6 + 90) or 
otherwise, show 

sin (0 + 90) = cos 0 and cos (0 + 90) = — sin 0. 

(U.L.C.I.) 

8. Find, without using the calculus, the maximum value 
of 2 cos X H- 3 sin x. 

9. Two straight rods OA, OB of lengths 3 ft. and 2 ft. 
respectively, are rigidly joined at O so that Z.AOB — 30®. 
Initially OA lies along a horizontal line OX, and B is above 
OX. If the rods rotate about 0 in a vertical plane, with a 
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uniform angular velocity of 4 radians/sec., find an expression 
for the length of the projection on OX of the join BA at 
time t secs. Deduce the maximum value of this projection 
and the smallest value of t which gives it, (U.L.C.I.) 

10. Show that 

cos (A + B) .cos (A — B) = cos2 A — sin* B = cos^ B — sin^ A . 

11. Find X in degrees approximately if 

3 sin X -f 2 cos x = 3*4 

For what value of x is 3 sin x + 2 cos x a maximum ? 

(B.E.) 

12. Find A and a so that 20 sin 6 -f 41 cos 0 may equal 
A sin (0 + a) for all values of 0. 

Deduce the values of 0 between 0® and 360° for which the 
given expression has (1) a maximum value, (2) a minimum 
value, (3) zero value. (4) the value 43-4. (U.L.C.I.) 

13. Put the expression 3 sin x + cos (x -f- 45) in 
the form A sin (x -f- «), where A and a are known. 




tan (A -|- B) 


sm (A + B) 
cos (A + Bj 

sjn A cos B + cos A sin B 
cos A cos B — sin A sin B 


cos A cos B 


si 

_c< 


sin A sin B 
cos A cos B 


0 


cos A cos B 


c< 


^ A sin B 
cos A ' cos B 


t 

> 


tan (A -h B) = 


tan A + tan B 
1 — tan A tan B 


Changing the sign of B, wc get : 


tan (A — B) 


tan A — tan B 
1 + tan A tan B 
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Example 

An object which is six feet high stands on the top of a tower. 
At a place on the same horizontal plane as the foot of the tower 
and 40 ft. away from it, the object subtends an angle of 6®. 
Find the height of the tower. (U.L.C.I.) 

c 

6 

B 

X. 


O 40 A. 

Fig. 38. 



AB is the tower, BC the object, 0 the point at which BC 
subtends an angle of 6®. 

OA = 40 ft. BC = 6 ft. 

Let X it. and ziBOA = 6®. 


Then 


and 


40 = « 

« + 6 tan 0 + tan 5® 

-40“ = = 1 - tan e 7toT° 


. + 6 m + ‘‘ 

40 I _ ^ 

^ 40 


a is put for tan 5® 
a = 00875 




i.e., 


A' 4- 6 _ a; 4- 40a 
40 ~ 40 — ax’ 


• {x 4- 6) (40 — ax) = 40(;r 4- 40a) 

i.e., 40x 4- 240 — ax^ — 6ax = 40x 4- 1600a 
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giving ax^ + 6ax + IGOOii — 240 = 0 


t.e., 


240 


1600 = 0 . . . 
240 240 2400 , 

= 0^ ^ T ^ 

Hence (1) becomes 

x^-\-Qx~ 1143 = 0 

_ - 6 i; V36 + 4 X 1143 

2 

The value of x required is 

- 6 + Vse + 4572 

2 

= — ^ 2 ^ nearest ft. 

= 32 ft 


to the nearest ft. 


7. Double Angle Formulae 

Writing A for B in sin (A + B), we get : 

sin (A 4- A) = sin A cos A + cos A sin A 

i.e., sin 2A = 2 sin A eos A ( 1 ) 

or sin (angle) = 2 sin (| angle) cos (J angle) 

Similarly 

cos (A 4- A) = cos A . cos A — sin A sin A 
i.e., cos 2A = cos^ A — sin^ A (2) 

This gives the form 

cos (angle) = cos* (J angle) — sin* (| angle) 

In (2), put 1 — cos* A for sin* A ; then ; 

cos 2A = cos* A — (1 — cos* A) 
i.e., cos 2A = 2 cos* A — 1 (3) 

Similarly, putting (1 — sin* A) for cos* A in (2) we get : 

cos 2A = 1 — 2 sin* A .... (4) 

(i)» (2), (3), and (4) are important formulae. 
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Example 1 


V3 


Given cos 30® = —^,find cos 15 




cos 30® = 2 cos* 15® — 1 
2 cos* 15® = 1 + ^ = 1-866 


2 


cos* 15® = 0-933 


and taking the square root, we get : 

cos 15® = 0-966. 


Example 2 

Given sin A = \,find by calculation, sin 2A and cos 2A. 

I 


Fig. 39. 

We are given sin A = 1. Sketch the usual triable 
containing the angle A, and we find the third side is ^24. 

Now sin 2 A 


cos 2A : 

8. Since tan (A + B) 


2 sin A . cos A 
2 X i X ^ 

2V24 
25 ' 

1—2 sin* A 


= 1 - 2 X 


I 

ISS 


2 3 


tan A + tan B 
1 — tan A tan B 
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putting A for B, we get : 

tan 2A = 


2 tan A 
1 — tan^ A 


Example 1 

Given cos A = \,find tan 2A. 



Fig. 40. 


Since cos A = the third side of the triangle is VS. 

2 tan A 2\/8 2^8 4\/2 

tan 2A = = __ 

Similarly if we are given any trigonometrical ratio of the 
angle A, we can calculate from the double angle formulae 
all the trigonometrical ratios of the angle 2A. 


Example 2 

1 he values of the crank angle 0 for which the velocity of the 
piston of a certam engine is a maximum are obtained from the 
equation cos 0 + cos 20 = 0. Find the two solutions of 
this equation between 0° and 360°. (U.L.C.I.) 

We have cos 6 + (2 cos^ 0 — 1) = 0 by substituting 

for cos 20. 

Rewriting the equation, we get : 

4 cos^ 0 -}- 15 cos 0 — 2 = 0 



cos 0 = 


- 15 ± Vrs* + 32 
8 ■ 


_ - 15 ± 16 03 
8 

= 0-1288 (other value rejected as it > unity). 
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From the tables 6 = 82“ 36' or 360“ - 82° 36' 
i.e.,2ir 24'. 


9. Half-Angle Formula 
It \vill now be clear since 

sin 2A = 2 sin A . cos A 


that 


for 


• A « • A A 
sin A == 2 sin ^ • cos ^ 

sin A — sin ^2 . 


Similarly we get the other “ half-angle formula " 


VIZ., 


. - A • 2 A 

cos A = cos’* 2 ~ 2 

= 1-2 sin* ^ 

= 2 cos* 4^ — 1 


and 


tan A = 


1 -tan^^ 


It will be observed that the formula above have the same 
form as those of pars. 7 and 8, 

10. The following very important formula will now be 
proved : 

sin S + sin T = 2 sin ■ cos ^ . . (1) 

sin S — sin T = 2 cos ^ • sin ^ ~ - . . (2) 

cos S + cos T = 2 cos . cos ^ ~ ^ . . (3l 

cos T — cos S = 2 sin — • sin ^ ^ ( 

In the above T is the smaller angle. 
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COS T > cos S. In (4) we change the order to keep 
the left-hand side positive. 

The above formulae should be remembered in words. 
Thus (2) is “ The difference between two sines is equal to 
twice cos (semi-sum) . sin (semi-difference)” 

(1), (3), and (4) can be translated into similar forms. 

11. Proofs of the Formulae 

sin (A + B) = sin A cos B -f cos A sin B 
sin (A — B) = sin A cos B — cos A sin B 

Now add and subtract these : we get 

sin (A B) -}- sin (A — B) = 2 sin A cos B . . (5) 

sin (A + B) — sin (A — B) = 2 cos A sin B . . (6) 

Put A 4- B = S 

and A — B — T 

adding. 2A = S -|- T A = 

Subtracting 2B = S — T B = ^ 

Hence (5) becomes : 

sin S 4- sin T = 2 sin - , cos ^ ~ ^ 

and (0) 

sin S — sin T = 2 cos ^ ^ . sin 

These are the formulae (1) and (2). 

To prove (3) and (4) we have : 

cos (A B) = cos A cos B — sin A sin B 
cos {A — B) = cos A cos B 4- sin A sin B. 

adding 

cos (A 4- B) + cos {A - B) = 2 cos A cos B . (7) 
i.e., cos S 4- COST = 2 cos cos This is (3). 
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Subtracting, we get 

cos (A — B) — cos (A -t- B) = 2 sin A sin B . 

S + T S - T 


i.e., cos T — cos S — 2 sin 


sin 


. ( 8 ) 

. This is (4). 


12. Formulae (5) to (8) of the last paragraph should be 
noted. Remember the “ form of these results. 

Take (5) : 

2 sin A cos B = sin {A + B) -f- sin (A — B). 

It enables us to express the product 2 sin A cos B as the 
sum of two trigonometrical ratios. 

This transformation is useful when we come to deal with 
the integration of trigonometrical functions. 


Example 

2 sin Zx cos 2x = sin 5x + sin ar 
2 sin 33° cos 12° = sin 45° -f sin 21° 

Similarly from (7) we get : 

2 cos A cos B = cos (A + B) + cos (A — B) 
Thus cos 4Ar cos Zx — i[cos lx + cos x] 
and cos 51° cos 31° = ^[cos 82° -f cos 20°j 

From (8) we have : 

2 sin A sin B = cos (A — B) — cos {A + B) 
Hence 2 sin 30 sin 0 = cos 20 — cos 40 


Similarly from (6) 

2 cos 5a . sin 2a = sin 7a — sin 3a 


EXERCISE 32 

1. [a] Write out the formulae for sin 26 and cos 26 in 
terms of sin 0 and cos 0. Use these formulae to show that 

, 2 tan 0 

tan 2e - j g 

If tan 20 = 2 find without the use of tables the values of 
tan 0. (U.L.C.I.) 



CH. 9] 


COMPOUND ANGLES 


171 


2. If tan 2A = tan A = 

i'o75 — 0 

Calculate : 

(i) the value of b, 

(ii) the least positive value of the angle A to the 

nearest degree. (U.E.I.) 

3. Write out the value of cos 20 in terms of cos O. 

Hence solve 6 cos 20 — 13 cos 0 + 9 = 0, giving all the 

solutions between 0® and 360°, (U.L.C.I.) 

4. Assuming the formulae for the sine of the sum and of 
the difference of two angles, show that : 


sin A + sin B = 2 sin 


A + B 


cos 



Express in factors sin 3A + sin A. Find the value of 
sin 75° + sin 15° using the above formula. (U.L.C.I.) 

5. Find, without using tables, tan B if 

tan (A + B) = 3-81 and tan A = 2. 

6. Express as sums or differences of two trigonometrical 
ratios : 

(1) sin 32° cos 18°. (2) cos 53° sin 37°. 

(3) 2 cos 44° cos 38°. (4) 2 sin 38° sin 42°. 

(5) 2 sin (20 + a) sin (20 — a). 

7. Express as products : 

(1) sin 3x + sin 2x. (2) sin 48° + sin 36°. 

(3) cos 51° + cos 29°. (4) cos {x + h) ~ cos x. 

8. If y 1 ==: mx c and s= w, x + 6 are the equations 
of two straight lines, and 0 is the angle between them, 
show that ; 

. « m. — m 

tan 0 = 1 . 

1 + 


9. Find cos 30 in terms of cos 0 and sin 30 in terms of 
sin 0. Hence deduce the values of cos® 0 and sin® 0. 

10. Solve 4 cos 0 + cos 20 = 0. 



CHAPTER 10 


1. Formulae Connected with any Triangle. The Solu- 

tion of Problems, including the Solution of 
Triangles 

1. In dealing with any triangle the capital letters A, B, C 
stand for the measures of the angles, while the small letters 
a, b, c denote the measures of the sides opposite these 
angles. 

2. The Sine Rule 


A 



Let O be the centre of the circumscribed circle of the 
triangle ABC ; let R = radius of this circle. 

Draw the diameter BOD, and join CD. 

Then Z.BDC — Z.BAC (angles in the same segment). 

Also .^BCD = 90® (angle in a semi-circle). 

172 
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t.e., 


. BC 
" BD 

a 


or 


2R 

a 


= sin D = sin A 


= sin A 


sin A 


= 2R. 


Similarly we can prove = 2R 
Hence : 


sin C* 


= 2R . 


. ( 1 ) 


sin A sin B sin C 

(1) is sometimes called the sine rule, and shows that the 
sides of any triangle are proportional to the sines of the 
opposite angles. 

A 



D 


If the angle A is obtuse, perform the same construction 
as in Fig. 41 . 

ABDC is a cyclic quadrilateral, and Z.A Z.D = lb0“ 
i.e., A and D are supplementary. 


sin A = sin D 


BC 


BD 


; = sin D = sin A 


as before 
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i.e,^ ^ 

sl^ = 

If we know two angles and one side of a triangle, we can 
now find by calculation the other two sides and the third 
angle. 


Example 

Given a — 26'2 ins., B = 38° 41', C = 6Z°,find b and c. 


A 



The angle A == 180° - (53° + 38° 41') = 88° 19'. 

Put in the angles, and letter the sketch as shown. Using 
the sine rule we get : 

_ c _ _ 26-2 

sin 53° ■ 


i.e-. 


c = 


sin 88° 19' 

sin 53° X 26-2 
sin 88° 19' 


• • 


= 1*3208 
c = 20*9 ins. 


sin 53 

1.9023 

26-2 1 

1-4183 


1-3206 

Bin 88* 19' 

1-9998 


i 1-3208 
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Similarly 

b 26-2 

sin38“4r sin 19' 


and 



• • 


log 6 


b 


sinSSMl' X 26-2 
sin 88M9 ~ 


1 


log 

1 

1-2143 

ein 38® 41' 
26-2 

1-7969 

1-4183 

16-4 ins. 


1-2142 


sin 88® 19' 

1-9998 



1 1-2144 


The Solution of Problems in Heights and Distances 
Example 1 

In the sketch below, ABC is a wireless mast and EDC is the 
ground level. To find AC observations were taken from 
D and E to points A and B on the mast. The point C was not 
accessible. Determine the length AC. (U.L.C.I.) 


A 
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Since ZC = 90° and ^AEC = 45° Lk = 46° 

and AC = EC. 

If BC = X ft. then DC is x ft. 

/. EC = AC = (700 + x) ft. 

N- ¥c = 

= 0*1584 (700 + x) 

= 110*88 + 0*1584a: 

x{l - 0*1584) = 110*88 

AC = 832 ft. 

Ej^amples (2) and (3) below are standard and illustrate 
useful methods of solving problems. 

Example 2 



Suppose the height AB has to be determined from 
observations taken from the bottom and top of a tower CD 
whose height is known. In the above case CD = 200 ft. 

Draw DF parallel to CB. and let the angles of elevation 
of A from C and D be 15° 11', and 14° 6', respectively. 

By parallels Z.AEF = /.ACB = 15° 11'. 

Hence Z.DAE = 1° 5'. 
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Start the solution by comparing the unknown height AB 
with the known one CD. 


and 


AB AB AC 


CD 

AB 

AC 


” AC ■ CD 
= sinl5Mr 


^ _ sin (90° + 14° 6*) _ cos 14° 6^ 
CD ~ sin 1® 5' ~~ sin 1° 5' 



Substituting in (1) we get : 

AB _ sin 15*^ ir , x cos 14*’ 6' 
CD “ sin V 5' 


• » 



200 X sinl5Mr x cos 14® 6' 
sinl®5' 


log AB = 3-4270 
and AB = 2G73 ft. 


Number 

I log 

200 

2-3010 

sin 15* ir 

1-4181 

cos 14® 6' 

1-9867 


1-7058 

sin 1® 6' 1 

2-2788 

1 

3-4270 


Example 3 

At a point A due south of a chimney-stack, the angle of 
elevation of the stack is 55®. From B due west of A, such that 
AB = 300 ft., the elevation of the stack is 33®. Find the 
height of the stack and its horizontal distance from A 

(U.E.I.) 



i-lG. 46. 


VOL. !II. 


M 
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KL is the stack, and the points B, L, A are on the ground. 
Since A is south of L, Z.LAB = 90°, 

Let KL = X ft. 

Then LA = x cot 55° 

and LB = x cot 33° 


By Pythagoras’ Theorem, 

LB2 = LA2 + BA2 
i.e., LB* - LA* = BA* 

giving ;i:*(cot* 33° — cot* 55°) = 300*. 

. 300* 

■ * ^ .cot* 33° - cot* 55° 

. ^ _ 300 

■ * ^ V(cot 33° + cot 55°){cot 3^- cot 65°) 


V2-2m X 0-8397 
= 219 ft. 

Also LA = LK cot 55° 

= 219 X 0-7002 
= 153 ft. 


Example 4 

A hillside, which may he considered a plane inclined a. 
I3J° to the horizontal, is traversed by a straight path which 



Fig. 47. 
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makes 54® with a line of greatest slope. Find the distance 
between two points on the path whose levels differ by 100 ft. 

(N.C.) 

OD is a line of greatest slope, OBA the path on the hill- 
side, EOK is the horizontal plane through the base of the 
hill. A and B are the points whose levels differ by 100 ft. 
CG is parallel to OE, and OD is at right angles to OK. 

Then DG = 100 

CD = 100 cosec 13^® 

= BM, where BM is parallel to CD. 

BA = BM sec 54® 

1 = 100 cosec 13^® sec 54® 

= 729 ft. 

3. The Cosine Formulas 

B B 


(1) (H) 

Fig. 48. 

Fig. 48(1) is an acute-angled triangle. 

Fig. 48(2) is an obtuse-angled triangle, with Z.A obtuse. 
By well-known geometrical theorems, we have : if BD 
is drawn perpendicular to CA, 

In(l) BC2 == AB2 + AC2 - 2AC . AD . . (I) 

In (2) BC2 = AB2 -}- AC^ -p 2AC .AD . . (2) 

In (I) AD = c . cos A 

In (2) AD = AB cos BAD = - c cos A 
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From (1) = 52 — 26c cos Al 

and from (2) 02 = 52 + c2 - 2bc cos AJ ' * ^ ^ 

Hence whether the triangle is acute or obtuse angled 
we get the same formula. 

Similarly 52 = c 2 + a 2 — 2ca cos B ... (4) 

and c 2 = o2 + 62 — 2ab cos C . . . (5) 


Notice the cyclic order of the letters. 

From these formulae, if we know two sides and the in- 
cluded angle of any triangle, we can find the third side. 


From (3) we get 

_ 52 + c 2 — a 2 

cos A — in . 

26c 

. . (6) 

From (4) 

c 2 + a 2 — 52 
cos B = — -fZ . 

2ca 

. . (7) 

and from (5) 

- a 2 + 52 — c 2 

cos C = — +-i 

2o6 

. . (8) 


These are sometimes called the cosine formulae. 

If we are given all the sides of a triangle, we can use 
(6) and (7) to get Z.A and Z.B; knowing these we find C 
at once ; C = 180 — A — B. 

Example 1 

Show that in any triangle a2 = fia + c* — 26c cos A. In a 
triangle ABC find the angle ACB when AB = 92 ft., BC = 
60 ft., and CA = 110 ft. (U.L.C.I). 


B 
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Letter the triangle as in the figure. 

The first part of the question is answered in the text. 
The angle required in the second part is C. 


cos C = 


^2 _ g2 

2^26 


_ 50* H- 1102 - 92^ 

2 X 50 X 110 
_ 2500 + 12100 - 8464 
100 X 110 

_ 6-136 

“ n 

= 0-5578. 


Hence C = 56® 6' from the tables. 


Example 2 

P and Q are points on a straight coast line, Q being 5-3 mile 
h. of P. A ship starting from P steams 4 miles in a direction 
65|® north of cast. 

Calculate : 

(i) the distance the ship is now from the coast line, 

(ii) the ship’s bearing from Q. (N.C.) 


o 



p D a 


Fig. 60. 
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Let 0 be the present position of the ship, and OD the 
perpendicular from 0 on the coast line PQ. 

Then OP = 4, PQ = 6*3. 

OD = OP sin 65i° = 4 x 0-91 = 3*64 miles. 


AlsoPD = OPcos65f =4 x 0-4147 

= 1-66 miles(correct to two places). 

DQ = PQ-PD 
= 5-3 - 1-66 


Hence 


s= 3 04 mis. 

* nr.r» 364 , 

tan OQD - dq - 3.54 - 1 

ZOQD = 45° 


and the ship’s bearing from Q is 45° west of north, i.e. 
N. 45° W. 

Notice that if we required the distance QO, we could find 
it at once since OQ* = PQ^ + PO* — 2PQ . PO cos 65|° 


EXERCISE 33 

1. (a) If ABC is an acute-angled triangle, deduce the 
formula for cos A in terms of the sides. 

(6) A weight was hung from a horizontal beam by two 
chains 8 ft. and 9 ft. long, respectively, the ends of the chains 
being fastened to the same point of the weight, their other 
ends being fastened to the beam at points 10 ft. apart. 
Determine to the nearest degree the angles which the chains 
make with the beam. (U.L.C.I.) 

2. An object P is situated 345 ft. above a level plane. 
Two persons, A and B, are standing on the plane, A in a 
direction south-west of P, and B due south of P. The 
angles of elevation of P as observed at A and B are 34° and 
20°, respectively 

Find the distance between A and B. (U.L.C.I.) 
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3. Prove that in any triangle ABC 


sin A sin B sin C ' 

where D is the diameter of the circle through A, B, and C. 

A rod whose cross-section is a triangle having sides 1 in., 
1-93 in., and 1'93 ins., respectively, can just be driven 
lengthwise into a cylindrical tube. Find the internal 
diameter of the tube. (U.L.C.I.) 

4. One panel of a girder consists of four bars forming 
a parallelogram of sides 3 ft. and 4 ft., respectively, and a 
fifth bar 3 ft. 6 ins. long is a diagonal. Find the length of 
the remaining diagonal and find the angles between adjacent 
sides of the parallelogram. (U.L.C.I.) 

6. The lengths of the sides of a triangle are 5-6 ins., 
6 ins., and 3*4 ins. Find the angles. (N.C.) 

6. OB and OC are two straight lines at right angles in a 

horizontal plane. OB = 50 ins. and OC = 120 ins., whilst 
A is 73-80 ins. vertically above 0. Calculate the angle 
between the planes ABC and OBC. (N.C.) 

7. Two angles of a triangle are 53® 18' and 70® 13'. The 
greatest side of the triangle is 22-3 ft. long. Find the other 
two sides and the third angle. 

8. The angles of elevation of a chimney are 11® 20' 
from A and 14® 35' from B where .AB = 55 yds. Find the 
height of the chimney, if the line AB passes through its 
base. 

0. A weight hangs from the junction of two ropes 2-4 ft. 
and 2-8 ft. long, respectively, the other ends being attached 
one to eacli of two small hooks fixed 3 ft. apart on the under 
side of a horizontal beam. Find the angle between tht 
ropes and the depth of the junction of the ropes below the 
beam. (U.L.C.I.) 

10. Four rods, AB ^ 18 ins., BC = 21 ins., CO — 20 ins. 
and DA = 24 ins., are jointed to form a j)lane quadrilateral 



184 


NATIONAL CERTIFICATE MATHEMATICS [VOL. Ill 


ABCD. A fifth rod joining A to C keeps the frame rigid 
with the angle BCD = 90°. Find by calculation the 
length of this fifth rod. (U.L.C.I.) 

11. The angle of elevation of the top of a hill is 10° 13', 
and on walking 2000 ft. up an incline of 6° 60', it is found 
to be 14° 12'. Find the height of the hill. 

12. X and Y are two points on a straight shore 1200 ft. 
apart, Y lying due E. of X. The bearings of a buoy are 
28° N. of E. from X and 51° N. of W. from Y. How far is 
the buoy from the shore ? 

13. Observations are taken from the bottom and from 
the top of a tower 200 ft. high, to find the height of a hill. 

From the bottom of the tower the angle of elevation of 
the summit is 14° 30', and from the top it is 13° 25'. Find 
the height of the hill. 

14. The distance between two buildings is 60 ft. The 
angular depression of the top of the first when viewed 
from the second is 30°. If the second building is 150 ft. 
high, find the height of the first. 

15. A building is 130 ft. high. The angles of elevation of 
the top viewed from two points A and B are 27° 38' and 44®. 
Find the distance AB, where AB is perpendicular to the 
face of the building. 

16. A man stands 50 ft., away from the wall of a building 
in which there is a window directly opposite to him. If the 
angles of elevation of the bottom and top of the window are 
22° 13' and 27° 18', find the length of the window. 

17. AB is the diameter of a circle whose radius is 20 ins. 
.AC is a chord of length 32 ins. Find : 

(1) the length of CB, 

(2) the length of the perpendicular from C to AB. 

18. Find the angles of a parallelogram if two adjacent 
sides are 12 ins. and 15 ins. long, whilst one diagonal is 
17 ins. long. 
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4. An objection to the cosine formulse is that they are 
not adapted to logarithmic calculation. 

They can, however, be adapted in the following way : 


cos A = 1 — 2 sin^ = 


62 4- _ a 


2 sin^ ^ 


= 1 - 


26c 
62 


c2 - a2 


) 


sin2 - 


A 

2 


26c 

26c - (62 a^) 

26c 

a2 — (6 — c)2 

263 

gz - (6 - c)2 
46c 

(g — 6 + c)(a H- 6 — c) 
46c 

{a-\-b-\-c — 26) (g + 6 + c 

46c 


-2c) 


The sum of the sides of a triangle is usually denoted by 
2s, so that s is the semi-sum 


Hence 

Giving 

Similarly 




g -f 6 + c = 2s. 


sin2 


A (2s - 26)(2s - 2c) 

2 ■ 46c 


{s — b)(s — c) 
be 



cos A = 2 cos2 2 “ ^ ~ 


62 -I- c2 - g2 
26c 



(6 + c)2 _ g2 
26c 

(6 -f c — g)(6 -h c + g) 
26c 
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and 



2s (2s — 2a) 
4bc 




Now divide (1) by (2) and get 



/ (s -- 6)(s - c) 

V s{s — a) 


In a similar way we may prove that : 



and 



/ (s — c)(s — a) 

y 8{s — b) 

/ (s — a)(s - b) 
V s(s — c) 



These formulae are readily remembered if the cyclic order 

of the letters a, b, and c is observed. 

Further, when we have found the necessary logarithms 

A B 

for calculating tan ^ . we use them for finding tan 


Area of a Triangle 

We can now find an important formula for the area of a 
triangle. 


Area = \bc sin A 

^ . A A 
= \bc .2 sm 2 • <^os ^ 


- 

i,e. Area = Vs{s ~ a)(s — 6)(s — c) 

where a, b, and c are the sides and s is their semi-sum. 
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Example 

Let the lengths of the sides be 48-3 ft., 31-6 ft., and 
62-4 ft. 


A 



Fic. 51. 


a = 62-4 
b = 31-6 
c= 48-3 

2s = 142-3 
+ A 

tang 


• • 


s — 
s — 
s — 


s 

a 

b 

c 


71-15 

8-75 

39-55 

22-85 


log tan H = 


/39-55 X 22-85 

V 71-15 X 8-75 

30-55 

22-85 

log 

1-5971 

1-3589 



2-9560 

= 0-0809 

71-16 

8-75 

1-8522 

0-9420 



2-7942 

= 50® 18' 20" 


0-1618 


A 
2 

A = 100® 37' to the nearest minute 


, B 

tan 2 = 


22-85 X 8-75 
71-15 X 39-55 


Giving 


? = 14® 50' 


Hence 

and 


B = 29® 52' 

C = 49®31' 

The area of the triangle = Vi? 1 • 1 5 x 8-75 x 39-55 x 22-85) 

= 750 sq. ft. to three figures 
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\\'hen the lengths of the three sides contain three or four 
figures the formulae of this paragraph are much easier to 
work with than the sine and cosine rules. 


5. We now establish a formula which enables us to find 
the other two angles of a triangle when we know two sides 
and the included angle. 


c 



Fig. 52. 


Suppose that we are given A, b, and c, we could find a, as 
we have done previously from the formula 


a 


2 = ^2 -|- c® — 2bc cos A. 


This gives us a tiresome calculation when the lengths of 
the sides contain three or four figures. 

Since Z.A is known, B + C is known. We now find a 
formula which gives us (B — C). 

Knowing (B -j- C) and (B — C), we readily find B and C. 
a can then be found by using the sine rule. 

To prove 


tan 


B - C 


Put 


a 


b — c , A 


= k 


sin A sin B sin C 
then a = A sin A, 6 = A sin B and c = A sin C. 


( 1 ) 
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Hence - ^(sin B - sin C) 

b-\-c- A(sin B + sin C) 

2 cos — sin — y- 

""o • B + C C 

2 sm -J cos — 

,B + C ^ B-C 

= cot-^.tan-^ 

, A ^ B-C 

= tan ^ . tan — ^ — 

A , B 4- C 

since and — are complementary angles 


( 2 ) 


and 


• • 


. A ,B + C 
tan 2 = cot — ^ 


Hence from (2), dividing both sides by tan-s 


tan 


Similarly tan 


and 


B — C h — c .A 
2 “ 6 + c 2 

C — A c — . B 

B - A h-a S 

tan — s — = i—i — cot 5- 
2 b + a 2 




(3) 

(4) 


Example 

Given A = 71° 9', b = 43-2 ft., and c ~ 31-7 ft, find the 
other three farts of the triangle. 

A 
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Sketch a figure. Notice that since h> c, Z.B > /.C. 

, B-C 43-2 -31-7 ^71“ 9' 

^ 2 “ 43-2 + 31-7 2 

= ^ cot 35“ 34i’ 



log tan - 2 ~ = 

Number 

11*5 

cot 35® 34i' 

log 

1-0607 

01463 


§-^ = 12°6i' 


1-2060 


B - C = 24° 13' 

74-9 

1-8745 

also 

B + C = 108° 51' 


1-3316 

from which 2B = 133° 5', and 

B = 66° 32|' 

and 

2C = 84° 38' and 

C = 42° 19' 


To get a, we have 

a 43*2 

43-2 

sin 71® 9' 

1 log 

I 1-6366 
1-9760 


sin 71° 9' “sin66°32i' 


1-6116 


43-2 sin 71° 9' 

“ sin 66° 32^' 

a = 44*6 ft. 

sin 66® 32f 

1-9626 


1-6490 1 


EXERCISE 34 

1. In a triangle b = 39-6, c = 43-2, and A = 58° 24'. 

Use the formula 

tan ^ n ^ — —TT ^ ® 

z c -p 0 z 

Hence find C and B. 

2. Find the area of a triangular plot of ground whose 
sides are 48-3 ft., 62-7 ft., and 79*3 ft. 

3. AB subtends an angle of 38° 4' at a point 0, where 
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OA = 37‘3 ft. and OB = 49-3 ft. Find the length of AB, 
and the angles at A and B. 

4. Find the greatest angle of the triangle in question 2. 

5. Find the angles of a parallelogram two of whose sides 
are 5*93 ins. and 645 ins. long, whilst a diagonal has a 
length 7-32 ins. 

Find the area of the parallelogram. 



CHAPTER 11 


Dififerentlation and Integration of Trigonometrical 
Functions, with Some Applications 

1. The differentiation of both sin 0 and cos 0 depends on 
the following limit, viz. 



Fig. 64. 


0 is the centre of a circle, radius a. 

Let Z.AOB = 0 (radians). 

AC is the tangent to the circle at A, cutting OB produced 
at C. 

Then area of AAOB = sin 0, 2 uid of AAOC 
= JOA . AC = tan 0. 

Also, AAOB < sector AOB < AAOC. 
i.e., sin 0 < 0 < tan 0. 

sin 0 < 0 < tan 0 

or dividing by sin 0, 

^ ^ sin 0 
102 


< sec 0. 
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Hence — r always lies between 1 and sec 8. 
sin 0 ^ 


As 0 — > 0, sec 0 


1 • ” 

’ •• sin0 


or inverting 


U ^^ = 1 

®— >-0 o 


It should be observed that 6 is in radians, and that the 
angle must be the same in both numerator and denominator. 
It is not sufficient that both be small. 


Thus 


, sin 20 _ , fy sin 20 

-io 20 

= 2. 


2. To Find the Derivative of sin 9, with respect to 0. 
The student should recall two results T 


(1) that if y=f{x). 

dy _ j, f{x + A) - fix ) 

dx'^ .zLo h 


and (2) sin S — sin T = 2 cos - ^ ^ . sin ^ ^ ^ 


Put 


then 


— sin 0 


sin (0 + A) — sin_0 
h’-^o h 


2 cos (a + sin (I) 


= Ij COS 




h 

sm^ 
“ * 

2 


VOL. III. 


. ( 1 ) 
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Now let h — > 0 ; cos ^0 -h — > cos 0, and 


sing 

h 

2 


1 


dy 


= cos 0 


Hence if 


i.e.. 


• * d0 

y = sin 0 

I = cose 

^(^=coso 

rf9 


( 2 ) 


The *' form ” of this result is important 

y — sm ( ) expression may be put'\ 

^ = cos ( ) \ in the bracket. / 


in the bracket 


d{ ) 

Thus, suppose y = sin 30. (Put 30 in the bracket.) 

d%) = 

Similarly if y = sin aO 


dy dy d{a^) 

. -L— ' = a cos flO. 

dQ d(a0) d^ 


Example 1 


z = 


dz 

dl 


sin (Here, a 
1 t 


-i) 


Example 2 


y = 5 sin Ax 

^ = 20 cos Ax 

dx 
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Example 3 


Example 4 


Example 5 


>» = J sin J/ 
dy 1 1. 

Jt= 12 3 ' 


3, = sm(i + ^) 

I = “s {t + 


y = sin {2ft + a) where a is constant 
% = 2/ cos [2ft + a). 


3. To Find the Differential Coefficient of cos 0, with 
respect to 0. 

Let y = cos 0 

then U cos (6 + /.) - cosj 




u 


= — Lf 2 sin 


in(e + |) 


smg 


= - U sin ^ 


. h 
h \^^2 


2 / U 

2 


Thus if 


t.e., 


= — sin 0. 

= cos 0 
dy . 

c/(cos 0) 




= — sin 0 


or in form 


y — cos {any angle) 

<r(5re) = - 



196 


NATIONAL CERTIFICATE MATHEMATICS [VOL. Ill 


If y = COS 30 

dy dy <^(30) 

J0“5p)* d^ 

And generally, as with sin 0, 

y = a cos (i>0 + c) 

^ sin (60 c). 

aU 


= — 3 sin 30 


Example 1 


1 t 

2^®^ 3 
1 . t 
- 6 ®“ 3 - 


Example 2 


dt 


= 6 cos (st + 

= - 15 sin ( 3 / + 


EXERCISE 35 


Differentiate with respect to the appropriate variable * 


1. sin 
4. sin nt. 

r, 1 ^ 

2 ^ ^ 3* 


2. sin 4/. 

5. sin nt. 

Q 2 . , 

8. - sm Tzt. 
n 


3. sm^. 

6. 3 sin 2t. 
9. a sin bt. 


10. 5 sin (0 + a). 11. 3 sin (0 k). 12. a sin (0 - 5 


13. 5 sin (30 — ^ 


15. a sin {2ft -j- hk). 
18. cos nx. 


14. g sin Q 


(5® + i)- 


16. cos 3x. 


IP, ^ 

17. cos ■=. 


19. 5 cos 30. 
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20. 3 cos (50 + a). 
22. i cos (A0 + a). 


21, 4 cos ^30 + 

23. a cos {271X + kn). 


4. The differential coefficients of tan 0. cosec 0, sec 0 
and cot 0 are all easily obtained from those for sin 0 and 
cos 0 if we use the formula for differentiating a quotient. 


Thus if 


t.e., 


y = 
y = 


tan 0 
cos 0 

cos 0 . cos 0 — sin 0 

cos^ 0 

cos* 0 + sin* 0 


(— sin 0) 


cos* 0 


1 


Hence ^*^ftan0) 


If 


6. If 


y 

y 

y 

dQ 


cos* 0 
sec* 0 

see* 0 

tan 50 

6 sec* 50. 

cosec 0 
1 

sin 0 

— cos 0 
sin* 0 

1 cos 0 

sin 0 ' sin 0 

— cosec 0 . cot 0, 


t.e. 


^ (cosec 0) = — cosec 0 cot 6 
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The student can now prove that 

d 

-rzrSecQ = sec 0 tan 0 
and ^ cot 6 = — cosec* 6. 

6. The differentiation of the trigonometric functions has 
been performed on the supposition that the angles are 
measured in radians. 

If the angles are given in degrees, we must convert to 
radians and then differentiate. 


Example 1 
If 


Example 2 



sin 





y = 



dy 

TT 

■KX 

dx ~ 

180 

180 


180 * 


z = cos 




n . nt 


K 





EXERCISE 38 

Differentiate the following functions : 

1, tan 0. 2. sec a;. 3. cosec 

e 

4. cot y. 6 . tan 30. 6 . sec 
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7. cosec 3x. 


8. 3 cot 40, 


10. 3 tan (6 + tc). 11. sin 3;^^ 
13. 2 tan x^. 


9. 5 sec ^20 + ^ 
12. 3 cos 


7. Products and Quotients 

Example 1 

y = x^ sin x 
dy 

^ = 3a;^ sin X -f X® cos x. 

Example 2 

y — 3x* cos 2x 

= 3[4x® cos 2x — 2x^ sin 2.r] 
^Notice ^ {cos 2x) = — 2 sin 2x^ 
(1) may be written 

= 6x^(2 cos 2x — X sin 2x). 

Example 3 

3 sin 5/ 

^ ~ 


■ ( 1 ) 


dz _ 3 [5/^ cos 5i — 3/® sin 5f\ 
dt ~ 

= cos 5( — 3 sin 50- 

Notice that (2) may be differentiated as a product, thus : 
2 = 3 sin 5/ . 

= 3[5 cos 5t . ~ 3/- sin 5^] 

3 

= cos 5/ — 3 sin 5/). 
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8. The Differentiation of Powers of the Trigonometrical 
Functions 


Example 1 
Suppose 


» • 


y = sm* X 

= (where « = sin a?) 

^ — 2u and ^ = cos x. 
du dx 

p = f/" = 2u.cosx 
dx du dx 

= 2 sin AT cos Af 
=: sin 2a;. 


If the formal aspect of differentiation has been grasped, 
the substitution of u for sin x will be unnecessary. 

If y = sin^ X 

dy __ dy (/(sin x) 
lx “ 5(sin x) ' dx 
— 2sinx. cos a? 

= sin 2a;. 


Example 2 

Similarly if y = cos® 2a; 

(/(cos 2a:) d{2x) 

"dx ~ (/(cos 2a;) * d{2x) ' dx 

=■ 3 cos® 2a: . (— sin 2a;) . 2 
s= — 6 cos® 2a: . sin 2a:. 


EXERCISE 37 


Differentiate the following products and quotients : 


1. a:® sin x. 

4. 2a:® cos 3a:. 


2. 2a:® sin x. 

_ sin 2a: 

O* • 

a;® 

8. 3 sin 20 cos 40. 


3. 

6 . 

9. 


at* sin 2a:. 
3 cos 4a: 

' 

sin 0 
cos 20* 


11. sin 2^1 . cos -kI. 


7. sin 6 cos 20. 

10. 4 sin 30 . cos 40. 
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Differentiate the following : 

12, sin^ X. 13. 3 sin^ x, 

15. 5 cos* 30. 16. 2 sin* 4x. 

18. 2 cos* - 3 sin* 2x. 


14. cos* 6. 

17. 5??^* 
sin X 


9. Applications 
Example 1 

Suppose two sides of a triangle are measured accurately, hut 
there is a small error in the included angle. Find the relative 
error in the calculated area. 

The area of a triangle is given by 




X = \bc sin A 

IK = 2 *' 



or 


dx — \bc cos A . d\. 
dx 


error 


Hence the relative error = — = — j- , , 

X calculated area 

= cot A . <fA . . . 


( 2 ) 


In the above work the angle must be in circular measure. 
Thus, suppose A = 35® 25', and suppose there is an error 
of 5' in A. 


6' = 


Sti 


60 X 180 


radians 


= 2 ^ ( 3 ) 

From (2) and (3), the relative error 


= cot 35® 25' 
= 000205. 



TT 

2T^ 


(approx.) 


The % error = relative error x 100 

= 0-205 
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Example 2 

Maxima and Minima. 

Find the turning points on the curve 

y = 2 sin 0 + cos 0 .... (1) 

and distinguish the maxima from the minima. 

We have 

^ = 2 cos 0 — sin 0. 
aO 

Turning points are given by 

2 cos 0 — sin 0 = 0 

2 cos 0 = sin 0 

or tan 0 = 2. 



Fig. 55 (a) Fig. 55 (6) 

Now observe mat between 0® and 360° there are two angles 
XOP and XOPj whose tangent is 2, XOP in the first 
quadrant and XOP, extending to the third quadrant. 

Both sin XOP and cos XOP are positive, whilst both 
sin XOP, and cos XOP, are negative. Fig. 55 (a). 

The + values substituted in (1) give the maximum 
ordinates, the — values the minimum. See Fig. 55 {b) for 
the values. 
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The maximum values of y are 
The minimum values of y are 


+ . /F = Vs. 


VB"^ V5 


1 


Vs Vs ~ 


It is to be observed that examples similar to the preceding 
one can be done in the following way. 


If y = 2 sin 0 + cos 0 .... (2) 

Put r cos a = 2 

r sin a = 1 


= 5 — i.e., r = VS. 
and tan « = 

From (2) 

y = Vs sin {0 4- a) . . . . (3) 

The maximum value of the sin of any angle is unity, and 
the minimum — 1. 

Hence the maximum value of y is VS, the minimum 
— Vs. The corresponding values of 0 are easily found. 


Example 3 

Show there is a turning-point at x = ^ on the curve 

y = sin X -j- cos X sin x 

Is the point on the curve a maximum or minimum ? 

(U.L.C.I.) 

sin 2x 


We have 


« • 


y — sin % 4- 
dy 

= cos a; + cos 'lx . 


( 1 ) 

( 2 ) 


Putting cos X + cos lx — 0, 
we get cos 2a; = — cos x = cos (tc — 


X). 
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Hence 


i.e., 

and 


2x = 7^ — X 

Zx = n 
- = 5 = 60 ». 


Differentiating (2) we get : 

^ = — sin — 2 sin 2x 
dx^ 

If negative. (Hence y is a maximum.) 

From (1) (putting x = 60°) 

V3 , \/3 3V3 

_ . /tt SVS\ . 

/. The point —^) is a maxunum point. 


10. Simple Harmonic Motion 

Suppose a point P describes a circle of radius a with 
uniform angular velocity w. Let PM be the perpendicular 
on the horizontal diameter XOXj, where 0 is the centre. 
The foot of the ordinate, M, is said to move with simple 
harmonic motion — i.e., with S.H.M. 


Y 



Y, 


Fig. 66 
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Suppose P was at X when i = 0 — i.e., at zero time. 


In t secs., 

ZXOP = wt. 

Let 

OU==x 

Then 

X — a cos wt . 


dx 

= ~ aw smwt 
dt 

d'^x 2 , 

— = — aw^ cos wt 
ar 


^ -w^x . . 


( 1 ) 

( 2 ) 

(3) 


d}x 

From (3) notice that the acceleration of M, varies as 
the distance of M from 0. 

The negative sign shows that this acceleration is directed 
towards 0. 

Observe equation (2). This gives the velocity 


dx 

-j- = — w .a sin wt 
at 

— — Ti* . MP 

s= — uy if we put MP =5 y. 

Hence if a point moves in a straight line with an accelera- 
tion always directed to a fixed point in the line, and varying 
as the distance from that point, it is said to have S.H.M. 
This is the formal definition. 

The motion is an oscillation along XOXj. 

The distance OX (or OXj) is called the amplitude of the 
motion, and is equal to the radius of the circle. 

The time of a complete oscillation is the time taken by P 
to describe the circle, and 

= - 
w 


where w is measured in rad. /sec. 

This is called the periodic time. It is independent of the 
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radius of the circle — i.e., of the amplitude, and varies 
with w, only. 


Example 1 

Show in a S.HM. the acceleration is proportional to the 
displacement from mid-position. 

A cylindrical spiral spring supports a weight of 35 lbs. 
and is made to vibrate vertically. The stiffness of the spring 
is such that a weight of 10 lbs. would stretch it 1 in. Show that 
the motion is S.H.M. and find the periodic time. 



Fic. 67. 


Let AB be the natural length, and BO the extension 
when 35 lb. hangs at rest. 

Then BO =- 3*5 ins., and from Hooke’s Law, using 
absolute units, 


Tension = 35g (poundals) = 


X 3-5 
AB' 12 




X 7 
AB ' 24 



Let X ft. be the distance below 0, at any time t after the 
weight has been pulled down. Then 
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where — 


d^x 

dt^ 

X 


35AB 


X . = — w^x 


35AB 


= from (1) 



from (2) the motion is S.H.M. and the periodic time 



= 0-6 sec. 


Example 2 

A particle is known to have S.H.M. about a fixed point O. 
When 2 ft. from O its velocity is 12 ft. (sec. and its acceleration 
4 ft.jsec.^. What is the amplitude ? 


This example may be very simply done by using Fig. 50. 
From the question we get that : 

4 = 2w^ 

w = V2. 


Hence (refer to Fig. 66), in the triangle 0PM : 

OM = 2. MP = ^ 

V2 

OP2 = 4 + X* A = 76 
OP = Vtg. 


EXERCISE 38 

1. Obtain approximate values for 

{a) cos 60° 1', (5) tan 45° 1', (c) sin 20° 59'. 

2. In a triangle ABC, a = 40 ft., B = 72°, A = 40°. 
Find the error in calculating b, if there is an error of 10' 

in measuring B. 
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3. Given that i = k tan 6, where k is constant find the 
error in i, due to a small error in reading 0. 

Find the percentage error in the current due to an 
error of 30' when 0 is taken as 45®. 

4. The angle of elevation of a chimney is observed from 
a point 100 ft. from its base as 63® 13' subject to an error 
of 5'. Calculate the error in the height. 

5. Find the turning points in the following curves 
between 0® and 360® and state which are maxima : 

(1) y = sin 0 4- cos 0. (2) y — sin 2x + cos x. 

(3) y = cos 2x + sin x. (4) y = sin® 0. 

6. If T = c cos X sin® x, where T is the turning effect of a 
boat’s rudder and x the angle it makes with the keel, find 
for what value of x the rudder is most effective. 

7. The lift of a valve moving with S.H.M. is in., and 
the total time occupied by the opening and closing of the 
valve is ^ sec. 

Find the accelerating forces at the ends of the stroke of 
the valve per lb. weight of the valve. (U.L.C.I.) 

8. A cylindrical spiral spring supports a weight of 20 lb. 
and is set vibrating. If a force of 15 lbs. is necessary to 
stretch it 1 in., find the period of vibration. 

(U.L.C.I.) 

9. In an S.H.M. along a straight line show the acceleration 
at any point is directly proportional to the distance of the 
point from the mid-point of the motion. 

If a piston move with S.H.M., and has a stroke of 2 ft., 
find the force necessary to overcome the inertia of the 
reciprocating parts at the ends of the stroke, and also 
when the crank has turned through 45® from either dead 
centre. The reciprocating parts weigh 500 lb. and the 
crank-shaft makes 120 revs, per minute. (U.E.I.) 

10. What is meant by S.H.M. ? 

A spring increases 1 in. in length when a load of 21 lb. is 
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attached to it. If a weight of 56 lb. is attached to this 
spring, drawn below its position of rest and then released, 
how many vibrations per minute will it make ? (U.E.I.) 

11. A point in a mechanism moves in a straight path, 
and its distance s ins. from a fixed point 0 of the path is 
given by s = 4 sin f H- 2-5 cos t, where t secs, is the time 
measured from a fixed instant. Find the velocity and 

acceleration when t = ^ and find the maximum displacement 
from O. (U.L.C.I.) 


11. Integration of the Circular Functions 
We have found that if y = sin 6 

^ _ 

(iO 

i.e., dy = cos 0 . d^. 

Reversing the process we get : 


= cos 0 


/' 

I" 


cos 0 . WO = sin 0 + C (1) 

Similarly 

r 

sin 0 . wo = — cos 0 4 - C (2) 

It is essential that the formal aspect of these integrations 
should be grasped. 

Thus (1) becomes : 

jcos (any angle) d (angle) = sin (angle) + C 
Suppose we require Jsin 30 . dd. 

To get this in correct “ form," we have ; 

jsinSO .do = sin 30 . W(30) 

_ cos 30 p 
- 

Observe that constants may be taken outside the integral 
sign. 


VOL. in. 


o 
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Generalising, we get : 

J cos aQ . dQ — cos aG . d{a^ = sii^G ^ ^ . (3) 

and 

j sin bo . dQ ~ sin bQ . d{bQ) = — + C . (4) 

Once we know these integrals we need not go through the 
process of putting them in “ form.” 


Example 1 


Example 2 


r . - , cos 5x , ^ 

/ sin ox . dx = \- C 

J o 

js cos 49 . f sin 40 -1- C. 


Example 3 


j sin ^0 -f ^^0 = — cos + 5) + ^* 

Notice that the " form ” of the integrand is correct 
[Integrand = expression to be integrated.] 


Example 4 

j sin (2kt + i cos (2kt + -f C. 


EXERCISE 39 
Integrate the following : 

1. cos 0. 2. sin 9. 3. sin 39. 

4. 3 sin 20. 5. 2 cos 40. 0- cos ^0. 

7. 5 sin 8. 3 sin 20-4 cos 50. 

4 3 

9. sin (0 + a). 10. cos (^30 + y). 

11. 2 sin — 0^ 12. 3 cos 



CHAPTER 12 


THE DEFINITE INTEGRAL. MEAN VALUES. 

SIMPSON’S RULE 


1. It will be recalled that if 

y = fix) 

i -/■« 

or, using the differential notation : 

dy = fx . dx 

Reversing the process we get : 

f/'{x).dx=f(x) + C 
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Let US suppose that the equation of the curve DSE, 
Fig. 58 , isy^fix) 

If = AD =/'(«). 

Let OP = X and PQ = Ax. 

Complete the rectangles PQKH and PQSM. 

It will be seen that the area PQSH lies between the 
areas of the rectangles PQKH and PQSM. 

The rectangle HKSM has an area HK x KS and as 
Ax, or PQ, — > 0, this area will vanish, since it is the product 
of two infinitesimals. 

We shall then take the rectangle PQKH and the figure 
PQSH as being equal in area when Ax — ^ 0. 

Let the area APHD = z 

Then PQSH = 

i.e., Az ~ /'{x) . Ax as Ax — >- 0 

i.e.. L/.^=/W (2) 

We infer from (2) that z is a function of x whose differential 
coefficient is f{x) ; 

Z = jf'{x).dx=f{x) + C . . . (3) 

subject to the condition that z = 0 when x = a, since the 
area APHD vanishes when x = a. From (3) we get, on 
substituting these values for z and x, 

0 =/(«) + C, 

Le.. C =-/(«). 

Hence from (3) we get that the area APHD is given by 

z = f{x) — f{a) (4) 

If OB = b the area ABED is given hy f{b) which 

is obtained from (4) by putting b for x — i.e., by supposing 
that P moves up to coincidence with B. 
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The results may be summarised thus : 





To find the area ABED between the curve, y^f'{x) 
the x-axis and two ordinates at x = a, and x first find 

'(x) . dx = f[x) (do not put in a constant). 

Then put x b and get /{b). 

Next put X = a and get /{a). 

The area is given by f{b) — f{a). 

The notation for this result is 

jf{x}dx = y{x)J=/{b)~na). 

b 

/'{x)dx is called a definite integral ; 

t 

a and b are called its limits, a being the lower limit, b the 
upper limit. Notice that the word limit as used above 
merely means a boundary. 

The integral / f'[x)dx = f{b) — f{a) is called definite, since 


2. The integral j 
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its value is definite, in contrast with that of 

jf'{x)dx =/{x) + c, 

which contains the constant of integration. 

3. We have seen that the definite integral can be inter- 
preted as an area. 



Fig. 60. 

If ABED represents the area, it may be regarded as the 
sum of elementary areas like the one shaded in Fig. 60. 

i.e., I /'(x) . dx may be read thus : 

•'a 

" Find the sum of the rectangles like f'{x) .dx^x 

increases from a to b." The integral sign | may be regarded 

as a letter s, the initial letter of the word sum. 

.6 

Without reference to areas the integral ( f'(x)dx is best 

translated by the words " Sum the infinitesimals like 
f'{x)dx, as X increases from a to b.” 
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Example 1 

Find the area between the curve ^ the x-axis and the 
ordinates at x = 2 and % = 4. 


Y 



Fig. 61. 


The required area 
Example 2 



= 60 square units. 


Find the area between one arch of the curve y = sin 0 and 
the x-axis. 




Fig. 62. 
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VVe see first that = 0, when 0 = 0, and when 0 = «. 
The small strip has the area ji0, i.e., sin 0«^0. 

Area required — j sin GifO = j^— cos oj =1 + 1 

= 2 square units. 

Notice cos tt = — 1 and — {— 1) = + 1. 

Example 3 

,3-9 ;2 

Evaluate I + 6)dx and I 3{x — \)Hx. 

y-2-9 h 

(U.L.C.I.) 

(i) 


I = j {\-lx^ - ^ 3x + 6)dx = j^l-7- -4-3- + 5;rJ 


Observe that we do not need to substitute for the even 
powers of x in this case, since (2-9)^ = (— 2-9)* etc. 

I = 5[2-9 - (- 2-9)J 
= 5x5-8 
= 29. 


(ii) I = Z{x - Ifdx = 3 


[x - 1 )^ 


T-? 


Example 4 


Evaluate 


/. 



We have j ~ ~ [ 


3)^dx and 1 + ^dx. 

- [iiszDlT 

3 Ji 

= 0 — (- « 


6 

— S’ 


(N.C.) 
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Fig. 63. 


Suppose the area ABED is rotated about the ;f-axis. 
In a complete revolution the ordinate PS describes a circle 
whose area is 

The rectangle ydx will describe a cylinder whose volume 
is ■!:yHx, and the required volume, V, generated by ABED 
in a complete revolution will be given by i 

V = / 

where OA = a and OB = b. 

We now substitute for y in terms of x. 
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Example 1 

The part of the curve y = x{x — 1) helow the x-axis is 
rotated about that axis. Find the volume generated in a 
complete rotation. 


Y 



Fio. 64. 


We have y = x{x — 1). First find the limits of integra- 
tion. The curve cuts the ;c-axis where x = 0 and x = 1. 


Hence the volume = I nyHx [y is negative, but y* is +] 

= nf (x^ ^ xj^dx [Since y = x^ — x]. 

Jo 

= n[ (x* ~ 2x^ + x^)dx 


•0 



Example 2 

Fifui the volume of a sphere of radius r. 

Regard the sphere as formed by rotating through four 
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right angles the semi-circle whose bounding diameter is 
along the A:-axis. 

Let be the equation of the boundary 

curve AB. 



Fig. 65. 


Vol. of hemi-sphere = j ity^dx, 

Jo 


Now 


_ ^2 _ ^ 2 ^ 



/. = vol. of sphere. 


Example 3 

Find the volume of a right circular cone of height h whose 
base has the radius r. 
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Regard the volume as generated by rotating the right 
angled triangle OAB through four right angles. 



Fig. 66. 



1. Evaluate the following integrals : 

{a) j\u^ + 3w - 5)du. {b) | 

- r 

(c) P sin xdx. {d) r cos 2idt. 

id ^ 0 

(U.L.C.I.) 
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2. Evaluate : 


(1) 

(2) I vyHx, wheny = 2 a;' ®. 

.'o 

(3) j pdv, where pv^'^ = 450, 


71 

(cos 

Jo 


t — sin 2t)dt. 


(UX.C.I.) 


3. The shear force in tons taken by the web of a certain 
girder is given by 


0-6 (3-9 - 0 0\3y^)dy. 


Calculate the shear. 


4. Evaluate : 


(U.E.I.) 


(1) f {Ix^ - 3a; + 5)dx (2) j\x ~ \)^dx, 
(3) l'^3(x - 3fdx. 


5. Evaluate : 


f + 2)dA- (2) l\i-xYdx. 


(3) {sin Zt - cos t)dt { 
(6) - 16/ + 15V/)<1/. 

Jt\ 


1 2 si 


sin^ Gt/0. 
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6. Show by integration that / (x^ — 5x 3)dx = 0, and 

•'o 

given an explanation by means of a graph. (U.L.C.I.) 

7. Evaluate : 


(«) 

•'o 


-f- 4)dx. 


(b) J Vx(x — 4)dx. 


n 

6 


(c) j* cos ^26 + (d) jf cos 3xdx, 


(U.L.C.I.) 


8. Find : 


( 1 ) l'(2V^- 


—^dx. 


x^) 




n 


(3) /“si 
h 


sin %tdt. 


fiM 

(2) / w-o- 

•'l 

(4) I* cos (it + l)dl. 

Jo 

(U.L.C.I.) 


9. Evaluate : 


( 1 ) r\2x+\)'dx. 

2 

/- 3 (* “ 


m 


( 2 ) /" 


m' 

n 


x*-\- 1 


\dx. 


(N.C.) 


10. For the curve y = 3 + -f 3x^, find the area 

between the curve, the ;r-axis and the ordinates at « = 1 
and X = 4. (U.L.C.I.) 

11. If y — x^, show by a geometric illustration that 

6 

ydx will give the area between the curve the if-axis and 


/. 


the ordinates at a? = a and x = b. Evaluate 


^ - h)dh. 


(U.L.C.I.) 
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12. A curve whose equation is ^ = w, where m 

-p O 

is a constant, passes through the point (2, 3*5). Find the 
area bounded by the curve, the x-dixis and the two ordinates 
at X = 2 and x = Q. (U.L.C.I.) 

13. That part of the curve y = x{x — 3) which lies below 
the x-dixis revolves about that axis. Find the volume 
generated. 

14. Find by means of the calculus the volume of part of 

a sphere, radius 10 ins., bounded by two parallel planes 
distant 3 ins. and 7 ins. from the centre of the sphere, both 
planes being on same side of the centre. (U.L.C.I.) 

15. In finding the B.M. at points on a beam, it was found 
thaty = 100;r — 5x^ + c, where y was the B.M. at distance 
X from one end, and c was a constant. When y = 520, 
X = 10. Find c, and then find the area between 


y = 100a: — 5%2 + c, 

the x-axis and the ordinates at % = 0 and x = 20. 

(U.L.C.I.) 

16. Calculate the volume of the solid formed by rotating 
about the A:-axis the area between the graphs of the two 

functions (l — and for the values of x from 


2Vx/ 2v^ 

+ 1 to + 4, the unit being 1 in. along each axis. 

(N.C.) 

17. The equation y = « + 6xMs such that when x = 1, 
y = 1-61, and when x — 4, y = 5-32. Calculate a and b. 
If the curve rotates about the x-axis, find the volume 
enclosed by the surface of revolution between the sections 
at X = 1 and x = 4. (U.E.I.) 


5. Mean Values of a Function of One Variable 

In Fig. 07, suppose that CD is part of the graph of 
y = /(x). 

Let 


OA = a, and OB = b. 
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Then the area ABCD is represented by 


j f{x)dx (1) 


Now suppose that ABFE is a rectangle whose area equals 
that given by the integral (1). 

Y 



The height of this rectangle — viz., AE or BF — is called 
the mean value of the function f{x) between x = a and 
X b. 

We then have, since AB = {b — a) 

(b — a) X AE = j f{x)dx 

^ a ^ 

AE = mean value = ^ . j f(x)dx . (2) 

Example 1 

Find the mean value of x^ between x ^2 and .¥ = 4. 

By the formula 

M.V. = 4^72 

= -[-f 

2L3J2 

= - 23 ) 

= V = n- 
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Example 2 

Find the mean value of sin 2x, between x = (i and x = 
Here, 

n 

M.V. = ? P sin 2xdx 


7t 


0 


2f cos 2x'y 


1 


n 


= — ~[cos 2x]^ 

= - s[(- 1) - (1)] 

_ 2 

* • 

71 

Since sin 2x = sin 2{x n), the period is n, and we have 

found the M.V. of sin 2x over half a period. 

Example 3 

Suppose a S.H.M. is given by x — ^ cos 2t. 

Find the mean value of the velocity from t = 2 to t ^ 5. 

dx 

Tt 


velocity = ^ — G sin 2/ 

.6 


M.V. = ^l'(- Gsin2t)dt 

= — 2^ sin 2/dt 

- - 

= [cos 2t]‘^ 

= cos 10 — cos 4 

(the unit is a radian in this result) 
= 0-187 ft./sec. 


VOL. Ill 


eol n 
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6. Sometimes it is necessary to find the R.M.S. (root 
mean square) of a given function. 

First find the M.V. of the square of the function. Then 
find the square root of the result. 


Example 

Find the R.M.S. of sin pt over a period. 

We have, sin pt — sin {pt + 2tv) = sin p(t 


Hence the period is -r. 

P 


u 

Mean Square — i sin* ptdt 


2.T 


P ^1 — cos 

2tzJo 




dt 


P 


pVt sin 2pf\ ^ 
“ ^[2 W ~ Jo 


4p 

p 2t. 1 

“ ^ ^ ^ “ 2 

R.M.S. = 4= = ^ 0*707. 

V2 2 


EXERCISE 41 

1. Find the mean values of the following functions : 

{a) sin X from x = 0 to x = n. 

(b) sin* X from a; = 0 to a; = tt. 

(c) A* from a; = 0 to a; = 2. 

2. If V = « + gt, where » is the velocity at zero time, and 
g = 32 ft. /sec.*, find (1) the average value of v during the 
first five seconds starting from rest, (2) during the first 
five seconds when u = 36 ft. /sec. 
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3. Ill a x = a cos wt. Find the mean value of 

the velocity over a quarter of the period. 

4. A solid is generated by revolving the curve y = 

% 

about the a^-axis. Find the volume between x=^\ and 
A? = 4. Find the mean value of the cross section perpen- 
dicular to the A;-axis between the same limits. Hence show 
that the M.V. of the cross section is not the same as the 
cross section midway between the ends. (U.L.C.I.) 

6. Tabulate the values of the function 2 cos f — sin 3t 
when ^ B in this range. 

Find by integration the M.V. of the function from ^ = 0 to 

^ = g. (U.L.C.I.) 


6. Assuming formula for cos (A + B) and cos (A — B), 
express cos A . cos B as a sum and sin A . sin B as a 
difference. 

The instantaneous values e volts and t amps, of the 
e.m.f. and current, respectively, in an alternating circuit at 
time f are given by « = E„, sin wl and t = sin (wl — a), 
where E„, l„, w and a are constants. Show the M.V. of the 

product ei over the range t — 0 to ^ ^ is equal to 

^E„,l,n cos a. (U.L.C.I.) 

7. A quantity of gas expands according to the law 
= const, from a volume of 2 cu. ft. to a volume of 

5-5 cu. ft. U p = 140 lb. per sq. in. when = 2 cu. ft., 
find the average of p from i; = 2 to v = 6-5. (U.L.C.I.) 

b. Find by means ot the calculus : 


(а) The area between the curve = y — 1 , the 
x-<xx'\s and the ordinates at x = 0 and x = 4. 

(б) ihe mean value of y between x = 0 and x = 4. 

(U.L.C.I.; 
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9. Given x = a cos wt, find the mean value of the velocity 
over a quarter period for equal intervals of distance. 

10. If jy = 2 sin Zt, find the M.V. of y^, for the period 

i = 0 to / = 

11. Find the R.M.S. of 

(1) 2 sin 30. (2) 3 cos 2x (3) cosa0. 

(4) sin {a0 + a), each taken over a period. 

12. Given that t = c -j- A sin fl0, find the R.M.S. of i, 
where c, k, and a are constants. 

13. Find the R.M .S. of 3 sin 2/ + 2 sin 3/. 

7. Simpson’s Rule 

Suppose that we require the area between the curve CD, 
the ordinates AD and BC, and the A;-axis. 

Y 

D 
yi 

OAEFGHKLMB 

Fig. 68. 

Divide the area into an even number of strips (eight in the 
above figure) by equidistant ordinates. Suppose 

AE = EF = ... = MB = A. 

Simpson's rule states that the approximate area is 

+ 4(^2 + >4 + ye 4- ys) + 2(ya + ^6 + 
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i.e., g [(first last) ordinates + 4(sum of even ordinates) 

+ 2 (sum of remaining odd ordinates)] , , (1) 

8. We shall now show that Simpson’s Rule is accurate 
when the boundary curve of the area is a parabola. 



Fig. 69. 


If we take the equation of CD as 

y = a + bx + cx^ {d. parabola) ... (1) 

the form of this equation is unaltered wherever the origin 0 
is taken. 

For simplicity suppose O is the mid point of AB. 

Let OA = - A, OB = h. 

Then from (1) 

AC ~ = a ~ bh ch} (putting x = — h) 

OE = y^ = a (putting at = 0) 

BD = ^3 — a bh + (putting x = h) 

I lence AC + BD + 4 . OE = (yj + 3/3 + 4^2) 

= 6a + 2cA2 ... (2) 
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Also area ABDC = j {a bx cx^)dx 


. hx^ , cx 

= 4 - — + 


= 2ah 4- 


2 
2cA3 


3jA 


Gah -f 2ch^ 


= |{6fl 4- 2ch^) 



From (2), this result is exactly what we get for the area 
by Simpson’s Rule. 

In Fig. 68 we apply the result to each pair of strips, and 
so get the rule (1). 

Thus area ABCD (Fig. 68). 

= ^[(>'1 4- ys 4- 4y2) + (yg + 4^^) 4- iys 4- y? 4- 4ye) 

4- (y? 4- ys 4- 4y8)] 

= |[yi 4- yfl 4- 4(^2 + 4- yg) + 2(y3 4“ ys 4* y?)]- 

In applying the rule to a specific area it may happen that 
the curve cuts the horizontal line OX. 


Y 



Fig. 70. 

In the above case yj = 0 and y^ = 0, and the area 
= |[4(y2 4- y* 4- ye 4- ya) 4- 2{y3 4- y& 4- y?)]- 
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Example 

Suppose a curve passes through the points given in the 
table below : 


X . 

I ' 

1-5 

2 

2-5 

\ 

1 

3 

3-5 

4 

4-5 

6 

y • 

2 

2-6 

2-9 1 

m 

3-3 

3-0 

2-9 

2-3 

21 


Find the area between the curve, the x-axis and the ordinates 
at X = \, X — 


In the above example, h = 0*5. 

Area (approx.) 

= ?3^[(2 + 2-1) 4- 4(2-6 + 3-1 + 3 + 2-3) 

4- 2(2-9 4 3-3 + 2-9)] 

== »[66-3] = 11-05 sq. units. 

9. n there are only three ordinates. 

Area = 4 + 4^2) 

= +i|L±l_3). 

Hence may be regarded as the mean 

ordinate, whilst 2h is the distance between the bounding 
ordinates. 


10. Since Simpson's Rule is accurate when the bounding 
curve has an equation not higher than the second degree, it 
follows tliat we can apply it to the calculation of volumes 
of solids which are such that the area of any plane section 
is given by an expression of degree not higher than the 
second. This area can be treated as an ordinate. 




























232 


NATIONAL CERTIFICATE MATHEMATICS [VOL. Ill 


Example 1 


O 



Fig. 71. 


To find the volume of the frustum of a cone of 

height L, and base-radius R. 

The area of any section LM, where ON = x varies as x^, 


for 


X 


AD 

DO 


R 

h' 


tcLN* = area of section = 


ItR2 

A* 




If ad — r, the radius of the mid-section = 


R + r 


Let 


Di = H 


Here y, = ~ ^ 


R + rV 


)^ 3^3 = 




Vol. of frustum = + ^(R + + >rR^J 


= ^[2r2 + 2R2 + 2Rr] 
= + rR + R^']. 


Example 2 

Suppose that the areas of three cross sections of a railway 
cutting 20 yds. apart are 110, 140, and 172 sq. yds. respec- 
tively : what is the volume excavated? 
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The average section = J[110 + 172 + 4 x 140] 

= sq. yds. 

,, , 40 X 842 

/. Volume = s 

D 

= 6613 cu. yds, 

11. Simpson’s Rule Applied to a Definite Integral 

Use Simpson's Rule to evaluate ( . dx. 

Jo 

The boundary curve isy = \/l6 — x^. 

Divide the interval a; = 0 to a; = 4 into eight strips each 
J unit wide. 


X . . 1 

1 

1 

0 

! 0-5 

1 

1-6 

2 

2-5 

3 

3-5 

1 

4 

y . . ! 

4 

3-97 

3-87 

3 71 

3-40 

3-12 

2-C5 

1-92 

0 


We have, = 4 + 0 = 4 

+ +% 4-yB) = 4[3-97 + 3-71 + 3-12 + 1-92] 

= 50-88 

2(^3 + ^6 + y?) = 2[3-87 + 3*46 + 2-05] = 19-96 
/. jf VIO^'a^^ .dx = ^ X 74-84 = 12-47. 


EXERCISE 42 

1. The following are the areas of the cross-sections of a 
body at right angles to its axis : 


Area in sq. ins. 

250 1 

292 




180 

135 

120 

* ins. from end 

0 

22 

1 

41 

70 

84 

102 

130 

145 


Find its volume. 


(B.E.) 
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2. State Simpson’s Rule. An area is divided into ten 
equal parts by parallel ordinates 0*2 in. apart, the first and 
last touching the bounding curve. The lengths of these 
ordinates are 0, 1-24, 2-37, 410. 5-28, 4-76, 4-60, 4-36, 2-45, 
1-62, 0. 

Find the area. (B.E.) 

3. A vessel is shaped like the frustum of a cone. Its 

base has a diameter 10 ins., the top a diameter 8 ins., and 
its vertical height is 8 ins. What is the height of the 
imaginary vertex of the cone? If is the height of the 
surface of a liquid from the bottom plot a curve which 
shows for any value of x the area of the section there. Find, 
in cu. ins., the volume of the vessel. (B.E.) 

4. Ordinates at a common distance apart of 10 ft. are 

of length 5. G-5. 9. 13. 18-5, 22, 23. 22, 18-5, and 14 ft. By 
any method find the area bounded by curve, the axis of x 
and the end ordinates. Describe a second method by 
which the result could be verified. (U.L.C.I.) 

5. The sections of the two ends of a barrel are 12-35 sq. ft. 

The mid-section is 14*16 sq. ft. The axial length is 5 ft. 
What is its volume ? (B.E.) 

6. The ends of a prismoid have an area of 62-8 and 20-5 
sq. ft., respectively. The perpendicular distance between 
them is 15 ft. The mid-section has an area of 36-7 sq. ft. 
What is the average section and what is the volume. 

(B.E.) 

7. To find the cross-section of a river 90 ft. in breadth the 
following depths,y ft., were taken across the river; x ft. is 
the distance from one bank. 


X ^ • • 1 

0 

10 

20 

30 

40 

50 

60 

70 

80 

90 

y ■ 


4-5 

5-0 i 

% 

6 

f 

m 

IB 


IB 


a 


Wliat is the area of the cross-section? If the average 
velocity of the water across the section is 3-4 ft. /sec., find 
the flow in cubic ft. /sec. (B.E.) 
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8. Evaluate by Simpson’s rule 



V8 + . dx. 



9. A reservoir has sloping sides and ends. Its base is a 
rectangle whose sides are a and b ft. respectively. The 
water surface is also a rectangle of sides c and d ft. If the 
depth is h ft., what volume of water is there in the reservoir ? 

10. p is the pressure of a gas when its volume is v. 


p . . , 

70-2 

32-5 

20-3 

15-4 

12-5 

V , . . 

2 

4 

6 

8 

10 


Find the work done as the gas expands from 2 to 10 units 
of volume, p is measured in pounds per sq. ft. and v in 
cu. ft. 

11. Find (1) by integration, (2) by Simpson's rule the 
value of / dx. For (2) use six strips. 

12. The area of the cross-section of a tree trunk is A sq. 
ins. at X ins. from one end. Plot A against x and estimate 
the volume of the trunk, whose total length is 140 ins. 


X . 

0 

1 

20 

1 

40 1 

60 1 

80 


120 


A . 

108 

1 110 

1 

114 

120 

118 

123 

135 

153 


(N.C.) 



















CHAPTER 13 


PHYSICAL APPLICATIONS OF INTEGRATION 


1. Centres of Gravity 

Any finite body may be regarded as an aggregate of 
particles, whose weights form a system of parallel forces. 
Assuming each force to act at a point about which the mass 
of each particle is distributed, this system of parallel forces 
has a centre, called the centre of gravity of the body, at 
which its weight acts. 



Fic. 72. 


If Pj, p2, etc., be a system of parallel forces acting at the 
points (Xi.yi), {X2.y2)> etc., and if {x, y) be the co-ordinates 
of their centre we know that 


P|%l “1“ P2^‘> SPAk 

p, + p, 4 - . . . “ 



_ Pi^i + Pjyi + • • • _ ^ 

- p, + p, + . . . sP ■ 

236 



and 
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If the “ points of application ” of the forces are kept 
fixed, the co-ordinates {x, y) of their centre are independent 
of the particular direction in which the forces act. 

Hence if the forces Pi, P 2 , . . . are replaced by the weights 

of masses m,, m^, etc., at (a;i,y,), {x^, ^ 2 ) • • • 've get, by 
replacing Pj by m^g, etc. : 



It will be clear, also, from (3) and (4) that etc., 

need not be actual measures of the masses, but numbers 
proportional to such measures. 

From this point of view, the centre of gravity is some- 
times referred to as the centre of mass, tlie centre of area, 
the mean-centre or the centroid. 

Further LP . x, or I.mx, and the corresponding expressions 
involving ordinates are often called the first moments of the 
system about the axes ofy and of x respectively. 

Hence we may write : 

. _ First moment of the system about OY 
~ Sum of the forces (or masses, area, etc.) 
and 

- _ First moment of the system abo ut OX 
^ ^ Sum of the forces 


2. To find the centre of gravity of an area bounded by a 
given curve, the A;-axis and two ordinates, proceed as follows ; 
Let y — f{x) be the equation of the curve DC. 

Required the C.G. of the area AHCD. 

Let OA = a and OH = b. 

Consider the strip PQST, where OP = x, { .*. PT = y.) 
and PO — fix 
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The area of the strip = PT , PQ (nearly) =iy .dx. 



Fig. 73. 


The centre of area of this strip is at R, its mid-point and 

we shall regard (^x, ^ as the co-ordinates of R. 

To apply formula (3), we regard y .dx zs the *' m ” of 
that formula concentrated at R and write 



replacing the sign S by the sign of integration, since we are 
summing the elements of a continuous area. 


Similarly, 




Substitute f{x) for y, and put in the limits of integra- 
tion. 
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Example 1 

Find the centroid of the area between the curve y = x^, the 
x-axis and the line x — Z. 


\ 



ydx is the element at R. OB = 3, and the line BC 
is X = 3. 


X 


Hence x = 


Ki: r 


x*dx 


xHx 


(substituting forjy) 


-4j, 


35 4 12 
o 3^ o 


rrr = r: x = -- 


Similarly 


y = 




x^dx 


r 


x'^dx 


1 3’ 4 r>4 ^ 

2 ■ 7 3* = 7 
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Example 2 

Find the centre of mass of a hemisphere of radius a. 

Y 


X 

Fig. 76. 

Consider the hemi-sphere generated by the revolution of 
the quadrant of the circle OAB about OX. 

The bounding curve is = a^. 

The volume of the element formed by rotating the area 
PQRS about OX is vyHx, where OP = x, and PS 
The centre of mass of the element is on OX, and distant 
X from 0. 

By symmetry y == 0 and 


a* . - _ 

4 ■ ■ ^ ~ 8 

Example 3 

The lamina ABCD shown in the diagram is bounded by the 
y-axis, the line % = 9 ayid the two curves y = 2-5 + 0-01^ 
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andy = — 2*5 — O-OIa;^ the unit of length along each axis of 
reference being 1 in. Find the area of the lamina and the 
distance of its centroid from AB. (U.L.C.I.) 



Notice that the area is symmetrical about OX. 
The area of the vertical strip = ydx. 


• • 


Total area = 2 x area OKDA 

0 


^2fydx 


= 2\ {2-5 + m\x'^)dx 
■ 0 

O-Ol „ ■ 


~ 9 


2-5.V + - 


3 


Jo 


= 2 X 24-9:i 
= 49-80 sq. ins. 


The centroid lies along OX. 

VOL. HI. 
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Let its co-ordinate be x. 


Then 




(2 . ydx . 

J /\ 


I 2ydx 
Jn 


The denominator has just been found and is 49*86 sq. ins. 


The numerator 


= 2 (2-b 0-0\x^)xdx 


0 


L 2 


. O-Olx^ f 


Hence 


2 4 Jo 

= 2[101*25H- 16-40J 
= 235-30. 

235*30 


X =3 


49*86 
= 4*72 ins. 


Example 4 

A solid is formed by rotating about the axis of x the area 

under the graph of the function ^2 — between x = 0 and 

X ~ 4r. Find the volume of the solid, and the distance of its 
centre of gravity from the origin. (N.C.) 


The volume 


/: 


= I M2^-Jdx 


3x*V 

4 


. (1) 


= nj (4 ~ 3x* + ^X)dx 


0 


— n 




= r(16-16 + |) 

9;: . 

= cu. units. 
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If AT = distance of C.G. from the origin 

r * = //(^ “ ¥)’ • 

= TtJ (4jt — -1- YjfX^)dx 

= rc[L* - ^x^ + ^,x% 

== 7:[32 - I . 32 + 12] 

= Tr(12 - -V-) 

~ 5 


a; = 1-24 units. 


In this solution we have assumed that %* = + \/x, 
not ± Vx. 

EXERCISE 43 


1. Find the C.G. of the area between the curve y- = ix 
and a: = 4. 

2. Find the C.G. of that half of the above curve which 
lies in the first quadrant. 

3. Find the C.G. of the area between y = 4%-, the 
AT-axis and x = 4. 

4. Find the C.G. of the area between y — x^, the axis of 
y and = 1. 

5. The curve y =i a hx cx- passes through the 
points (0, 2) (1, 5) {—1, 3). Find the area between the 
curve, the %-axis, and the ordinates at x = 0 and x = 3. 
Find also the co-ordinates of the centroid. (U.L.C.I.) 

C. A uniform elliptical disc of metal, thickness 0-2 in., 
has major and minor axes of 10-G and 7 ins. An equilateral 
shaped disc of the same material, and of thickness 0*3 in. has 
an edge of 4*5 ins. The slab is placed fiat on the disc sym- 
metrically about the major axis with a vertex at the centre 


of the ellipse. Find the C.G. of the combination. (U.L.C.I.) 
7. A solid is formed by rotating about the x-axis the 

area between the graphs of I l-f and ^ for values of x 
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from X = 2 to x = 4. The unit is one inch alone: each 
axis. 

Calculate (1) the volume of the solid, {2) the distance of 
its C.G. from the smaller end face. (N.C.) 

8. The distance x of the C.G. of a sector of a circle from 
the centre is given by 

fB 

jaf cosAiA 



Where B is the half angle of the sector in radians and a 
is the radius. Find x when a is 2 ins. and the angle of the 
sector is 120°. (U.E.I.) 

y. The dimensions of a triangular piece PQR of metal are 
PQ = 8 ins., QR = 12 ins., and RP = 10 ins. M and N 
are mid-points of PQ and PR, and are joined by a straight 
line. The part PMN is cut away. Find the position of the 
C.G. of the remaining part. (U.L.C.I.) 

10. In order to design a tipping device of inverted cone 
shape to tip when loaded above a certain level, it is neces- 
sary to find the C.G. of a cone of uniform density of vertical 
height H and base area A. Find this by integration. 


(U.E.I.) 

11. Find the centroid of an area formed by the parabola 
= 4:X and bounded by the chord perpendicular to the 
axis of X where x — 9. (U.E.I.) 


12. A quadrant of the ellipse ^ ^ = 1 rotates about 


36 ’ 25 


the x-axis. Find the position of the C.G. of the solid 
generated. 

13. A trapezium is formed by the axes of co-ordinates, 
and the straight lines y = 2 -f- 3x, x = 3. Find the co- 
ordinates of its C.G. 

14. If the above trapezium is rotated about OX, find the 
C.G. of the frustum of the cone which it generates. 
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15. A spherical cap of height 4 ins. is cut from a solid 
sphere of radius 6 ins. Find the position of its C.G. 

16. The cross-sectional area of a solid of revolution at a 


distance of x ins. from one end. A, of its axis is 



sq. in. The length of the axis is 4 in. Find the volume of 
the solid and the distance from A of its C.G. (N.C.) 


3. The Theorems of Pappus, or Guldinus 

Theorem I 

If a curve does not cut the x-axls, and rotates about that 
axis, it generates a surface whose area is iength of curve x 
distance traveiled by its C.G. 

Suppose AB is the curve of length I, P is any point on it, 
and Q an adjacent point such that PQ = d%, where AP = s. 

Lety be the ordinate of P. 





The surface generated by ds in a complete revolution 
about OX is ir.y . ds. 

The total surface = j2T7yds 

= 2n I yds 


( 1 ) 
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Uy be the ordinate of the C.G. of the curve AB 



/. substituting in (1) we get 


total surface = 2ny . I, which proves the proposition. 

If jy does not perform a complete rotation, but moves 
through an angle 0, the surface generated 



i.e., surface = distance travelled by C.G. x length of curve. 


Theorem II 

If an area, which does not cut the x-axis be rotated about 
that axis, the volume generated Is 

Area x distance travelled by its C.G. 


Y 
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The proof is similar to that given for the first theorem. 

In the above diagram suppose A to represent the area 
enclosed by the curve. 

Let dk be an element of area, surrounding a point B, 
whose ordinate is y. 

In turning through a complete revolution about OX the 
volume generated by dk is 2Tydk. 


The total volume generated by the area is j2Tzydk. 


t.e., 


2-^lydk . 

j ydk —y.k 


( 1 ) 


But 

Hence (1) becomes 2ry . A 

If the area turns through an angle 0, 


vol. generated = y . 6 . A . . . . (2) 


Example 1 

A cylindrical hole of diameter 1 in. is drilled axially through 
a solid right circular cone of height 8 in. and base diameter 
4 in. By the theorems of Guldinus, or by any other method, 
find the volume and the outside curved surface area of the solid 
•■cmaining. (U.L.C.I.) 


n 



Suppose OA = 8 ins. and AB = 2 ins. Then AI) = .J m. 
By Pythagoras' theorem OB = ■v/OS ins. = 2\/l7 ins. 
The original cone was generated by rotating the area OAB 
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about OA ; what is left, can be regarded as being generated 
by rotating CDB about OA. 

BD = 5 in. and AB = 2 ins. 

Area BCD _ 9 
* * Area BOA ~ 16 

area BCD = . 8 sq. ins. 

= f sq. ins ( 1 ) 

If G is the C.G. of the triangle CDB, 

GK = § X DE = § X J ins. 

= i in. 

GL = 1 in (2) 

Hence using Guldinus' Theorem, with (1) and (2) we get 
that the required volume 

= 27r X 1 X ^ 

= Otc cu. ins. 

For the surface, note that this is generated by CB. 

Also CB = I X OB 

= i X 2\/r7 

= 4 X Vl7. 

M is the mid-point of CB, i.e., it is its C.G. 

MN = ^BD = f in. 

MP = 1^ ins. 

.*. Required surface — 2Tt x MP x CB 

xjx I Vn 

15Vl7.n 

= 1 sq. ms. 

Example 2 

A length of copper has a uniform cross section which is that 
of a regular hexagon of 0-6 in. side. It is bent into the form of 
an arc of a circle whose radius to the centre line of copper is 
9 ft. 3 ms. If the angle subtended by the leytgth of bent copper 
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at the centre be 36“, find the weight of the copper. Take 
1 CM. in. of copper to weigh 0*32 lb. (U.L.C.I.) 

Clearly, the volume of copper is that generated by the 
area of the hexagon turning through 36° about an axis 
9 ft. 3 ins. from its C.G. 

a/3 

The area = 6 x X {O’G)^ sq. ins. 

= 0-54 X \/3 sq. ins. 

The rotation of 36° is ^ that of a complete rotation. 

.-. vol.of copper = yV X 27r x 111 X 0-54 x VS cu. ins. 

and the weight = X 2it x 111 X 0*54 x lb. 

= 20-86 lb. 

EXERCISE 44 

1. The section of an oil ring is shown in the sketch. Find 
the volume of the ring which is formed by rotating the area 
about the horizontal line shown. 


2m.m 

ilOm.m 

1 

4 ^ 

Fig. 80. 

(U.L.C.I.) 

2. Establish the theorem of Guldinus for volumes. 

Hence determine the position of the C.G. of a semi- 
circular lamina of radius 5-5 ins. (U.E.I.) 

3. An isosceles triangle has a base 4 ins. and height 
G ins. It is placed with the base parallel to the A;-axis, and 
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12 ins. away from it, its vertex being towards the axis. 
The triangle generates a ring by rotation about the Ar-axis. 
Find the volume of the ring. 

4. Use Guldinus’ theorem to find : 

(1) The C.G. of a semi-circular arc of radius a. 

(2) The C.G. of a semi-circle of radius a. 

5. A semi-circle has its bounding diameter, 8 ins. long, 
parallel to the x-axis (and 6 in. from it). Its circular bound- 
ary is remote from the axis. Find the volume generated 
in a complete rotation about the x-^xis. 

6. An anchor ring is generated when a circle of radius r 
rotates about an axis in its plane. If the axis is distant a 
from its centre, show that the surface area of the ring is 
4:n^ar, and its volume 2anh^. 

7. Find the area bounded by y- = ax, the x-axis and 
the straight line x = 6. By rotating this area about the x- 
axis and using Guldinus’ theorem find the y-coordinate of 
the C.G. of the area. 

8. Establish the theorem of Guldinus for volumes. The 

head of a rivet is in the form of the frustum of a cone, base 
diameter 3-7 ins., diam. of smaller end 2-8 ins. and thickness 
1*2 ins. If the weight of a cubic inch of the material is 
0-28 Ib. find the weight of 100 rivet heads. (U.E.I.) 

4. Moments of Inertia or Second Moments 


m 

r 



Fig. 81. 


If m be an element of mass, distant r units from a fixed 
axis OX, mr^ is called the moment of inertia of the mass 
m about the given axis. 
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The term second moment is used because it involves r^. 
The first moment of m about OX is mr. 

If we have a number of particles of masses »Zj. etc., 

at distances rj, r^, etc., from OX their moment of inertia 
is 

i.e., writing I for the total moment of inertia, we get : 

l = ^mr^ { 1 } 

If M be the total mass of the particles, we put : 

I = (2) 

h is called the radius of gyration of the system of masses 
about the given axis. 


Y 



Fig. 82. 


Suppose B is any continuous body. 

If dm be an element of mass surrounding the point A, 
whose ordinate isy. its M.I. about OX x^y'^dm and tlie M.I. 

ol the body B about OX is jy^dm. 

The word " inertia " refers to mass, wliilst the word 
moment is used in the sense of “ important,” as when we 
speak of a ” momentous occasion ” or of ” things of great 
moment.” 

” Moment of inertia ” (about a given axis) therefore 
means the " importance of the manner in which the mass is 
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distributed with respect to the given axis," and this im- 
portance is measured by 

When we are not dealing with mass, as for instance in 
problems on the bending of beams, where we deal with the 
areas of sections, we speak of the " second moment '' of the 
section, usually about the neutral axis. 

Example 1 


i 


mxlx. 


A<^ 


"PQ 

Fig. 83. 


5 


To find the second moment of the line AB about an axis 
through one end perpendicular to AB. 

Suppose AB = 2fl. Let m be its linear density. If 
AP = X, let PQ = dx. 

Then mdx . x'^- is the second moment of the element dx. 


I = / . dx is the second moment of AB 



The total mass of AB = m . 2a. 






4a® _ {2a)® _ (length)® 
“3 “ ” “3 


Squares of the radii of gyration, ^®, together with the 
axes to which they refer, for different bodies, should be 
remembered. 
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We deduce at once the for AB when the axis is taken 
through its mid-point O. 



A O B 


Fig. 84. 

is an axis through the end of half the rod. 

M _ (J length)2 

* ” 3 3 


The axis 
Hence 


%e., 


Example 2 

To find the M.I, of a rectangle : 

(1) About one side. 

{2) About an axis parallel to one side through the C.G. 
of the rectangle. 



Let ABCD be the rectangle in which AB = 2a and 
AD = 2b. 

Find the M.I. about AD. 

Since we know the area of the rectangle, all we require is 
the appropriate 

Let AP = X, and suppose the breadth of the strip PQ is 
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2adx . m, where 


dx, where PQ is perpendicular to AD. Using the previous 
result, the M.I. of the strip PQ = 
m = surface density. 

M.I, of rectangle = I 2a . dx . m 

= if! 


(2a X 2b X m) 


Hence ft* (about a side) = (other side) 

Similarly, ft* about an axis through the C.G. parallel to 

Ar\ • • u (i other side)* 

AD, is given by = . 

U 


Example 3 

The moment of inertia of a ring about an axis through 
its centre perpendicular to its plane is Mfl* where M = mass 
of the ring and a is its radius. 

IVe can use this result to find the M.I. of a circular disc of 
radius a, about its axle. , 



The axle is perpendicular to the plane of the paper 
through O. m is the surface density. 
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The M.I. of the ring of radius x, width dx is 

2izxdx . in X x^ = 2T.mxHx 

,a 

M.I. of disc. = 2 tcw / x^dx 

k 



= na^m X 

Hence A* = ^ = J (radius)^. 

Example 4 

To find the M.I. of a solid sphere about a diameter. 

B 


A 

Fig. 87. 

Let the sphere have a radius = a, and suppose it is 
generated by the rotation of a semi-circle about its bounding 
diameter. 

Suppose OA is the diameter about which we require the 
M.I. 

The M.I. of the whole = twice that of the hemi-sphere. 
Let the bounding circle be 

_ ^2 

The strip PQRS generates a disc whose radius is y and 
thickness dx. 

If m = the density of the sphere 
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M.I. of disc = 


TzyHx . X (i.e., mass x J radius^) 


= f yi* 

TTW 


= ~2 ~ x^)Hx from (1) 


M.I. of sphere 


= 2jl^.ia^-x^)Hx 

= Tzm j {a* — 2a* x^ -f x^)dx 
= nm ^a*x - + 

~ T7fn . 


5 Jo 


The total mass = 


^na^m 

la* 


5. If we know the M.I. of a lamina about each of two 
perpendicular axes in its plane, we can write down its M.I. 
about an axis perpendicular to its plane through the point 
of intersection or the other two. 



Fig. 88. 


A is any area : P any point of the area whose coordinates 
with respect to axes OX, OY are {x.y). 

Let I*, ly be the second moments (supposed known) of 
the area about OX and OY respectively. 
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If m be the element of area surrounding P, we have 

lx = 

Ij, = I.mx^ 

Y.mx^ -f Zmy^ = Swr* 

Now, is the M.I. of A about an axis through O 
perpendicular to the plane of the paper ; call this I,. 

Hence I* + ly = I, 

t.e., knowing the moments about each of two perpendicular 
axes in a plane, adding them gives us the moment about an 
axis perpendicular to the plane through the intersection of 
the other two. 

y 


X. 


Yi 

Fig. 89. 



and 

But 


Example 1 

The M.I. of a disc radius a about its axle is 

This must be the sum of the moments about the two 
perpendicular diameters XOX„ and YOY,. But the M.I. 
about XOXi, equals, by symmetry, the M.I. about YOY, 

VOL. III. r, 
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Ma2 

Hence the M.I. of a disc about a diameter = giving 
^ 4' 

Similarly, it is easily seen that for a ring about a diameter 


a 


* ” 2 


where a = its radius. 


Example 2 



Establish the formula I = — bd^) for the second 

moment about the neutral axis NA o/ the above section. 

The section may be considered as a rectangle B by D 

from which two rectangles | by i have been cut. 


M.I. of first s= BD X 




PV 

2 / _ BD* 
12 


I. of each of others = ~x 
M.I. of both = ^ 
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Take the difference between (1) and (2), and the result 
follows. 

Other sections may be similarly treated. 



If the dia^am above represents a section across a hollow 
shaft, its second moment about the neutral axis is the 
difference between the moments of the two circles whose 
diameters are given, i.e.. 


7cD2 

4" • 



4 ■ 




6. We now find the second moment of an area bounded 
by a curve whose equation is given. 

Y 
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Suppose y = is the equation of the curve CD. 

Let OA = a and OB = h. 

Suppose we require the second moment about OX of the 
area bounded by the curve, the axis of x, and the ordinates 
zXx = a, and x — h. 

This is the area ABDC shown in the figure. Consider 
any strip on RS as base. 

If OR = x, RP = y ~ and RS = dx. Consider the 
strip as a rectangle. 

Its area = ydx. 

Its ■' A* ” = about RS, t.e.. about OX 

/. is its second moment about OX. 



is the second moment of the area. 


Thus suppose the curve is given byy = 2x^ and we require 
the second moment about OX of the area between the curve, 
the a^-axis and the two ordinates at = 0 and x — 2. 
Using the above result, putting 2x^ for y we get 


second moment = 



if the unit of length = 1 in. 


7. The Parallel Axis Theorem 

Suppose Ij, is the M.I. of a body about an axis through its 
C.G., and I the M.I. about a parallel axis, whose distance 
from the first is h units. If m is the mass of the body then 

I = Ij, 4- 

or >^2 = + /i2 (2) 


where k is the radius of gyration of the body about any axis, 
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kg the radius of gyration about a parallel axis through the 
C.G., and h the distance between the axes. 



Fig. 93. 


Suppose the axes are perpendicular to the paper through 
A and G. where G is the C.G. of the body, which for 
simplicity we will take as the area bounded by the wavy 
line in the diagram above. 

P is any point of the area, and m a small element of it 
surrounding P. 

Let PD be perpendicular to AG. 

Let GD = X, and GA = h. 

Using a well known geometrical theorem, we have 

AP2 = GP2 + AG2 + 2AG . GD 
i.e., = R2 + + 2hx 

mr^ = mR2 -f mh^ -f- 2mhx 

and l.mr^ = + I.»i¥ + 1.2mhx . . (3) 

if we sum for every element. 

Notice that the last term on the right-hand side of (3) 

= 22m/ix = 2hZmx, 

since 2h is a constant and is a factor of every term of 

'L2fnhx. 

But — = the i-coordinate of the C.G. of the area, 
referred to G as origin. 



i.e., "Zmx = 0. 


T.2mhx = 0. 
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Hence from (3) 

Zmr^ = ZniR^ + h^Zm 

i.e., I = 

where M is the total area. 

If we divide throughout this last equation by the total 
area, M, we get : 

*2 = fc/ 4- hK 

Example 1 

(1) A rectangular section has sides 14 ins. by 6 ins. Find 
its second moment about an axis parallel to the side 6 ins., and 
9 ins. from it. 



A 6" B 


Fig. 94. 

Let ABCD be the section. AB = 6 ins., AD = 14 ins. 
NK is the axis through the C.G. 

Let XjX be a parallel axis, 2 ins. from NK. 

For axis NK. A/ = (ins.)^. 

Also h ~ 2, .*. A2 = 4 (ins.)2. 

Hence if k be the radius of gyration about XjX, 

= kf + h^ 

= (^ + 4) (ins.*) 

= V- (ins.)* 

second moment = 6 x 14 x ^ (ins.)^ — 1708 fins.^). 
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Example 2 


Find the M.I. of a circular disc of radius a and mass M 
about an axis through a point on its rim perpendicular to its 
plane. 

We have kf = ~ 

Si 

and h — a 



Hence the required M.I. = M . 


3 ^ 

2 ' 


EXERCISE 45 

1. Find from first principles the second moment of area, 
(or M.I.) of a circular disc, radius r. about an axis through, 
its centre perpendicular to its plane. 

What is the value of the M.I. about an axis at right 
angles to its surface through a point on the circumference? 

(U.L.C.I.) 

2. The side of an equilateral triangular lamina ABC is 
5-2 ins. Find the M.I. of the lamina (a) about the side 
AB. (6) about an axis through the centroid parallel to AB. 

(U.L.C.I.) 

3. Find the M.I. of a rectangle " b " by “ d ” about the 
side " b." 

ABCD is a rectangle in which AB = 8 ins. and BC = 5 ins. 
AD and BC are produced to P and Q so that 

DP = CQ = 3 ins. 

By applying your result to each of the rectangles ABQP, 
DCQP deduce the M.I. of rectangle ABCD about the hne 
PQ- (U.L.C.I.) 

4. Find the M.I. of a cylinder, radius a, length I, (1) about 
its axis, (2) about a diameter of one end. (U.L.C.I.) 
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5. The outside dimensions of an angle iron are 6 ins. by 

6 ins. and the uniform thickness is } in. Find the M.I. of 
the section about an axis passing through the centre of 
area and parallel to one of the legs. (U.L.C.I.) 

6. Find the M.I. of a square, side a, about a diagonal. 

Find also the M.I. about a parallel axis through one comer 
of the square. (U.L.C.I.) 

7. Deduce from first principles that the M.I. of a uniform 
right circular cone of radius r and mass M about the axis 

3^2 

of hne is given by I = M x (U.L.C.I.) 


8. The inside and outside diameters of a hollow cylinder 
are 10 ins. and 12 ins. respectively. Calculate the per- 
centage error in taking the radius of gyration about the 
axis of the cylinder as the mean of the inside and outside 


radii. (^Radius of gyration = 


Establish any formula you use. (U.E.I.) 

9. Assuming that the moments of inertia about two 
perpendicular axes of an area are known, show how to find 
the M.I. about an axis perpendicular to the area and passing 
through the intersection of the former pair. Apply the 
result to a rectangle 10 ins. by 4 ins. when the axis passes 
through one comer, perpendicular to its plane. 


(U.L.C.I.) 

10. Prove from first principles that the M.I. of a triangle 

base h ins. height h ins. about the base is given by in 
in.^ units. Use the result to find the M.I. of a rectangle 
8 ins. by 6 ins. about a diagonal. (U.L.C.I.) 

11. A beam section is of T shape. The flange is 6 ins. 
broad and 1 in. thick. The web projects 6 ins. from the 
flange and is 1 in. thick. Find the M.I. about an axis 
parallel to the flange and passing through the C.G. 

12. Find the M.I. about an axis through its C.G. parallel 
to tlie side of length 5 ins., of a rectangular section with a 
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symmetrical rectangular cavity. The dimensions of the 

outer rectangle are 8 ins. by 5 ins. and of the cavity 5 ins 
by 3 ins. 

13. Supposing the mass of a flywheel is concentrated in 
its rim, find its moment of inertia about its axle if the 
internal and external radii are 8 ins. and 12 ins. respectively, 
and its mass is 501b., the section of the rim being rectangular. 



CHAPTER 14 


THE EXPONENTIAL. HYPERBOLIC. AND 
LOGARITHMIC FUNCTIONS 


1. The Exponential Function, c* 

Suppose that the following problem is proposed for 
solution : 

** Find a function of x whose gradient at any point is 
equal to the value of the function at that point, and which 
is such that when x — 0, the function has the value unity." 

Ify = the required function we have, 


and 



y sss 1 when a; = 0 


( 1 ) 

( 2 ) 


Solution. 

Suppose 


^ "I’ 




where the series on the right-hand side of (3) proceeds 
indefinitely. Notice that condition f2) above is satisfied. 
Differentiating both sides of (3), we get : 


dy . 




Condition (1) above makes (3) s (4). 




1 a^x -f- 



1 ? 



^ a^-\- -\- 
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These two series are identical. 

/. by equating coefficients of like powers of x we get : 


1 = a 


fl, = 


^2 — 1 


^2 ^3 

[2 ~ [2 ’ 


= a. — I 


and so on. Every a, no matter what its suffix may be, has 
the value 1. 

Substituting these values in (3) we have : 


^ 

^ = l+ ;C+j|+j^+g + . . . 

This is the function of x we set out to find. 


. (5) 


Now in (5) write ax for x, and for y. 




Then y^ = 1 + ax + — + 
and = y^, from (1) 


+ • 


d{ax) 


Now 

d{ax) 


t.e., 


y,, may be written - 

a dx 


dy^ 
dx = 


= yi 


Also 


^(r) = 


dx 


since 


dx 

^^=y(from(I)). 


• <5a) 


• ( 0 ) 


• ( 7 ) 


Notice that (7) has the same form as (6) with y” written 
fory^ and n for a. 
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Make this substitution in (5a) : 


then 


■y" = 1 4- -f- 




+ ^+... 


[2 ■ ^3 


Now put « = -, so that 


- 1 1 

= l + + (8) 

The series on the right-hand side of (8) is denoted by e. 
Its value is indeterminate, but by an easy calculation is 
found to be 2*718 correct to three places. 

From (8) then, we have : 

1 


/. ^ ~ ^ ^ ^ + " 1 ^ + • • . • ( 9 ) 

This function of x is called the Exponential function* 
It may be generalised thus : 

Noting that a = we get : 


= cio8.« « = 1 + X log,a + (log,a)‘ + . . . (10) 

The graph y = is shown below. 



Fig. 95. 
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Summary 

(1) = l + + 


If a: = 1, we get c = 1 + 1 + i + i + . . . = 2-718 . . . 


(2) if 

(3) if 



dx 




^ _ dy d{ax) 
dx ~ d{ax) ' dx 


= . a = n^. 


Thus if 

y ^ 



Similarly if 

y = Qe-^ 


dx 



qT _ ^tlog.a _ \ 


+ a; log, a -J- 


^(log, a)* 




^ = 3 * = 


dx 


= log,3.e*'°s.«=:3'.log,3. 


Example 1 

Differentiate y = 

We have, by differentiating as a product. 

= e^[2x + x^). 
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Example 2 

Differentiate y = 3^^ sin x. 

We have : 

dy _ 
dx 


3(2e^ sin x cos x) 
3e^(2 sin a; cos;c). 


Example 3 

Find 


Put 

then 


y 

dy 

dx 


j-^ie-^sinZx) 
e-^ sin 2x 


= — 2e-^ sin Zx + Ze-^ cos Zx 
~ e-^(Z cos 3;ic — 2 sin Zx) 


Example 4 

If y = e^,findy2 and y^ and deduce the value ofyn- 

y = e^ 
y^ = aef^ 

y^ = a^ef^ 

y^ = a^e^ 
and 

2. Integration of the Exponential Function. 

We have found that if 

y = eF 
dy = e^dx. 

Hence, reversing the process : 


)e^dx = y = e* C. 


adding the constant of integration. 
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The form of this result should be noted as 

je‘ 'd( ) = > -|- const. 

Thus je^dx = i fe‘^d(2x) = ~ + C. 

Similarly, in the general case, 

je^^dx = ~je^^d(ax) = ^ -j- C 

Thus je-2i^x = — ^ C 

and [3e~^dx = - Gfi"^ + C. 


3. The Hyperbolic Functions cosh x and sinh x 
These functions are defined below : 

_j_ 

cosh X = — X — . . . . (1) 


and sinh x = — ^ — . • . . (2) 




By expanding e* and c"* we see that 


x^ X'* 


cosh X = 1 -f p- + + 


x^ x^ 


sinh. = . + g+ + . 


and 
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If 


y = cosh X = 

22 


e* _ e-^ 


-and 


Similarly if 




dx 2 

= sinh X . . . 

sinh xdx = cosh x C 

. . — Q-x 

y — smh X = — ^ — 
dy _e* e-* _ 


• • • 


dx 


— cosh X 


j cosh xdx = sinh x C 


m 

(4) 


f5) 

( 6 ) 


:and 
Also 

cosh^ X — sinh^ x = + e~^)^ — J(e* — e-*)® 

= + 2 + e-^) - _ 2 + e-2*)] 

= 1 ........ (7) 

Notice the analogy between (7) and 

cos^x + sin2;f = 1. 


EXERCISE 46 
I. Differentiate the following : 


3 * 


( 1 ) . 
(5) 


( 2 ) 


5 


(6) i- 


(3) 3el 
(7) 2e^ 


(4) 


X 

4e~i. 


2. Integrate : 

(1) (2) e~^^, (3) sA 

3. Differentiate the following : 

(1) a:V. (2) 3x^e^. 

(4) sin x. (5) cos 4x. 


(7) e-2*cos3f. (8) 


gU 


■ 3 ‘ 


(4) - 2^-3x. 
(3) 

(6) sin bx. 

(9) sin (kt). 



(2) sinh 4x. 


(3) 3 cosh 


( 2 ) 


sio 2x 


( 3 ) 


-i- bx + c 


e* 
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4. Differentiate : 

(1) cosh 3x. 

6. Differentiate : 

( 1 ) 

6. Differentiate: 

(1) a^. (2) 3^. (3) 4^. (4) 5-3^ 

7. (1) Ifjy = findjy^. (2) U y = e-^^. find y^. 

8- 7^-^ -f 12_y = 0, show that y = + Be^^. 

9- = 2d* -f- 3d-2*, find the value of ^ ^ _ 2v 

ax- ax 

10. The curve y = c cosh- is called the catenary. It is 

the form assumed when a uniform chain hangs between two 
fixed points. 

Find the area between the curve, the x axis, and the 
ordinates x = 0, x a. 

11. A curve is represented by the equation^ = 2d* — 3d-*. 

Find (1) the gradient where x — 1, and (2) the mean value 
ofy over the range x = 0, to x = 0-5. (U.L.C.I.) 

12. Evaluate (1) j e^dx, (2) / e-^dx. 

4. The Logarithmic Function, log, x 

D we put ^^log^x (1) 

we have ev — x (2) 

Differentiating both sides of (2) with respect to j', we get 

dx 

e!> = -j- 

dy 
_ I 
dx ~ ev 
1 


or, inverting. 


= - from (2). 

X ' ‘ 


VOL. in. 


s 



274 


NATIONAL CERTIFICATE MATHEMATICS [VOL. Ill 


Hence 

= i (3) 

This is an important result. 

Similarly if y = log« ax 

= log, a -f log, X 

then =r i 

dx X 

since log, a is a constant, and its differential coefficient is 
zero. The graph oiy — log, x is shown below. 



Example 1 


Example 2 


Put 

Then 


y = log, 3x 
dy _ I 
dx ~~ x' 


y = log, 1), find 

z = x^ + X -i- i 
y = log,z 
dy _ I 
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But 


Example 3 
Similarly if 


Example 4 


^ _dy dz 
dx~ dz' dx 

= i . {2* + 1) 

_ 2;e + 1 

x^^x + y 


y = log, (3 - x) 




^2 - 4;c + 3 




Put y = log. 


^2 _ 4;t + 3 


X* + 3x -j- 1 
= log, {x^- 4 x + Z) - log, {x^ - 
dy _ _ 2 x — 4 2j*r + 3 

dx ^ 4 x 3 x^ + 3jr+ 1 


3 ^+ 1 ) 


by differentiating as in Example 2. 


Example 5 


Find 


d 

dx 


hgey. 



z = log,_y 



— i 

dx^ y ' d'x 



rhis result should be noted well. 
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Example 6 
Differentiate logg x. 

Put y = log^ X fa product) 


Example 7 

Differentiate (5 + x)^. 

In this example notice that the index is a variable. 

Put y={5-h x)^ 

Taking logs to base e, we get 

logg y = X logg {5 x) (4) 

^ = log (5 + . 

y dx ^ ^ ^ ^ 5^ X 

t N (5 + *) + 5^] 

Notice that the right-hand side of (4) is a product. The 
left-hand side is differentiated as in Example 5. 

N.B. If jy = (5 4 - x)« where « is a constant, 

i = n{5 + x)^-K 

Example 8 

Differeiiliate log^^ x with respect to x. 

Put JV = log.o * = = 0-4343 log, * 

• ^ ^ _ iogio ^ 0-4343 

■ * (fX X . log, 10 X ~ X ' 

5. Logarithmic Integrals 

If y = log, X 

j dx 

dy=-- 


Put 


_ logio ^ 0-4343 


Hence = y = log, x C 


• . ( 1 ) 
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or 


The " form ” of (1) should be noted thus 

j j- = loge ( ) 4" C 

f</(denominator) , , , 

I " denominator = (denominator) + C. 


Example 1 

1 _ Q f 

Jx-j-4 '^lx-i-4 

— 3 loge (^ + ■f) 4* C 
Since dx = d{x + 4) 

Example 2 

j' ^x _ ^ j d{5 — x) 

]& — X J (5 — x) 

= - log, (5 - j:) + C. 

Example 3 

f xdx 1 {2xdx 
]x^-j-5~2 ]x^T~o 

= I log (^2 4- 5) + C. 

Notice the method of putting the integrand into the 
correct “ form.” 


Example 4 

( { x-\-2)dx 

Jx^ + + 1 

2’x^4-4x 4- \ 

= i log, [x^ -J- 4j: 1) -I- C. 

jcot fidO 

j cos Oi/0 

j sin 0 

__ I'^sin 0) 

~~ j sin b 

log, sin 0 -f C. 


Example 5 
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Example 6 
Similarly 


j tan 0(^6 

__ rsin 6i^0 
“ j cos 0 
_ j rf(cos 0) 

~ j cos 0 

= — loge cos 0 4- C 
= logj sec 0 -f C. 


Example 7 

j cosec 0iO = 



de 

0-6 0 
2 sin 5 cos 5 





^ 0 
tang 


0 


log, tan ^ + C. 


We can readily prove that cosec 0 — cot 0 = tan 

Hence another form for the last result is 
» 

cosec QdQ = log, (cosec 0 — cot 0) C. 


/■ 


Example 8 

Notice j sec OdO = j 


se c 0(sec 0 + tan 0)t/0 
sec 0 + tan 0 


o lesi 
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The numerator is seen to be the differential of the 
denominator. 

Hence [sec m = log, (sec 0 + tan 0) + C. 

The last four results should be remembered. 

Example 9 

= b '°g = 5 log. h 

Example 10 

= 4(fi - e^) = 4{e - 1), 


EXERCISE 47 


1. Differentiate: 
(1) log„3x 


(4) log (4 — 3a;). (5) log 


2. Differentiate : 


(2) log (5 - a;). 
A:2-f 3 a; 


a; + 1 • 


(3) log 

(6) log 


■;« + 2 
5. 

5 - 4x^ 
3 + 5a;2 


(1) X^ log X. 

(3) sin X log X. 


(2) 3A;-Mog {x + 1). 
(4) 3 log a; 


^4 r 

(5) e^^logA;, (G) 3e-®^log(l + a;). 

(7) sin 3x log (a;^ -f a; + 1). (8) tan a: log x. 

(9) logioA;. (10) logjo {3 a:2 + x + 1). 

(11) logy^MT. (12) log 


(13) log^li* 


1 -h cos x* 
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3. Integrate : 

O 

(3) 


(1) 

1 

« + 2‘ 

(2) 

3 

2-jc* 

(4) 

cos X 

(5) 

sin x 

1 + sin X* 

1 4- cos x’ 

(7) 

1 

(8) 

0 

3x + 2- 

4-3^' 

(10) 

x-\-3 

(11) 

x-1 

x^-\-Qx + 4* 

x^-2x + 4* 


( 6 ) 

(9) 


3 + 
ax 

b cx^' 


4. Explain what you understand by “ a definite integral." 
If y = - + find the value of f ydx. (U.L.C.I.) 

X Ja 


5. Evaluate : 

1 dx 
+ 3* 




3 3dx 
2x^ 


i . 


9 W 

2 COS xdx 
4- sin X 




p' L I 


T'x 


{x + 3)i/^ 

-i- 6x + 4' 



CHAPTER 16 


SOME STANDARD METHODS OF INTEGRATION 

1. Success in evaluating a given integral depends largely 
on the student’s knowledge of the standard integrals, and 
any unfamiliar integral must be reduced to one of the 
standard forms. 

In this chapter we describe some of the methods used to 
reduce the unfamiliar integrals to those of a more familiar 
form. 


2. Integration by Substitution 

In using this method we introduce a new variable, and 
the procedure adopted will be clear from the examples 
which follow : 


Example 1 
Evaluate^ 

Put 

i.e., 

and 


I 


= / 


xdx 


Vx + 5* 
Vx -\-5=y 

dx = 2ydy. 


I 


_ l{y^-5)2ydy 


-I 

== fly^- 5}2dy 

= lOy + C 

= ?(* + 5)*- 10(* + r,)' + C 


Hence 
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Example 2 

xHx 




6 + a^* 

Notice that the numerator is -f x^), or formally, put 

6 + 2 
Zx^dx = dz 
xHx = \dz 

I = g/f = 5'°g^ = 3>°g(6 + *’) + C. 


Example 3 


Notice that 

If 


I = ^ sin^ 0 cos 0^0. 

cos QdQ = (/{sin 0) 
sin 0 « 

cos 0(/0 = dx 

X* 


1 = Jx^dx=~ + C 

sin^ 0 


+ C. 


Example 4 


1 


f dx 


Put 


dx 

y/d 

jc = a sin 0 


8 


t.e.y 


dx — a cos 0(/0 

T _ f ^ cos 0(/0 
j y/a^ ~ sin* 0 

ocos ed, ^ ^ 3 c. 

(2 cos 0 J ^ 

I = sin-^ - 4* C 

a 

( » 1 ® 
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This result should be memorised as it is standard. It 
should be observed that in order to obtain it, we made use 
of a substitution which rationalised the denominator of the 
integrand. 

Many integrals can be reduced to the above form. 


Example 5 

1= 

I Vs -2x- 

Completing the square,” we get : 

T _ ( + 1) 


I = 


JV4-(x-i-l)^ 

-j- + C. 


Example 6 


J f dx 

Let X = tan e 

dx = a sec^ Oi/0. 

Denominator = a*(l -f- tan^ 0) = sec* 0, 

T __ fa sec* QdO _ jdQ 

y a* sec* Q ~ J a 

=! + c. 


But from (1) 0 =: tan-^ ^ 

a 

. . — 2 = - lan-^ - + C 

ya* + jc* a a ' 

This is another standard form to which many integrals 
can be reduced 


_ f 

“ y2 + 2x + x^ 

= j _ 

/l + (x + l)* 

= tan-* (%+!) + C. 


Example 7 
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Example 8 





/ 


dx 


2x^ + 4a: -f f 
1 ( dx 

2lx^ 4- 2a: 4- f 


1 


dx 


2 I (x + l)^^} 

y^\ 

2 ) 

V5 V5 ^ * 


3. The Integration of Products Involving Multiples 
of 0 

Products such as sin 28 cos 38, sin 38 sin 48, or cos 58 cos 8 
are simply integrated by employing the trigonometrical 
transformations proved on p. 169. 


Example 1 

Thus 2 cos 38 sin 28 
Hence I cos 30 sin 28f^8 


Example 2 
Evaluate 


We have 


=s sin 58 — sin 8 
# 

= ij (sin 58 — sin G)(f8 

ircos50 , r 

= - 4 ^ -coseJ + C, 


sin 48 sin 3Orf0. 


2 sin 48 sin 38 = cos 0 — cos 70 

I sin 48 sin SGcfe = ^ / (cos 0 — cos lQ)dQ 

1/ . * sin 70N « 

= Jsme-^l + C 


7 
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EXERCISE 48 


1, Integrate the following : 

1 ... 1 


( 1 ) 


X -|-~3 


( 2 ) 


Vs — at’ 


(3) 


a 


Vb + 


cx 


2. First reduce the following expressions by division 
and then integrate each : 


( 1 ) 


X + 4:' 


( 2 ) 


X — 4' 


(3) 


2x 


x + 3’ 


(4) 


2x + 3' 


3. Integrate : 


( 1 ) 


1 


(4) 


1 


( 2 ) 

(5) 


1 


V2 - 

1 


VS-2x-x^' y/i2—4x-x^‘ ^ ‘ y/3-ix~2x'^' 


(3) 

■ ( 6 ) 


1 


\/8 - 2x ^' 
1 


4. Integrate: 


( 1 ) 

(4) 

( 6 ) 


1 


\ + x^‘ 
1 


( 2 ) 


4 + X 


2* 


x^-\-2x-\- 5* 

1 

2x^ + 6;c + 20‘ 


(5) 

(V) 


(3) 

1 


1 


8 + tx"^ 


-4x -\- 8* 
1 


3x2 9^ 9* 


5. Integrate : 


(1) sin 20 cos 40. {2} cos 5x sin 3x. (3) 2 sin At cos 2t. 
(4) 2 sin 5/ sin 'M. (5) cos Cx cos 2x. (C) 2 sin y cos L 

6. Integrate : 

sin 0 


(1) sin® 0 cos 0. 


( 2 ) 


cos® 0' 


(3) cos^ X sin x. 


(4) tan® 0 sec® 6. (5) sin 0 (cos® 0 + 1). 
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4, The Use of Partial Fractions in Integration 

The addition of a given number of fractions can be readily 
performed. Thus : 



3 ^ 5;g + 10 

X 5 xix 5)‘ 


The problem of partial fractions is to start with an 


expression like 


Sat +1 0 
x{x + 5) 


and to find its constituent fractions. 


These are called partial fractions. 


Thus ^ and are the partial fractions of k? - 

X X ^ o x{x + oj 

We deal below with one case which is useful to the student 

at this stage of his work. 

Case I. W+en the denominator of the given fraction 
contains factors of the first degree only. 


Example 1 

3x + 1 

■Pm/ into partial fractions. 

Observe that the numerator of the given fraction is of 
lower degree than the denominator, 

3a: + 1 A . B 


Let 


(X + 4)(* + 6)"* + 4 + * + 5 

A(a: + 5) + B(a: + 4) 

(a: + 4)(a: + 5) 

The numerators on both sides must be identical, since the 
denominators are the same 

3a: + 1 ^ A(a: + 5) + 'B{x + 4) . . (1) 

There are two ways of finding A and B from (1). 


First Method. 

Since (1) is an identity, it is true for all values of x. 
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Put x = —4 

Then _ 12 -f- l' = A(- 4 + 5) + 0 

giving A=-ll 

Then put x = 5 

Then _ 14 _ _ B 

.*. B = 14. 

Second Method. 

( 1 ) may be written 

3x-\-l ^ ^(A + B) + 5A + 4B 
/. A + B = 3i 
5A + 4B = 1 / 

Solving these we get A = — 11, B = 14 as before. 


Example 2 


Put 


1 

x{x - 2) 


into partial fractions. 


1 A B 

x{x x'^ X 

Equating numerators we get : 

1 s A{x - 2) -f- Bx 

Put X = 0, and get A = — 

Put % = 2, and get B = 


Hence 


1 

x{x - 2) 


1 * + J _L. 

2 x^ 2 X ^2' 


Example 3 
Evaluate 



I 


(3*- -f \)dx __ 
[x + 4){x + 5)* 


Put _ 

[X + 4)(x + 5) 

done in Example 1. 


into partial fractions; 


this has been 
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3^+1 _ -11 . 14 

{x + 4){x 4-5) X 4^^ X 5 

dx . . ( dx 


• • 


I = - 11 


+ 14 


Ix + 4 • 

= - 11 log (;t 4- 4} 4- 14 Jog (:v + 5) + C. 
Example 4 

dx 


Find 


I = 


x(x - 2y 

Using the result of Example 2 above, 

I _ ^ 1 , If dx 

2jx^2jx-2 

= ~ i I log (jt — 2) 4- C. 

= 'og 


Example 5 

Find 

We have 


{ dx 
}x^~a^^ 

j_=ir_! 

— a* 2a\_x — a x 4- aj 


= k + c- 

This is a standard form, and should be remembered. 
Many examples can be reduced to the above form, e.g. 

Example 6 
Find 




dx 


-F2x~-Z 


dx 


1 


1 - 


X - 1 
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Example 7 
I = 


dx 


jx^ X — 4^ 


dx 


Vn ^ X + ^ 

The logs in these examples are to base e. 


EXERCISE 49 

1. Put the following into partial fractions, and then find 
the integrals : 


( 1 ) 


2x 


(4) 


r 

X 


( 2 ) 


2x - 3 


(5) . 


xZ — C* 

X-\-l 


(3) 


2 x 4 - 3 
^ X - 30' 


(7) 


( 8 ) 


Sx^-x- 2’ 
1 


( 6 ) ^ 


(9) 


;V2 _ 5.V + 4’ 

3x + 1 


( 1 ) 

(4) 


x{x + 2)‘ 3xix + 2)* (x+0)(.Y+l)' 

2. Find the integrals of the following functions : 

1 ... 1 


x^-^x-Y 

1 

x^ + 4x^1 


( 2 ) 


. (5) 


x^-\-2x- 8 ‘ 
1 


(3) 


1 


x^+‘3x + V 


2/2 4 - 4 / 4 - r 


5. Integration by Parts 

This is a method of integration wliich readily evaluates 
certain types of integrals. 

Suppose u and v are two functions of x. 


Then 



[nv] = u 


dv 

dx 



VOL. III. 


T 
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or using differentials 

d(uv) = tidv -f vdu 

udv = d{uv) — vdu . . . . ■ . (I) 

Integrating (1), we have : 

fudv = uv — jvdu ( 2 ) 

The form (2) should be remembered in words, after first 

noting that the left-hand side j udv is the integral of the 
product of two functions of x ; 

For j udv = ju . ~ . dx; both « and ~ are functions 
of X. 

Hence, in words (2) becomes : 

" The integral of a product = first function x the integral 
of the second — the integral of {D.C. first x integral of 
second).” 

It might appear from formula (2) that the integral on the 
right-hand side is just as difficult to evaluate as the one on 
the left. In many cases, by a careful choice of our first 
function, this is found not to be the case. 


Example 1 


Evaluate 

/ xe^dx. 

Take x as the 

J 

” first ” function, and as second 

* 


# • 

1 xe^dx = xe^ — j e^dx 

Example 2 

J 

= xe^ — C 

= e^{x — 1) -|- C. 

Find 

fx^e^dx 
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1 


xh^dx = 1 2x. ~dx 

— X^~ I xe^dx 


2 • 2 I 2 

(Notice a second application of the formula.) 






»2x 


= {2x^ ~2x + l) + C. 


Example 3 
Find 


jx^ logt xdx. 

Take log, ;t as the " first ” function 

I log, :c . dx = log, a: . j 

1 i- 


dx 


s= log, X . — - I x^dx 


, x^ AT^ , - 

= log,*.^--iy + C 

= Jg (4 log, a: - 1 ) + C 


Example 4 
Evaluate 


I'a:^ sin 2xdx. 


Take x^ as the “ first ” function and apply the formula 
twice. 

(— cos 2a:) {2x . (— c os 2x) , 


I 


sin 2A:rfA: = x^ 


2 


~ ~ 2 2a: + cos 2xdx 

x^ o . r sin 2a: 

= — 2 cos 2a: + x —^ 


i'sin 2a: 


sin 2a: . cos 2x 


dx' 


« - 2 cos 2 a: + a : -2 h 


- + C. 
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Example 5 

Find j e* cos xdx. 

In this type of example neither function can be simplified 
either by differentiation or integration. The formula must 
be applied twice, and either function may be taken as the 
" first but. when the choice has been made, it must be 
retained in both applications of the formula. Notice that 
we return to the original integral. 


Put 


I ^ je^ cos xdx. 


Then, taking as “ first ” function 
I = sin X “ I e* sin xdx 


= sin X — 



je^(— cos x)dx 


= sin X + [e^ cos ^ — I] 

= sin X cos x — I 

Now bring I over to the left-hand side, we get ; 
21 = sin x cos x 




I = n (sin X -f- cos x) C. 


Example 6 


I = je-^^ sin Sxdx. 


Take e-^ as the “ first ” function. 


I = e-^ (— cos ^x) 

* “ 3 




2e-^) 


(— cos Zx) 


dx 


= ^ cos Zx 

•If 




^ cos Zx 


2 f 

sin Zx 


3 

2 


2 r 

3[' 


-2x 


- - 


2e-^ 


sin Zx 




e-^^cosZx 2 2^- • o 

9"^ ^^“9^ 


3 
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Hence I = _ [3 cos Zx + 2 sin Zx] 

■ • ^ ~ 12 {3 cos ix -f- 2 sin 3jr) C, 

EXERCISE 50 

1. Integrate the following by " parts ” : 

(1) (2) (3) 

(4) (5) x^e-^. 

2. Integrate : 

(1) :rsin;c. (2) a: cos a;. (3) x^sinx. 

(4) sin 2x. (5) cos hx. (6) ;t2 cos ;r. 

3. Integrate the following (take log a: as " first ”) : 

(1) x^loQX. (2) x-^\ogx. (3) 

X 

4. Integrate : 

(l)c^sinAr. (2) cos a;. (3) sin x 

(4) e-^sinx. (5) sin 2r. (G) cos 2 a:. 

(7) cos 3a;. (8) sin 3a:. 

5. Integrate : 

(1) &^cosbx. (2) e^^smbx. 

Observe that all the examples in 4 above are included in 
these two types. 



CHAPTER Itt 


GRAPHS OF TRIGONOMETRICAL FUNCTIONS. AND 
THE GRAPHIC SOLUTION OF TRIGONOMETRI- 
CAL EQUATIONS 

1. The Graphical Solution of Equations Involving 
Trigonometrical Functions 

Example 1 

Solve cos {x + 30) = J sin x. 

where angles are measured in degrees. 
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Construct the table below. 
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0 

20 

40 1 

60 

80 . 

100 

120 

140 

160 

160 

cos {* + 30) . 

0-87 

1 

0-64 

0*34 

0 

-0*34 

-0-64 

-0-87 

-0*98 

-0*98 

-0-87 

i sia X . 

0 

0-17 j 

0*32 

0*43 

0*40 

0*40 

0*43 

0*32 

0-17 

0 


In making the table, observe that the values of 
cos {x + 30} repeat themselves in reverse order starting 
from * = 160° to = 300°. 

Similarly, when we have found ^ sin from = 0° 
to X = 80°, the values are reversed to x — 180°. From 
180° to 360°, the values of § sin x are negative, but tlie 
same numerically as from 0° to 180°. 

Take 5 squares along OX to represent 40°. 

10 „ „ OY ,, ,. 0-5. 


Now plot 
and 

The absciss® of the 


1 ig 


y = i sin AT. J 
intersections give the root.s. 


Example 2 

Tabulate values of 2 cos ;c° + 3 sin x° at intervals of 
10°; then solve graphically 2 cos x° 3 sin x° = 3-5. 
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^ • 

0“ 

10* 

20® 

1 

0 

O 

1 

40“ 

60“ 

60" 

• 70“ 

80" 

2 cos X . 

2 

1*962 

1*879 

1-732 

1*532 

1-286 


0-684 

0-347 

3 sin X . 

0 

0-521 

1-026 

1-5 

1-928 

2-298 

2-598 

2-819 

2-934 

2 cos X 4- 3 sin * . 

2 




3-460 

' 3-584 
1 

3-698 

3-503 

3-301 


To solve the equation plot 


y = 2 cos -|- 3 sin jt; . . , (1) 

and y = 3-5 (2) 

It will be seen that (1) cuts (2) very close to the values 
X = 42® and x = 70®. To get a more accurate value for the 
root near 42®, make the following table. 


ir 

^ • • • • 

4I« 

43^ 

2 cos X . . . 

1-5094 

1-4628 

3 sin X . . . 

1-9683 

' 2-0460 

2 cos X -p 3 sin x 

3-4777 

3-5088 



From the graph, a more accurate solution is a? = 42® 24'. 
2. It is often necessary to graph the trigonometrical 
functions when the angles are measured in radians. 
































CH. 16] GRAPHS OF TRIGONOMETRICAL FUNCTIONS 297 

It is, of course, always possible to change from degrees to 
radians or from radians to degrees. 

Example 1 

Plot y = sin 9 (6 in radians). 


R 



Draw a circle, any size, and call its radius one unit of 
length. C is its centre. Divide the four right angles round 
C into any number of equal parts— 12 in the figure. Each 

angle is thus 

o 

Produce the diameter CA indefinitely. Take any point 
O as origin, and take any convenient length, OB to represent 
Tt radians {i.e., two right angles). 

Notice, that we may be using different horizontal and 
vertical scales. 

Divide OB into six equal parts. One of these Oa is 

shown, and Oa represents g. Erect the perpendicular ap, 

where Vp has been drawn parallel to the diameter CA. 

It is clear that pa = CP sin ACP 

= sin since CP = unity. 

Similarly qb = sin 2^, 

06 = iOB. 


where 
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Proceeding in this way all round the circle we get the 
curve in Fig. 102, 

The part from B to D repeats that from O to B on the other 
side of the axis OBD. 

The wave form clearly repeats itself to the right of D, 
and to the left of 0. 

The greatest height above OB is called the amplitude of 
the wave, whilst the horizontal length OD, of the complete 
wave is called the period. 

3. The general form y = asm («0 + a) is now readily 
plotted. 



Fig. 103. 

The amplitude — a ^ radius of the circle. 

The period = — = OA, measured on any convenient 
scale, using O as origin. 

Corresponding to any angle DCP =* nO measure Om = 0 
(to scale). 

Then PM = pm = a sin («0 a). 

The whole curve may now be plotted by taking any 
number of convenient points round the circle. 

Since a sin («0 a) = a sin n(Q + ~ ^ sin nx 

where = 0 -f- 

n 

if Oi be taken to the left of O so that OOi = - (to scale), 

* * ft 
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we get the same curve by plotting y = a sin nx. using 0, 
as origin; or what is the same thing, plot y = a sin z, where 
abscissae are measured from Oj, and corresponding to 

2 = MCP, take Oj w = - to scale. The plotting is thus 
reduced to that of the preceding paragraph. 


4. Since 


cos 0 = sin ( 6 




then, a cos («0 + a) = a sin ^ a). 

We thus take an origin 0„ ? (a + units to the left of 
0 and plot y = sin 2 , where the abscissa corresponding to 


any angle 2 is 


Example 1 


Plot 



3-5 cos 



= 3-5 sin 



using the complement of ^ — 40. 



0,A = " = OB. 


Fig. 104. 


> n |=1 
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We ploty = 3-5 sin z, using Oj as origin where 00, = 
measured to the ng/il. 

The period = Radius of circle is 3*5 units. 

Corresponding to the angle 2 , measure Ojtn = and 
proceed similarly for all angles round the circle. 


Example 2 


Pui 4 stn 0 3 cos 6 tn the form R sin (0 -f a) where 

R and a are known. Then plot the fimction. 


Put 

and 

So that 
and 


R cos a = 4 


R sin a = 3 

R = \/42 -f 32 = 5 
tan a = 0-75. 


Now plot 


a = 36® 52' 

= 0*64 radians (nearly), 
y = 5 sin (0 -f 0-64). 



Fig. 105. 
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If OA = 0-64, we could get the curve by plotting 

y = 5 sin x, 

using A as origin. The amplitude is 5, and AC = 

2 



5. The method of graphing used in the preceding 
paragraphs is sometimes called the “ crank " method, the 
radius of the circle becoming the " representative crank." 

For such functions as 4 sin 0 + 3 cos 0 (see Example 2, 
par. 4) we could construct the representative crank. 

On OX make OM = 4 units. 

On OY make ON = 3 units, and complete the rectangle 
MONP. ^ 

If MOP = a 

R cos a = 4 

R sin a = 3 

• - R^ = 25, and tan « = and a. = 0-fi l radians. 

Hence 4 sin 0 + 3 cos 0 

= R cos a sin 0 + R sin a cos 0 
= R sin (0 + a) 

= 5 sin (0 + 0-G4). 
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* 

This is simply 6 sin x with the origin A, Fig. 105 taken 
0-64 unit to the left of O. 

To plot 4 sin 0 — 3 cos 0, measure ONj = ON along the 
negative sense of OY. Then OPj is the initial position of 
the crank. 

6. To graph 

y = 3 sin (0 -|- a) + 2 cos (0 + p) . . (1) 

We employ a method similar to that employed in the last 
paragraph. 

Expanding sin (0 + a) and cos (0 -f- p), (1) may be 
written : 

y = sin 0 (3 cos a — 2 sin p) 

+ cos 0(3 sin a -f- 2 cos p) . . (2) 


X 


Fig. 107. 

Take OA = 3 units, making a with OX, and OB = 2 
units making p with OY. Complete the parallelogram 
AOBC. 
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If OC = R, and XOC = 

R cos ^ = sum of projections of OA and AC on the a;-axis. 

= M „ „ OA „ OB „ 

= 3 cos a — 2 sin p. 

Similarly, projecting OC on they-axis 

R sin ^ = 3 sin a + 2 cos p. 

Hence (2) becomes 

y = R cos ^ sin 0 + R sin <j> cos 0 
= Rsin(0 + ,^) ( 3 j 

Read R and ^ from the diagram, and plot, using tlie 
circle shown. 

If we had to plot 

y = 3 sin (0 + a) - 2 cos (6 - p) 

measure OA and a. as before ; then measure OB 2 units down 
and rotate OB clockwise through an angle p. Complete 
the parallelogram OACB as before and OC is the initial 
position of the crank. Fig. 108. 



Fig. 108 . 
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Now plot 3/ = R sin (6 + <j>), where R = OC, and 
XOC = 

7. The method of plotting used in the following example 
is sometimes useful. 

Example 

Find, by plotting, the maximum and minimum values 
of sin a: -f- sin 2x, 



Fig. 109. 


We ploty = sin x, andy =: sin 2x, and add the ordinates, 
getting the heavy curve in Fig. 109. 

The maxima are T73 and 0-35 : the minima — 1-73 and 
- 0-35. 

EXERCISE 51 

1. Plot y = sin x° and y = 2 cos x° using the same axes. 
Use the graphs to plot y — sin x® d: 2 cos x°. 

Find one value of x for which sin x® = 2 cos aj®. 

2. Plot each of the following (in radians). 

(1) 3 sin 0. (2) 3 sin 20. (3) 3 sin (0+5)- 

(4) 3 sin ^6 — (5) 2 cos ^6 — (6) 3 cos ^0 + g) 
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3. Plot the following where the angles are given in radians 

(1) 4 sin (30 + (2) 4 sin (so - 

(3) 3 cos (40 - g). (4) 2 cos (sa + 

4. Express the following functions in the form 

R sin {0 rb a) ; 
state the values of R and a. 

(1) 2sin0 + 4cose. (2) 3 sin 0 — 2 cos 6. 

(3) 1'5 sin 0 + cos 0. 

5. On the usual axes, show the initial position of the 
representative crank for the functions : 

(1) = 3 sin (0 + g) + 2 cos (o + j). 

(2) y = 3 sin ^8 — g) + 2 cos (e — gj. 

• (3) y = 3sin(o + ^)-2cos(e-=). 

6. Find correct to three decimal places a value of x in 
radians satisfying 4 sin x = 2 + 0-82x. 

7. Solve, for one value of 0 correct to three decimal places 

5 cos 0 — 4 + 0-920 (0 is in radians). 

8. The end P of a crank OP, 6 ins. long, describes a circle 
centre 0, with an angular velocity 0-5 radians per sec. If 
p is tlie projection of P at any time, t, on a vertical diameter, 
plot a curve showing the motion of p during one revolution 
of the crank. 

9. A crank OP 0 ins. long makes 20 revs./min. It starts 
from rest when OP makes 00® with the liorizonta! and moves 
counter clockwise, p is the projection of P on a vertical 
diameter. 

VOL. III. IT 
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Write down the equation of the curve giving the motion 
of p. 

10. Find, by calculation, the maxima and minima of 
2 sin X -f- sin 3^ between 0 and Tt. Then plot 

jy = 2 sin + sin Zx 

by adding the ordinates of y = 2 sin ^ and y = sin Zx. 

11. Plot y = sin . sin 2.V (1) by plotting each sine 
separately and then multiplying ordinates (2) by expressing 
sin x . sin 2x in the form J(cos x — cos Zx] and adding 
ordinates. 



CHAPTER 17 

THE COMPLEX NUMBER 
1, The Operator j 

The student is familiar with the idea of associating both 
magnitude and direction with a number. 


Y 



Fig. 110. 


Thus he would indic^e + 4 either by the point A (Fig. 
110), or by the length OA. Similarly — 4 would be shown 

by the point B, or by the length OB. The unit of length 
chosen is arbitrary. 
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Now (Fig. 110) let OP = + a:; and let be defined 
a^ an operator, which, when operating on a length such as 
OP, rotates that length through 90° in the positive (anti- 
clockwise) sense. 

Now make OP = OQ = OR. 

Then ^OP = OQ ; and operating with j a second time, 
we get : 

;(;OP) = yOQ = OR . ... (1) 

Writing jj as p, (1) gives (since OP = -f- x), 

j~x = — X ^ — I X X, 
t.e., p = — 1 . 

and j = V — 1 (2) 

Further, (4 + 3) would be shown by the point E, or by 

OE : but (4 + . 3) would be represented by the point C, 

where AC = 3 ; the length AE has been turned through 
90° to the position AC — i.e., j . AE = AC. 

Thus the symbol 4 -f- / . 3 (or 4 + 3^) may represent the 
point whose co-ordinates are given by x = 4, y = 3 — ue., 
by the point (4, 3). 

Similarly, — 4 — oj is the point D = (— 4, — 5). We 
thus infer that x -j- jy can be plotted as the point whose 
co-ordinates are {x,y). 

The symbol x jy is called a complex number. In 
purely mathematical, as distinct from engineering work, 
j is replaced by i, so that x+j.y, or x -j- iy, or 
X + V ~ I .y are all notations for the same complex 
number, and all three have the same representative point. 
The student has met these numbers in his previous work. 
Thus, solving the quadratic equation x- — 4 x -f- 13 = 0 
we get 

4 ± \/l6~~52 4 ± 

^ ~ 2 ~ 2 ‘ 
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Now notice that — 36 = — 1 . 36 = . 36, 

and = j.G. 

So that X = 2 ±j.S. 

Previously he called such roots imaginary. He can now 
designate them as complex roots. 

In + jy, x is called the real part of the complex number ; 
y. or jy, is the imaginary part; whilst X^OX is called the 
real axis, and Y^OY the imaginary axis. A number like 
3; represented by G. or OG (Fig. 110), is called a purely 
imaginary number. All such are plotted on the y-axis, 

just as all real numbers like 5, - 2-6, or ^/l are on the 
A;-axis. 


EXERCISE 52 

1. State the co-ordinates of the points represented by 
the following numbers. Plot the points on the same 
diagram. 

{a) 2 + 3;. (b) - 2 + ;. (c) 5. 

- 2;. (e) 1 - 2j. {/) SJ, 

2. Express the roots of the following equations as com- 
plex numbers : 

{a) x^- + X 2 = 0. (6) 2x2 - 3;t -f 4 = 

(c) x2 - o-7x + 2-1 = 0. 

2. The Argand Diagram 

If P represent the complex number x -f- jy, we see from 
I ig. Ill an alternative representation of the .same number 
VIZ. by the vector OP. The student will recall that a 
vector involves both magnitude and direction, and tiiat 
physical entities like velocity and force, whose specilica- 
tions involve both magnitude and direction, can be repre- 
sented by straight lines. Such lines as OP arc usually 
designated by their end letters, the order of the letters 
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showing the sense of the vector, the length OP its mag- 
nitude, whilst the bar over the letters indicates that we 
are dealing with a vector. 



X 


Fig. 111. — The Argand Diagram. 


From Fig. Ill we see that =: r cos 0 = OA, >» = r sin 0 
= AP, and x + jy = r cos 0 + jr sin 0 

= r (cos 0 -f- y sin 0). 

This way of writing a complex number is called the 
polar form. It is often abbreviated to We can 

easily change this form into the other. Thus : 

3 L30_" = 3 (cos 30° + j sin 30°) 




which is the form x -)- jy. 


3. Modulus and Amplitude (or Argument) 

In Fig. Ill (called an Argand diagram) the length OP — 
i.e., r — is called the modulus of the complex number, 
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whilst 0 is called its amplitude or argument ; abbreviations 
are mod., am. (sometimes amp.) or arg. 

Anothe r notati on for mod. {x jy) is \x +jy\. Thus 

= + ^/x‘ + y^ = mod. (x + ;» = !* + jy I, and it should 
be observed that the modulus of any complex number is 

the length of the straight line joining the origin 0 to the 
pomt representing the number. 

Also am. {x + jy) = arg. {x + jy) = tan-i ^ = 6. 

^ Note that we get the same point P (Fig. Ill) if its am. 
is increased or decreased by any integral multiple of 3G0“. 
To prevent ambiguity amplitudes will be taken to lie 
between 0° and + 180" or 0" and - 180". and these 
values will be called the principal values of the amplitudes. 
Am. {— x) is taken as 180" or n. 

Example 1 

Plot the numbers (2 + 3;) and (- 3 - 2j). Stale their 
moduli and the principal value of their ams. (See Fig. 112.) 


X 



Fig. 112. 
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2 + 3; I = OA = a/4 + 9 = a/ 13 = 3-6; 
am. (2 + 3;) = tan-i f = 56° 19'; 

and mod. (- 3 - 2j) = OB = Vl3 = 3*6. 

Am. (— 3 — 2j) = the negative angle XOB = — (180° — 
XiOB) = - {180° - tan-i §) = - (180° - 33° 410 = 

- 146° 19'. 

Example 2 

State the mod. and arg. of each of the following numbers: 

- 5, Zj, 2, - j. 

If the student will plot the above numbers (or imagine 
them on an Argand diagram) the results below will be 
apparent. 

I - 5 I =5, arg. (- 5) = 180° or tt. 

Mod. (3;) = 3. arg. (3;) = 90° or 

tit 

Mod. 2 =2, arg. 2 = 0°. 

I — y| = 1, arg. (— ;) = — 90° or - 

Example 3 

Put the numbers in Example 1 in folar form. 

We have at once : 

(2 + Zj) = 3-6 (cos 56° 19' + j sin 56° 19') = 3-6 |56° 19' 
and 

(- 3 - 2j) = 3-6 [cos (- 146° 19') + ;sin (- 146° 19')] 

= 3-6 I— 146° 19' 

= 3-6 (cos 146° 19' -_; sin 146° 19') 
since cos { — 0) = cos 6, and sin (— 0) = — sin 9. 

In some texts on electrical theory, a negative am. is 
shown V ; thus 3-6 Z. - 146° 19' = 3-6 v 146° 19'. 
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4. Addition and Subtraction of Complex Numbers 

In adding (3 -f- 2;) and {5 + Aj) we add the two real 
parts to get a new real part, and the two imaginary parts 
for a new imaginary part — e.g. : 

(3 + 2;) + (5 + 4;) = (3 +5) + j{2 + 4) = 8 + 6;. 
Similarly with subtraction : 

(3 + 2;) - (5 + 4;) = (3 - 5) + >(2 - 4) = - 2 - 2;. 

The rules may be proved grapliically. 



X 


Lot A (Fig. 1 13) rciJrescnt the number x, + /v,. Another 
representation is by llie vector OA. Similarly B represents 
^2 +;>2 = OIL From A draw AC equal and parallel to 
OB, so that OB and AC rcj)resent the same vector. 

Then, OA + OB = OA + AC = OC. 

Projecting OC orthogonally on the x-nxis, the abscissa 
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of C = OE = OD + AF. Now observe that the projec- 
tion of AC on OX = proj. of OB on OX = ATg. Hence the 
abscissa of C is Xj -j- x 2 . Similarly, by projecting OC on 
OY we see that its ordinate isy^ -j- ^ 2 - 
Hence 

C = {(jti + x^, {y^ -f y^)} [x^ _}_ X2) + j{y^ +^2). 

Fig. 113 shows also the subtraction 

(^1 + jyi) — {Xz +jy2)‘ 

For ^ - ix2-yjy2) = ~ OB = BO = ACj. 

OA - OB = OA 4- BO = OA -f- ACj == OCj. 

The abscissa of Cj = OD - LCj = Similarly 

its ordinate = {y^ — yg), and Cj represents the number 
{xi — X 2 ) 4- y[yx — yz): thus showing that {x^^ jyi) — 
(^2 + jyi) ~ {Xi x^ + j[y^ — y^). 

5. Multiplication of Complex Numbers 

Notice y = f = - 1 , y3 = _ y and = 4-1. 

and any power of ; is i 1 or ±j. Thus (;)’ =y^ X 

f = - y. 


Example 1 

(3 + 2;)(4 + 5;) = 12 + 8; + 15; + 10/ = 2 + 23;, 
since loy^ = — 10. 

Example 2 

(1 + y)(2 - 3;) = 2 + 2; - 3; - Zf- = 5 - 

since — Sy^ = -p 3. 

Example 3 

Evaluate {cos Gj 4- j sin 0,) . (cos Og 4- j sin Gj). 

[Notice comple.x numbers of the form (cos a -pysin a).] 

Mod. (cos a + y sin a) = 4- A/cos^in^m^ a = 1. The 

am. or arg. = a. 
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Hence (cos ol j sin a) == 1 |^a.] 

• * (1 [^) X (1 [^02) = (cos 0| 4- j sin Oj)(cos 0, 4- j sin Og) 

= cos 61 cos O2 4- y(sin 0, cos Og 4- cos 0^ sin 03) 

+ p sin Oi sin O2 

= (cos 01 cos O2 - sin Oj sin 0^) 4- /(sin 0i cos 0, 

4- cos 01 sin 02) 

= cos (0i 4- 02) 4-ysin (01 4- O2) = 1 

This result we shall use later. 

Example 4 

(cos 30® + j sin 30’) . (cos 15® 4- / sin 15®) = 

cos 45® 4- j sin 45° = 1 |^45®. 

6. Division of Complex Numbers 

Definition : — Two complex numbers, {x -|- jy) and 
{x ~ jy). wliich differ only in the sign of the imaginary part, 
are called conjugate complex numbers. 

1 bus (—3 4- 4;) and {— 3 — 4j) are conjugates. 

The sum and product of two conjugates are both real. 
Sum = {X 4- jy) {x- jy) = 2x. 

Product - (x + jy)ix - jy) = x^- - (jyp = x^ + y == the 
square of the mod. of either of the two numbers. 

Notice the product (cosO 4 - /sin 0) . (cos 0 — /sin 0) = 1. 

Example 1 

Consider ^~2j' -^Diltiplyina numerator and denominator 
by the conjugate number 3 — 2/, we get : 

_„L_ ^ 3 - 2/ _ 3 - -Ij 3 2; 

3 4- 2/ (3 4- 2y){3 - 2/) ' ’ 13^ “ 13 “ 13’ 

~i.e., the form x jy. Ly = — -iV.J 


[(O1 + O2). 


Example 2 
1 — 2 / . 

j in the form x 4- jy. 
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1 _ (1 - 2»(1 - 3;) l-5j+ ej‘ 

1 + 3j (I + 3j){l - 3j) - 10 

_ ~ 5 — 5j _ 1 1 . 

10 ” 2 'P' 


Example 3 


Express in the form x -f jy, the sum ? % + K . 

1 — ^ 2 + 4;" 

ti = a -3 »(I +;■) (3 +j)(2 - 4;) 

1 - y 2 + 4> (I - ]){1 + j) + (2 + lj){2 - 4;-) 


5 — ; , 10 — 10; 
2 20 
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Put the following products in the form x + jy: 

(I) (3 + 5;)(2 - ;■). (2) (0-5 + ;)(0-25 + 3;). 

(3) (2-3 + ;){4 - 2;). (4) (3 + 4;)(3 - 4;). 

(5) (- 2 - 0-5;)f- 2 + O-.y)- («) (3 - 2j)K 

(7) (1 - 2;)3. (8) (2 - j)K (9) (1 + 2jf . (2 +;). 

(10) {3-;)(3+;)(4-2;). 

(II) (cos 30^ + ; sin 30°) . (cos 45° + ; sin 45°). 

(12) (cos 45° + ;■ sin 45°){cos 15° — ; sin 15°). 


Evaluate the followinj? : 


(13) 


( 10 ) 


3 - 2;" 


(1^) 


2 + 3; 
4-/- 


2-; 3+; 


4 + 0; 


2 + 3;- 

1 -y 


Hy + i+4- 


4--r6; + 2-T3^- 
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7. Products in Polar Form 

Let = 

then (cos 0^ + j sin Oj) . (cos Gg + j sin OJ 

= >-1^2 [cos {0, + O2) H- ;■ sin (Oj + 0^)]. 

(See Example 3, par. 5.) 

We infer from this result that the mod. of a product is 
the product of the mods, of the factors, wiiilst am. pro- 
duct = the sum of the ams. of the factors. 

Example 1 

3[^ X 2[^ = 6[^ = G{cos58'^-fysin58'^). 

Example 2 

Z\^X4 |- 22° = 12 [20“ = 12 (cos 20“ + j sin 2G“). 

Example 3 

{y [^2 = = ^2 (cos 2a + j sin 2a), 

(r [a)2 = R [2a (where R = ^2j ... (1) 

This example shows us how to get the square root of a 
complex number when the latter is in polar form; for 

from (1) we see (R [2a)* = ± r [a. But r = VK', and 
a = H2a). 

Hence to get the square root of a complex number, we 
take the square root of the mod. of the number, halve its 
am., and prefix 

Example 4 

Evaluate V 2j. 

Mod. (3 + 2j) = Vi'S = 3-0, and V‘S^ = Li). 

Am. (3 + -Zj) = tan-i 5 - 33“4l'. Half of this is lG“5r. 
Hence VS + 2j = ± 1-9 [10“ol' = ± 1-9 (cos 10“ 01' + 

;■ sin 10“ 51'). 
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8. De Moivre’s Theorem 

We have proved that (cos 6, -f- ; sin OJ x (cos + 
j sin 02 ) = [cos (01 + Gg) + j sin (0j -f ej]. 

Hence, putting 0^ = Gg = a we get : 

(cos a H- y sin a}2 = (cos 2a + j sin 2a) . (1) 

Multiplying both sides of (1) by (cos a -|- y sin a) gives ; 

(cos a + y sin a) 3 = (cos 2a + j sin 2aJ (cos a -f y sin a) 

= cos 3a + y sin 3a, 

and continuing the process for n factors we see that : 

(cos a y sin a)" = cos Ma -f- j sin «a . (2) 

(2) is De Moivre's Theorem ; and it is true not only when 
n is a positive integer, but also when « is a negative integer 
or a positive or negative fraction. (See Exercise 54, nos. 
29, 30.) 

Example 1 

(cos 30° + y sin 30°)« = cos 120° + ysin 120° = — | + 
Example 2 

(cos 20° - y sin 20°)8 = [cos (- 20°) + j sin (- 20°)]« 

= cos (- 120°) -f y sin (- 120°) = cos 120° - ysin 120°. 

Example 3 

Put (2 -f- 3;') in polar form, and then evaluate (2 -f- 3;')^. 

We have : 

Mod. (2 -f Sy) = Vis. and am. (2 + Zf) — tan-^ | = 56° 19'. 

2 + 3y = V13[56° 19' 

= Vl3 (cos 5G° 19' + y sin 56° 19'). 

Hence 

(2 + 3;)^ = (\/l3)^ . [cos (4 x 56° 19') + j sin (4 x 56° 19')] 

= 169 (cos 225° 16' + j sin 225° 16') 

= 169 (— 0-704 — 0*71 y) 

= _ 119 _ I20y. 
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Example 4 

{cos 60" + j sin 60°)* = cos 4 x 60° + j sin 4 x 60° 

= cos 30° + j sin 30° (assuming De Moivre’s Th.), 

Example 5 

Evaluate V3j^ 2j. (See Example 4, par. 7.) 

3 + 2j = Vis 41' = 3-6 (cos 33° 41' + j sin 33° 41') 

Vs + 2; = ± VM (cos 33° 41' -f ; sin 33° 41')* 

= i 1*9 |16° 51' as before. 


9. Division in Polar Form 
Example 1 

Consider — . 

cos 0 + ; sin 0 

5 cos 0 — y sin 0 

cos 0 -f- ;■ sin 0 (cos 0 + j sin 0){cos 0^“y sin 0) 

cos 0 — y sin 0 , 

~ cos2 0 + sin= 0 = 0 - ; sin 0) 

= cos(- 0)+ysin(- 0). 

Hence 

cos”0 +7'snro ^ ^ = cos 0 - y sin 0, 

i.e., (cos 0 + y sin 0)-» = cos (- 1 x 0) + y sin (- 1 x 0), 
wliich proves De Moivre’s Th. for « = — 1. 


Example 2 

Evaluate * ^ ’ 


^2 [^2 


We have : 

^ [^2 ''2 (cos O 2 + y sin Og) 

^ r, (cos 0, + y sin 0,)fcos 0, — j sin 0,) 
(cos 0 .. + y sin 02 )(cos O 2 — j sin O.) 

= cos (0i - O 2 ). [See Par. 6.] 

'2 
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We infer that the modulus of the quotient of two com- 
plex numbers is the quotient of their moduli; and the 
am. of a quotient is the difference 

am. (numerator) — am. (denominator). 

Example 3 

3140° 3 o 

= 5 = 5 30° - j sin 30°). 


EXERCISE 54 


Plot the following numbers on an Argand diagram, and 
then put them in polar form. 

(1) 3 -b 4j. (2) 3 - 4/. (3) 1-2 3-5/ 

(4) - 6 - 2;. (5) - 0-5 - 0-3;. (6) - 32 -f- 

(7) 3-1 - 0-5;. 


Change each of the following to the form x -i- jy : 

(8) 3 [3^ (9) 2-3 [42. 

(10) 5-2 I - 36° . (11) g-3 \^2°. 

Evaluate, in polar form, the following : 


(12) 3 [30^ X 2 [15°. 

(14) 2-8 [^ X 1-3 [- 74°. 

3 [72° 

27^18 


3I3G° 

r[i8°' 

Evaluate : 


(13) 2-1 [15° X 3-2 
3 145 
2I15- 


(H) 


(18) 


2-3 [24° 

roj- 2T° 


(19) \/2 + 5;. 


( 22 ) 

( 25 ) 


1 

Vs + 2j- 
VVJToj 

1-3; • 


(20) Vs - 4j. (21) V2-3 -f 0-5j. 
(23) Vf. (24) V~Q7. 
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(26) Evaluate in the form a + hj each of the numbers 

6 — 5; ,10 

3T7 ““ V’ '■^present lOj,. - 7 graphically, and 
express it in polar form. 

(27) Express and A in the form a + bj. and 

show them on an Argand diagram. Find also the modulus 
and the principal value of the argument {or am.) of their 
product. 

(28) If 2 j and are complex numbers, show that | \ = 

I ■ 2 'j 1 X I ^ 2 1 and am. (■?j 2 ’ 2 ) = am. Zy -\- am. Verify these 
relations when Zy = 2 + 3j, and z^^l ~~ 2j, and mark 
the points or vectors representing 2 + Zj, 1 — 2j, and 
(2 + 3;){1 — 2j) on an Argand diagram. 

(29) If n is a positive integer, show that ; ^ 

(cos 0 + ; sin 0)” 

= cos iiQ — j sin «0 and hence deduce De iMoivre's Th. for 
a negative integer. 

(30) Starting with (cos ? + ; sin = cos 0 + j sin 0; 

(1) cos ^ ; sin 5 = (cos 0 + ; sin 0)1 ; 

(2) (cos 0 + y sin O)? = cos ^ i 
which proves De Moivre’s Th. for a fraction 

MISCELLANEOUS EXERCISES 
Calculatio.ns 

1. (rt) An ammeter read 5-72 amps, when the true read- 
ing was 5'G amps. Express the error as a percentage of tlic 
true reading. 

(i) Evaluate \/s(s — a){s — b){s — c), given a = 4*2, 
b = 5*5, c = 6*3 and s = ^{« -j- 6 -f c). 

VOL. in 


show 


X 
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2. Given 5 gnd p when / = 3000, R = 3-5 

and r — 2-5. 

3. Find correct to three significant figures the value of 

/a^ — 63\-o-2 , 

\ a-\. b ) ’ ^ ^ 

1 T 

4. If log^ I ^ y ~ value of r. 

5. Evaluate (R? + when R = 8-12, r = 4-76. 

6. Evaluate : 

W- when A = 344 and B = 215. 

(5) when R = 8*6, L = 0-4, t = 0-05. 

7. Evaluate S), when a = 5-17, b = 4-05, 

c = fi-91. 

8. Evaluate sin IOOtt/, given thatd: = 2-718, R = 6, 

L = 0-025 and i = 3-5 x 10-^ 

0 - 055 h *'2 

= 1 - 0 00035«^ «"'!>' 'vhen n = 12-4. 

10. Find the value, to three significant figures, of 

1 ^ 

(«) («■" — 6'") when a = 4, 6 = 10 and n — 

ict ^ « = 1 + Vs and X = ^/3. 

Equations 

11. SoK'e the following equations ; 

(rt) X* — S-81x^ ~ 2-28 = 0. 

(6) 543^-2 = 2-71. 

(c) 8 = X + Vx^ — S. 

12. Solve : 

{a) 8{5x - 3)2 = 3(9 - 10 a :). 

(6) Two quantities V and R are connected by a law 
of the form V = «R -f- where a and b are constants. 
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It is known that when V = 2*2, R = 0-8, and V = 2-3 
when R = 1-2. Find a and 6. 

13. A law of the form E = bd c connects E 
and 0. If E = 576 when 0 = 100, E = 1320 when 0 = 200 
and E = 2072 when 0 = 300, determine the values of the 
constants a, b, c, and hence find E when 0 = 250. 

14. Solve : 

{a) 5(2 - xy = 7a: - 8. 

(6) 1-392X == 6-31. 

(c) log, (x^ + 0-05) = 0-27. 

2R^ 6 ^ ~ ~ + 5) + 

(b) Solve for a and b, (i) « + = 12 , (ij) 3 + ^ = 0 . 

16. Find the value of r (other than zero) which satisfies 
the equation : 

1 . 75 ^ 75 _ 1.87^0'87 ^ o_ 

17. Solve : 

(а) 3 a: = 2^% + 17. Ifi) ‘i _ 2^ = 5-1. 

18. Solve : 

{a) 8-75G^-^-i = 4-3282^ + 

(^) logs (4 a: — 5) = 2| 
logs (2 a: + 33^) = i/' 

19. Find C, from the formulae C = p, Q = -f- 

given that d = 1-3, K = 2-1 X 10 ^ / = 5-34 "x = 0-4^5 
E = 0-91. 

20. ( a ) U y = kx’>. find k and n , if a: = 10 when v = 
14-5, and a: = 40 when y = 116-0. 

(б) Solve, S'" X 5^-1 = 0-76 (to two significant figures). 

Trigonometry 

21. N is the foot of the perpendicular from the vertex A 
of a triangle ABC on the horizontal plane through BC to 
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which the plane of ABC is inclined at 40^ Calculate the 
angle BAC if ^NBC = 70" 30' and ZNCB = 56" 30'. 

22. (a) Show how to express « sin 0 + 6 cos 6 in the 

form A sin (0 -(- a), giving the values of A and a in terms 
of a and b. 

(6) The voltage in an electrical circuit after time / is 
given by E = a sin pi b cos pt. If a = 16, b = 15n 
and p = lOOrt find the smallest positive value of t for E 
to have a maximum value. 

23. Prove that in any triangle, = 62 ^ c® — 26c cos A. 
In a force triangle ABC, AB and BC represent forces of 
3*94 and 2*5 tons respectively. AC represents their 
lesultant. If Z.ABC = 98", find the magnitude and direc- 
tion of this resultant. 

24. {a) Simplify sin (A + B) - sin (A - B) and deduce 
the formula for sin X — sin Y as a product. 

(6) Find the acute angle which satisfies the equation 
cos 20 = 2 sin 0. 

25. E.xpress 5 cos- 0 — 2 sin^ 0 in the form a b cos 20, 
and draw the graph of the function from 0 = 0" to 0 = 180", 
and calculate the values of 0 for which the function is zero. 

26. Establish the formula tan cot 

2 6 -(- c 2 

From an observation post A on the shore a mine is ob- 
served at B on a bearing N. 15" E. and five minutes later 
it is observed at C on a bearing N. 33" E. The distances 
AB and AC are estimated as being 2800 ft. and 2000 ft. 
respectively. Find in m.p.h. the direction and speed of 
the current. 

27. PQ is an arc of a circle of radius r, subtending an 

angle 0 radians at the centre of the circle (0 < ::). Show 
that the area of the smaller segment cut off by the chord 
PQ is given by A — sin 0). 

In a rectangle ABCD, AB = 4-33 in. and BC = 2-5 in. 

An arc of a circle joins the corners A and C, and DC is 
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tangential to this arc. Find the area of that part of the 
rectangle bounded by the arc and the sides AB and BC. 

28. Find sin 20 in terms of cos 0 and sin 0, and cos 20 

in terms of cosO; then solve cos 26 = 2 — VS cos 0, 
giving the values of 6 between 0^ and 300°. 

29. In a triangle ABC, a = 5 in.. 6 = 7 in., c = 8 in. 
Calculate the length of the perpendicular from A to BC. 

30. Prove that sin (A + B) = sin A cos B + cos A sin B, 
and state the corresponding formula for cos (A + B). 

By expanding cos (0 + 153°) and sin (0 + 243°) prove 
that cos {0 + 153°) = sin (0 + 243°) for all values of 0. 

31. The angles of elevation of an airplane, at a certain 
instant, from two stations A and B, 1500 yds. apart and in 
the same vertical plane as the airplane, were 65° and 40° 
respectively. Calculate the height of the airplane. 

32. In any triangle ABC, prove that a- = ^ 

2bc cos A. 

Two adjacent sides of a parallelogram are 3-3 ft. and 4-S ft. 
long, and contain an angle of 65°. Calculate the lengths of 
the diagonals. 


33. Prove cos 0 = 


1 _- 
1 4- 


and sin 0 = 


21 

r+ 


where 



Use the above substitutions to solve 4 cos 0 — sin 0 = 1 
giving the values of 0 (to the nearest degree) between 
0° and 360° which satisfy the equation. 


9-1 + 9) 1 — tan 0 

cos {45° ^0) - 1 +Tan~0- 

the equation 

4 cos (45° + 0) = co.s (45° — 0) [0° < 0 < 360°]. 

35. ABC is a triangle in which B = 50°, AB = 7 in. and 
BC = 10 in. A point D is on the opposite side of AC 
from B. such that AD = 4 in. and CD = 5 in. Calculate 
the angle ADC. 
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36. The elevation of the top of a steeple from a place A 
due S. of It IS 45°, and from B, 100 yds. due VV. of A 
the elevation is 15°. Find the height of the steeple. 

37. The third harmonic of a voltage wave is given as 
— 0*13 sin 30 + 0-11 cos 30. Put this in the form r sin 

(30 -(- a), and find the values of r and a. 

38. (i) If = tan p, show that ~ ^ ^15 = tan 

cos a + sin a 

(a — p). 

(ii) By expressing sin 30 - sin 0 as a product, or other- 
wise, find the values of 0 between 0° and 360° which 
satisfy the equation sin 30 — sin 0 = 0. 

39. OA is a crank, length 6 in. ; AB a connecting rod, 
length 27 in. Find the length of OB when angle AOB = 
100°. Find also the greatest value of the angle ABO for 
all positions of the rotating crank OA. 

40. A ship is travelling due E. at a steady speed of 15 
knots. From the ship, the bearing of a lighthouse is 
observed to be N. 73 E. ; 10 mins. later the bearing is 
N. 42 \V. How far is the ship from the lighthouse when 
the second bearing was taken ? Find the bearing of the 
lighthouse from the ship when they are 3 nautical miles 
apart. (1 nautical mile = 6080 ft. ; 1 knot = 1 nautical 
mile per hour.) 

41. Put 24 sin 0 -|- 7 cos 0 in the form A sin (0 -f- a) and 
find the values of A and a. 

Hence find {a) when 24 sin 0 -f- 7 cos 0 is a maximum, 

(6) the values of O which satisfy the equation 24 sin 0 + 

7 cos 0 = 15. 


42. Establish the formula ^ ^ - 

sm A sin B sin C* 

AB is a straight road, 920 yd. long, running due E. 
from A. There is a control tower at C, which bears 
N. 25° E. from A. and N. 16° 15' W. from B. Find 
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(a) the length of a straight road from A to C, and (6) the 
shortest distance from C to AB. 

43. A barrage balloon P is known to be vertically above 

a point A. Find its height above this point, given the 
following data : 

ZABC = 38^ ZACB = 69°; BC = 850 ft., where A. 

B, C are in the horizontal plane through A and APBA = 
68 °. 

44. Assuming the formula for sin {A + B) and cos (A + B) 

(or otherwise), prove that tan (A + B) = — ^ ^ 

1 — tan A tan B‘ 

PN is a vertical pole of height a, N being on the ground, 
and Q is a point on the pole, b above N. If 0 is a point 
on the ground c from N, and PQ subtends an angle 0 at 

0, prove that tan 0 = ~ 

ab + 

45. If w = IOOtt, R = 10 and L = 0-006, express 
R sin wt — Lw cos wi in the form Z sin {wt — ^), and find 
the values of Z and cos <j>. 


Calculus 

40. Find^ when (i)^ = - ^3 + 1, {ii)y = e-(2 - x), 

X 


(iii) >' = ^ 


3x + 2‘ 


dp 


lipv=.b00. find 7 when t; = 5. 

dv 

47. If y = 4-51 sin X + 2-5 cos X {x in radians), find 
i^) (^) the smallest positive value of ;c which makes 


^/x = 

48. In time / secs, a body is displaced s ft. in a straight 
path, so that s = 25/ + 16/^. Deduce from fust principles 
expressions for the velocity and acceleration at time /. 
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(a) If jy = -f ? find the value of ^ when x = 2. 

X dx^ 

{b) If r = 6 cos 0 , find 

uO 

49. State the conditions to be satisfied if y == f{x) has a 
minimum value when x = a. 

The total heat, H units generated in a circuit, is given by 

H = 3a2 + 4-5(10 - x)^. 

Find the value of x for which H is least, and the value 
of H in this case. 

50. Find when (a) y = {3x^ _ l) + 3 ) ; ( 4 ) ^ , 

If X = 10 sin ^ — 3 cos £, show that = — x, and 

(c) find the value of when ;r = 

51. A point moves in a plane so that its co-ordinates 
with respect to a pair of perpendicular axes through 0 are, 
at time t, given by = 3 sin ^ y = 2 cos t. Find its com- 
ponents of velocity along the axes when / = 5 . Hence 

find ^ at this time. 


52. If y — x[2 x), find from first principles the value 


of 


(fy 

dx 


W “ -g » find x so that = 0 . 


dx^ 


d 


{h) Evaluate (0 -h sin 6 cos 0 ) when 0 = ^, 


53. Find 


when {a) y = x log, {b) y = {a is 

constant). Show that the points P = (1, 2), Q = (3, 4) 
lie on the curve lOy = 1 + 22x ~ and find to the 
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nearest degree the angles of the triangle formed by the 
straight line PQ and the tangents to the curve at P and Q. 

54. The motion of a lift from t = 0 sec., to / = 12 secs., 

is given by the fomula s = ~ ""here s ft. is 

the distance moved. Show that the acceleration is 

~ “ 12) ft./sec.^ and that the maximum velocity 

is 27 /. s. 

55. The rate of loss of heat from a hot body is propor- 
tional to the area of the surface exposed. Prove that the 
most efficient cylindrical hot-water tank, of given volume, 
is one whose height equals its diameter. 

5G. The cross-section of an open gutter made of thin 
material is a trapezium, with its sloping sides equal and 
inclined at 60'* to the base. If the area of the section is 
108 V3 sq. in., find the dimensions of the section, if the 
gutter has a fixed length, and the amount of material used 
in its construction has to be a minimum. 

57. The volume of a right-circular cylinder is 2 cu. ft. 
If t is the radius in ft., prove that the total length, L ft., 
of a piece of string which passes twice round the circum- 
ference, and once lengthwise round tlic cylinder, is given by 

L = 4r(l -f ;t) -f ^ 2 - 

Find the value of r so that L is the shortest possible 
lengtli. 

58. Evaluate the following integrals : 


(a) (l + l^dx. (b) 
.0 01 

(c) 30 sin laO-tdL 

•0 


.t 

. 

cos 30tf0. 

^ 71 
0 
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,5 


n 

i2 


59. Evaluate (a) j (2x - Vx)dx, (b) 5 cos and 

^ •'o 

(c) find the mean value of 5 cos & between < = 0 and 


t = ~ 

12 - 


d^y 


dx^ express y a,s a. function of x, given 

, dy 

dx ^ ^ when x = 2, and find a value of x 


which makes jy a minimum. 


61. If 



and C = 0-006, R = 80, find / in 


terms of Q given that when / = 0, Q = 10. 

62. Show that the mean value of sin x, as x varies from 
2 

0 to TT. is Sketch the graph of jy = 2 - Vx {Vx positive 

only) and find the area between the graph, the x-axis, and 
the ordinates at a; = 0 and ;r == 4. 


63. Sketch the curvey = 2 — Vx, between x = 0, x = 4, 

where V^ has both its positiv'e and negative values. If 

the area bounded by the curve and part of the ordinate at 

^ = 4 is rotated about the x-axis, find the volume of the 
hollow solid generated. 

64. Employ Simpson's Rule to find the area enclosed 
by the curve y = i^{2x^ -p 5 ^ ^ g), the x-axis and the 
ordinates at x = — I and x = 3. Compare your result 
with that got by integration. 

65. The deflection, y in., of a beam at x ft. from one end 

IS given by Find y in terms of x 


given that both y and ^ are zero when x is zero. Show 
that when x = 10, y = 2^. 
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66. {a) Evaluate j {^Vx - ^)dx and /'s sin 26^0, 

and find the mean value of the latter integral between 
the given limits. 

[b) That part of the curve y = Zx ~ which lies above 
the a;-axis is rotated about that axis. Find the volume 
generated in a complete rotation. 

^ = 3 sin 3a: + 2 cos 2x, show that 

3 ^ = 1 — ^ sin 3x — I cos 2x given that when x = 0, 

y = iand^^=-l. 

Verify thaty has a minimum value when x = ^. 

68. [a) Express 2 sin 2x cos x as the sum of two sines 

rr 


n 

4 


j' j 

and then find / 2 sin 2a: cos xdx. 

•'o 


n 

2 


Evaluate (b) j ° (c) j ' sin 20<f8. 

• 1 '0 
(d) The weight of a tapering rod included between cross 
sections at distances x in. and (x -f- dx) in. from the smaller 

end is ^^1 -j- dx Ib. Find by integration the total 
weight of the rod, if its length is 30 in. 

69. Evaluate jx^S - 5x^)dx and j^:^(ix, and find the 

area between the curve y = 2 cos 3x, the x-axis, and the 
ordinates at x = 0 and 

18 

70. Evaluate (n) ^dx. (b) + i (c) |”sin JWe. 

A curve y = /{x) passes through the point (0, 6) and 
^ = 5e^. Determine the form of /{x). 
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Binomial Theorem, Moments of Inertia, etc. 


71. If is small show that (1 — and ^1 + 0’^ are 
approx, equal (use Binomial Th.). 

Write down the approx, values of and ■ 

l-003‘ 

72. Neglecting powers of ^ above the second, find x 
from the equation : 





73. Show from first principles that the moment of inertia 
I, of a triangle height h in., base b in., about an a.xis 
parallel to the base through the vertex is given by I = 
\bh^ in.'* units. 


ABCD is a trapezium, with AB, DC parallel and 3 in. 
and 5 in. long respectively. Their distance apart is 4 in. 
The sides DA and CB are produced to meet in 0. Find 
the distance of 0 from AB and use the above formula to 

deduce the M.I. of the trapezium about an a.xis XX tiirough 
0 and parallel to AB. 

74. Expand (1 -f- x)^ as far as the term in 

If / = (3 -f- a), and powers of a above the first may be 
neglected, find the approx, value of 21* — 3/3 - 51. Use 
your result to find correct to three significant figures the 
value of I given by the equation 21* - 3/^ - 5/ = 71, the 
value of / being known to differ from 3 by a small amount. 

75. A plane figure is bounded by the curve y = '5'^x, 
the axis of x, and the ordinates at x = 0 and x = 8. 
Sketch the figure, and find its moments of inertia about 
tlie axes of x and y, using 1 in. as the unit of length along 
each axis. 

76. Find the approx, values of (2 + /i)« and (2 + h)^. if 
powers of h above the first may be neglected. 

B R = (2 + h) where h is small, find the value of R 
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given by the equation Ro - 7R3 - HR -f. n = q. correct 
to three significant figures. 

77. Determine by integration the M.I. of [a) a rectangle 
b in. by d in., about a side of length b in., (b) a circle, 
diameter d in,, about an axis through the centre per- 
pendicular to its plane. 

78. Find by integration the M.I. of a rod AB, about an 
axis through A perpendicular to the rod, given length 
AB = / in., and in lb. is its mass per in. Find also the 
M.I. of the rod about a parallel axis through its mid-point. 

79. The co-ordinates of a point A are a; = 5, y = 3, 
and of a point B. x = S, y = Q. Find the length of AB 
and the angle which the straight line AB makes with tlie 
positive sense of OX. 

80. The height of the frustum of a cone is 6 in., and the 
diameter of the base and top are 12 in. and 10 in., respec- 
tively. Find the height of the cone and the volume of 
the frustum. 

81. Plot y = 2.v“ — 7 j: -f 5 for values of a: between 0 
and 3, and from the graph determine the roots of the 
equation 2^^ - 7^; + 5 = 0. Find the roots of this equa- 
tion by an alternative method. 

82. AB is a diameter of a circle, and AC a chord 4 in. 
long making G0“ with AB. CD is perpendicular to AB. 
Calculate (a) the radius, (6) the lengths BC and CD, and 
(c) the area of the triangle ABC. 

83. With the usual notation, prove that the area of a 
triangle is given by Vsjs — fl)(s*-^6)(s'”— c). 

Find the volume of a steel bar of length 0 ft., whose 
cross section perpendicular to its length is a triangle of 
sides 3| in., 4J in. and in. 

84. Find the area between the parabola y = x~ — 3.v, 
the x-axis and tiie ordinates at x = I and x = 3. Find 
also the distance of the centroid of this area from the 
x-axis. 
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85. When has the values — 2, 0, + 1, + 2, the values 
of the function ax^ + bx^ cx + k, where a, b, c, k are 
constants, are — 14, +4, — 2 and — 2 respectively. For 
what other values of x is the function equal to + 4 ? 

86. For what value of 6, between 0° and 180°, is tan 0 + 
3 sin 0 = 0? By putting sin 0 + cos 6 in the form r sin 
(0 + a), find its maximum value. If 0 is one of the re- 
maining angles of a right-angled triangle whose perimeter 
is 10 in., express the length of the hypotenuse as a function 
of 0, and find its minimum value. 

87. [a) Expand {2 -f x)® in ascending powers of x. 

(b) Expand (1 — |x)-J to four terms, and hence find the 

value of 3 - - — correct to four decimal places when 

V 1 — |x ^ 

^ = 004. 

(c) Differentiate x-* from first principles. 

88. Assuming the formula for the volume of a solid 
sphere of radius r, find by using Guldinus’ Th. the position 
of the centroid of a semi-circular area of radius r. 

A groove whose section is a semi-circle of diameter 1 in. 
is turned in a solid circular shaft of diameter 6 in. Find 
the volume of material removed. 

89. Tabulate the values ot the functions sin {2x -(- 10°) 
and 2 cos {x -1- 60°) for values of x = 0°, 5°, 10° . . . up 
to 30°. Using the same axes, draw the graphs of these 
two functions over the range x = 0° to x = 30°, and read 
from your diagram a value of x (to the nearest degree) 
which satisfies the equation sin (2x + 10°) — 2 cos (x -j- 60°) 

= 0 . 



CONSTANTS 


Constant. 

Number. 

Log. 

" 

7r 

3-1416 

0-4972 

4 • • * • • 

0-7854 

I-895I 

1 



n 

0-3183 

1-5028 





9-8696 

0-9944 

1-7725 

0-2486 

♦ 

180 

4-1888 

0-6221 

“tt 

57-2958 

1-7581 

7T 



l80 

0-01745 

5-2419 


2-71828 

0-4343 

Log. 10 

2-3026 

0-3022 


CONVERSION FACTORS 


To convert ^ Multiply by 

Log. 

Metres to inches 

Inches to centimetres 

Kilometres to mile,s . 

Kilograms to lb. . . . 

Lb. to kilograms 

Gallons to cubic inches 

Radians to degrees . 

Miles per hour to feet per second 

39-37 

2-5400 

0-6214 

2-20462 

0- 45359 
277-45 

57-2958 

1- 4600 

1-5952 

0- 4048 

1- 7934 

0- 3434 
T-6567 

2- 4431 

1- 7581 
0-1663 


G. {at Greenwich) = 32101 ft, per sec.* 

= 081-18 cm. per sec.* 
Weight of 1 cub. ft. of water = 02-42 lb. (at 4“ C.) 
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No. Log. 
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II 
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■5764 

•5621 

•5476 

•5329 

•jrSo 

■5030 

•4879 

•472G 

•4571 

•4415 

•4358 

•4099 

•3939 

•377« 

•3C16 

•3453 

•3289 

•3123 

•2957 

•3790 I 



•6959 

•6833 

•6704 

'6574 

•6441 

•6307 

•6170 

•6032 

•5S93 

•5750 

•5606 

•5461 

'53M 

•5165 

■5015 

■4S63 

•4710 

•4555 

•4399 

•4243 

•4083 

•3923 

•37O2 

•3600 

•3437 

•3373 

•3107 

•3940 

•2773 

•3O05 

•343O 

•33G7 

• 3 oyG 

•1925 

•1754 

•1582 

•1409 

•133G 

•1063 

•0S89 


I' 2 ' 3 ' 


214 6 

24 6 
24 6 

247 

2 I 4 7 

I 

247 

-5 7 
2 5 7 
2^517 
2 5 j 7 

257 

2 5 7 
2 5 7 

2 5 7 
3:5 8 

3 15 8 
3 5 8 
3 5 S 
3 5 8 
35s 

I 

3 5 8 
3 5,8 
3 5 8 
3 58 
3 5'8 


8 10 

8 II 

9 
9 
9 


I 


9 ” 

9 II 
9 12 
9 12 
9 12 

12 
12 


3 5 8 II 13 
3 5 I 8 II 13 
3 5 i 8 II 13 
3 5 1 8 II 14 
3 5 I 8 a 14, 

3 5'8 
368 

3 G 8 
3 ' 6 8 
3 f ^!8 

36^8 

3 !g 8 iijr^ 

3^9 
3 5,9 
3 ^ 9 

3 ^ I 9 

3 6|9 
3 ^ ! 9 
3 ^ ' 9 
3 i 9 12 


•0715 3 6 9 
•0541 369 
•03G6 369 
*0192 369 
•0017 3 6 9 














NATURAL TANGENTS. 






28* 

29* 


31* 

32* 

33* 

34* 


0*3640 

0-3839 

0-4040 

0-4J45 

0-445J 


40* 

^1* 

42* 

43* 

44* 




l«:»j 







12' 

118 ' 

24 ' 

30 ' 

*0017 

•0035 

•0052 

•0070 

•0087 

*0192 

•0209 

*0227 

•0244 

*0262 

•0367 

•0384 

*0402 

•0419 

•0437 

•0542 

•0559 

•0577 i 

•0594 

*0612 

•0717 

•C 734 

•0752 

•0769 

•0787 

•0892 

' "ogio 

*0928 

•0945 

•0963 

■1069 

■1086 

*1104 

*tI 22 

•1139 

■1246 

•1263 

•1281 

•1299 

•1317 

•1423 

•1441 

•1459 

•X 477 

•1495 

•J 602 

•1620 

•1638 

•1655 

•1673 

•1781 

•1799 

•1817 

•1835 

•1853 

■1962 

•1980 

•1998 

*2016 

•2035 

•2144 1 

•2162 

*2180 

•2199 

•2217 

•2327 

•2345 

•2364 ; 

•2382 

•2401 

•2512 

•2530 

•3549 

•2368 1 

•2386 

•2698 

•2717 

•2736 

•2754 

•2773 

•2886 ! 

•2905 

•2924 

•2943 

•2962 

•3076 , 

•3096 

•3115 

' • 3«34 

• 3«53 

•3269 

•3288 

• 33€»7 

•3327 

■3346 

•3463 ^ 

•3482 

•3502 

•3522 

•3541 

•3659 

•3679 1 

•3699 

•3719 

•3739 

•3859 

•3879 1 

•3899 

• 39«9 

•3939 

*4061 

1 •4081 1 

*4101 ; 

•4122 

•4142 

•4265 ; 

■4286 

•4307 

•4327 

•4348 

•4473 

•4494 

•45x5 

•4538 

•4557 

•4684 , 

•4706 

•4727 

•474B 

•4770 

•4899 ' 

1 -4921 

•4942 

•4964 

•4986 

• 5>«7 

• 5 J 39 

•5161 

•5284 

•5206 

•3340 

•5362 

•5384 ! 

•5407 

•5430 

•5566 

•5589 

1 *5612 

•5635 

•5658 

1 

•5797 

•5820 

•5844 ; 

•5867 

•5890 

•6032 

•6056 

*6080 

*6104 

•6128 

•6273 ' 

•6297 

*6322 j 

•6346 

•637J 

•6519 

•6544 

•6569 

•6594 

•6619 

•6771 

•6796 

*6822 

•6847 

-6873 

•7028 

•7054 

*?o8o 

•7107 

•7133 

•7292 

•7319 

•7346 

•7373 

•7400 

•7583 

•7590 

•7618 

•7646 

•7673 

•7841 

•7869 

; -7898 

•7926 

•7954 

•8127 

•8156 

*8185 ' 

-8214 

•8243 

•842! 

•8452 

*8481 

•8511 

•8541 

•87:4 

•8754 

•3785 

•8816 

•8847 

•9036 

•9067 

, *9099 

•9131 

•9163 

•9358 

1 -9391 

1 -9424 1 

•9457 

1 -9490 

•9691 

1 -9725 

1 -9759 ! 

•9793 

! -9827 


OIOS 

0279 

0454 

0629 

0805 

0981 

1 x 57 

X 334 

1512 


•X 352 I 


530 

709 


*1370 
548 
2 


2419 I 'SOo 


0157 3 
0332 3 
0507 3 
0682 3 

0857 3 

1033 3 

i 


3819 




59X4 

•5938 

•5961 

•5983 

6152 

•6j76 

•6200 

•6224 

6395 

•6420 1 

•6445 

•6469 

6644 

•6669 

•6694 

•6720 

6899 

1 -6924 

-6950 

•6976 

1 

7X59 1 

•7186 

•7212 

•7239 

7427 1 

•7454 

•7481 , 

•7508 

7701 1 

' -7729 i 

•7757 ' 

•7-85 

79S3 

*8012 

•8040 , 

•8069 

8273 

•8302 

•8332 1 

•8361 

8571 

*8601 

1 

•8632 ! 

•8662 

8878 . 

•8910 

*8941 ! 

•8972 

9x95 ! 

•9228 

*9260 

•9293 

9523 

•9556 

•9590 

•9623 

9861 < 

*9896 

• 993 « 

•9965 

1 


1 



6 
6 
6 
6 

6 9 

6 9 

6 9 


6 9 

6 


18 
5 >8 
5 «8 
5 «9 
5 «9 


6 20 
6 20 


344 





















































NATURAL TANGENTS. 



I*0000| fOOJS 
K'039t 
i*076x 


oioj 1*0x41 
0464 1*0501 
0837 X‘o 875 

, . XM4 IM263 

>504 X*IS 44 | M585 1*1626 1*1667 


•1918 1*1960 1*2002 1*2045 I*2088 
•2349 J'2393 1*2437 1*2482! x-2527 
•2799 

3270 1*3319 


3764 

4281 
4826 

*•5399 

1-6003 

1*6643 

i*732X 

1*8040 

1*8807 

1*9626 

2*0503 



i*39x6| 1*3968 




2*4751 

2*6051 


53* 

265| 1*6341 1 
1*9047 1*9128 X 
1*9883 1*9970 2 
0686 2*0778 2*0872 2 

1642 2*1742 2*2842 2 
2673 2*2781 2-2889 ^ 
3789 2*3906 2*4023 2 
5002 2*5l29i 2 5257 2 
6325 2*6464! 2*6605 2 



*•7475 2*7625 27776 2*7929 2*8083 2 

2*9042 2*9208 2*9375 2*9544 2*9714 2 

30777 3*0961 3*1146 3*1334 3'J524 3 

3*2709 3-2914 3*3t22 3*3332; 3-3544 3 

34874 3-5105 3-5339 3-55761 3*58*6 3 


3- 7321 3 
4'0K08 4 

4- 33*5 4 

4*7046 4 

5- 1446 5 


3*7848 3-8*18 3-839* 3 
40713 4 *022 4 *335 4 

5 4*4374 4*4737 4 ' 
867 4*8288 4*8716 4* 
5 2924 5-3435 5 ‘ 


6' 12' 18' 24' 30' 36' 42' 48' 54' R' 3 


0212 

0575 

095* 

2343 

*750 


0247 1-0283 2*0319 6 
0612 2*0649 1*0686 6 
0990 1*1028 M067 6 
*383 1*2423 1*1463 
1792 1-1833 1*2875 


2t74| 1*2218 1*2262 1-2305 

I-26l7| 1*2662 1-2708 1*2753 815 

1-3079 1*3227 1*3*75 2*3222 816 

3613 1*3663 1-37*3 816 

4x24 1*4176] 1*4229 


4659 

52^4 

5818 


20; 30; 40 
3 
5 


1*7820 1*7893] **79661224! 36 48 60 
1-8495 2-8572 1*8650; 1*87281326 38 51 64 

1*9292 1*9375 2*9458 1*9542 14 27 4* 55 68 

20145 ^-0233 2*0323 20413 15.29' 44 58 73 

2*io6o| 2*1155 2*1251 2*1348 163*1 47, 63 78 


2*2045 

2*3109 

2*4262 

2*5517 

2*6869 


3; 92 

09 


2*8397 2*8556 2*8716 2*8878 26I52I 78 I04;x30 

3 0061 3-0237 3'04l5 3-0595 29 58, 67 Ii6ji44 

3*i9io 3*2106* 3*2305 3-25063264! 96129161 
3 3977! 3-4*97 3-4420 3*464636721*08144^180 
3*6305! 3 6554 3*6806 3*706241^811122163 204 

3- 8947 3-9232 3-9520 3*9812 

41976 4*2303^ 4-2635 4 2972 

4- 5483; 4-5864' 4-6252! 4-6646 

4*9594; 5-«>45 5-<^504l 5'0970 

5- 44861 5*5026; 5*5578; 5*6140 


5*67x3 5*7297 5-7894 5*8502 5*9124 5*9758 6 040$ 6*1066 6*1742; 6 2432 

6*3x38 6*3859 6*4596 6*5350, 6*6t22 6*691: 6*7720 6*8548 6*9395 70264 

7*1154 7 * 2 o 66 j 7*3002 7 * 396:1 7*4947 7*5958 7*6996 7*8062 7 ' 9 iS 8 j 8 0285 

8 - 1443 8*26361 8*3863 8*5x26 8*6427 8*7769 8*9I52‘ 9-0579I 9*2052 9*3572 

9- 5144 9*6768; 9*8448 x0*019 10*199 10*385 10*579 10*780 '10*988 11*205 


ti'430 XI 
14*301 14 
19*081 19 
28*636 30 


Mean 

diflerences 

not 

sufficiently 

accurate. 


57-290 63 65 



12*706 12*996 13*300' 13*617^ 13*951 

16*350 16*832 17-343 17886 18*464 

22*904 23*859 24*898 26031 27*271 

38*188 40*917 44066 47*740 52081 

114*59 143-24 190*98 ,286*48 572*96 


345 


















































LOGARITHMS OF SINES. 


Ang le 

0 ' 

6 ' 

12' 

bo 

1 

24 ' 

30 ' 

0 ® 

- 00 

3-242 |j *543 

3-719 

(-844 

3-941 

1 ° 

2-24I9 

2832 

3210 

3558 

3880 

4179 

2" 

^• 542 « 

5640 

5842 

6035 

6220 

6397 

3 ° 

27188 

7330 

7468 

7602 

7731 


4 ’ 

2’8436 

8543 

S647 

8749 

8849 

8946 

5 " 

2-9403 

9189 

9573 

9655 

9736 

9816 

6° 

I- 0 I ()2 

0264 


0403 

0472 

0539 

T 

1-0859 


0981 

1040 

1099 

1157 

8= 

1-1436 

1489 

1542 

1594 

1646 

1697 

9 * 

1-1943 

1991 

2038 

20S5 1 

1 

2131 

2176 

10^ 

i '2397 

2439 

24S2 

m 

2565 

2606 

ir 

i-2bo6 

2845 

2883 

2921 

' 2959 


12^ 

1-3179 

3214 

3250 

3284 

3319 

3353 

13 ^ 

i- 352 i 

3554 

3586 

3618 

3650 

3682 

14 ’ 

i- 3<''37 

3867 

3897 

3927 

3957 

39S6 

15 ’ 

1-4130 

4158 

' 41S6 

4214 

4242 


18 ° 

1-4 »o 3 

4430 

4456 

44S2 

4508 

4533 

17 ° 

1-4659 

4684 

4709 

4733 

4757 

4781 

18 ° 


1923 


4969 

4992 

5015 

19 ° 

im 

5148 

517015192 

5 '-'i 3 

5235 

20 ° 

i-5341 

5361 

53S2 

5402 

54-23 

5443 

21 ° 

1-5543 

5563 

55S3 

' 5 -J 02 

5621 

5641 

22 ° 

i-5736 

5754 

15773 

|5792 

5810 

5828 

23 ° 

f-5919 

5937 


i 5972 

5990 

6007 

24 ^ 

1-6093 

6no 

O127 

,6144 

6161 

6177 

25 ° 

1-6259 

6276 

' 6292 

' 6308 

1 

6324 

6340 

23 ° 

1-6418 

6434 

6449 

6465 

64^0 

6495 

27 ° 

1-6570 

6585 

6600 

6615 

6j29 

6644 

23 ° 

1-6716 

6730 

6744 

6759 

6773 

6787 

29 ° 

1-6856 

6869 

6883 

6S96 1 

6910 

6923 

30 ' 


7003 

7016 

7029 

7042 

7055 

31 ° 

i^yiiS 

7131 

7144 

7156 

7168 

7:81 

32 ° 

17242 

7254 

7266, 

7278 

7290 

7302 

33 ° 

1-7361 

7373 

7384 

7396 

7407 

7419 

34 ° 

r-7476 

7487 

7498 

7509- 

7520 

7531 

35 ° 

1-7586 

7597 

7607 

7618 

7629 

7640 

36 ° 

T-7t)g2 

7703 

7713 

7723 

7734 

7744 

37 ° 

i -7795 

7805 

7815 

7825 

7835 

7844 

38 ° 

i-7^93 

7903 

7913 

7922 

7932 

7941 

39 ° 

1-7989 

7998 

8007 

8017 

8o-_’6 

18035 

40 ° 

T-SoSi 

S090 

S( 99 

S108 

Si 17 

S125 

41 ° 

f-Sl6g 

817S 

8187 

8195 

8204 

8213 

42 ° 

1-8255 

8264 

S272 

S280 

82S9 

'S207 

43 ° 

7-8338' 

8346 

8354 

S362 

8370 

S378 

44 ° 

7-8418 

8426 

S433 



8457 


36 ' 

42 ' 

48 ' 

54 ' 

1' 

1 

3 

4 ' 6' 

1 

2-020 

2-087 

•^145 

2-ig6 

Differences not 

4459 

6567 

4723 

6731 

4971 

6S89 

5206 

7041 


sufficiently 

accurate. 

7979 

8098 

8213 

8326 





9042 

9135 

9226 

9315 





9894 

9970 

T0046 

T-OI 2 C 

13 

26 

39 

,52 05 

0605 

0670 

0734 

0797 

II 

22 

33 

44 55 

L 1 

1214 

1271 

X326 

1381 

10 

19 

29 

38 48 

1747 

1797 

1847 

1895 

8 

17 

25 

34 42 

2221 

2266 

2310 

2353 

8 

15 

23 

30 3 *> 

2647 

2687 

2727 

2767 

7 

14 

20 

27 34 

3034 

3070 

3107 

3143 

6 

1 12 

19 

25 31 

rk 

3387 

3421, 

3455 

3488 

6 

!n 

17 

23 20 

3713 ; 

3745 

3775 

3806 

5 

1 II 

1 

16 

21 26 

4015 

4044 

4073 

4 102 

5 

10 

15 

20 24 

4296 

4323 

4350 

4377 : 

:> 

9 

14 

iS 23 

4559 

4584 

4609 

4634 1 

4 

9 

13 

17 21 

4805 

4829 

4853 

4876 

4 

8 

12 

1 

1 6 20 

5037 

5060 

5082 

5104 

4 

8 

jH 

15 19 

5256 

5278 

5299 

5320 

4 , 

7 

II 

14 ' 10 

1 1 

5463 

54S4 

5504 

5523 

3 

7 

10 

14 17 

« f* 

5660 

5079 

i 5098 

5717 

3 

6 ' 

10 

13 It) 

V847 

5865 

5883 

5901 

3 

6 1 

9 

12 Ij 

6024 

6042 

'6059 

607C 

3 

6 1 

9 

12 

6194 

' 6210 

6227 

6243 

3 

6 

8 

tl 14 

6356 

6371 

63S7 

6403 

3 

5 

8 

Hilj' 

6510 

6526 

6541 

6556 

3 , 


8 

10 , 13 

6659! 

6673 

6687 

670-2 

2 

5 

7 

10 1 I- 

6S01 

6814 

6S28 

6842 

- > 

5 

/ 

9 

6937 

6950 

6963 

6977 

'> 

1 

4 j 

m 

/ , 

9 ” 

7068 

70S0 

7093 

7106 

2I 

1 

4 

6 

£, 

9 ” 

10 

7193 

7205 

7218 

7230 

- ! 

4 ’ 

0 

fi, 

8 10 

7314 

7130 

73-26 

7442 

733S 

7453 

7349 

74 t >4 

2 

2 

4 

4 , 

0 

6 

f, 

8 10 

7 0 

75+2 

7553 

7564 

7575 

2 

4 ^ 

0 

/ J - 

i 

7650 

7661 

7671 1 

7C82 

2 

4 

5 

7 9 

7 0 

7754 

7764 

7774 : 

7785 

2 

3 

5 

0 


7854 

7S64 

7874! 

7884 

2 

3 

5 

m 

7 

6 

7951 

7960 ' 

7970 ' 

7979 


3 

D 

6 8 

8044 

8053 

8063 

8072 

0 

«« 

1 

3 

5 


S134 

8143 ^ 

S152 

S161 

II 

3 

4 

g 

6 / 1 
6i 7 

S221 

8230 

8238 

S247 

I 

1 

3 

4 

j 

6 ' 7 

8305 

S3 13 

S322 

8330 

X 1 

i 

3 

4 

t 7 

8356 

S394 

8402 

8410 

1 

3 

4 

j 


8464 

.'472 

S480 

8487 

I 1 

3 


^ . 

1 


346 



















S OF SINES. 



46 ® I’8495 
46 ® 1*8569 
47 ° 1*8641 
48 ° 1*8711 
40 ° 1*8778 

50 ° 1*8843 
51 ® 1*8905 
52 ® 1*8965 
53 ® 1*9023 
54 ® 1*9080 

65 ® 1*9134 
50 ® 1*9186 
57 ® 1*9236 
58 ® 1*9284 
59 ® 1*9331 

60 ® f *9375 

61 ® 1*9418 
ofo 

63 1*9499 

64 ® 1 * 9537 , 

66 “ i '9573 
06 1*9607 
67 ° 1*9640 
68® 1*9672 
69 ® 1*9702 

70 * f* 973 o 

IK *'9757 

72 ® i*9782 
73 ® 1*9806 
74 ® i*9S28 

75 ® 1*9849 
76 ® 1*9869 
77 ® 1*9887 
78 ° 1*9904 
79 ° i'9919 

80 ® 1*9934 
81 1*9946 

82 ° 1*9958 
03 ® f'9968 
84 ® 1*9976 

I 85 ° 1*9983 
86® i* 99''''9 

87 ° i *9994 

' 88° i *9997 

, 89 ® 1*9999 


8540 

8613 

8683 

^751 

8S17 

S8S0 

8941 

gooo 

9057 

9112 

9165 

9216 

9265 

9312 

9358 


8547 

8620 

8690 

8758 

8823 

8887 

8947 

9006 

9063 

9118 


8555 

8627 

S697 

8765 

8830 

8893 

8953 

9012 

9069 

9123 


9170 9175 
9221 9226 
9270 9275 

9317 9322 

9362 9367 


8562 

8634 

8704 

8771 

8836 

8899 

8959 

9018 

9074 

9x28 

9181 

9231 

9279 

9326 

9371 


9401 9406 9410 1 9414 

9443 944719451 9455 

9483 j 94S7 1 9491 9495 
9522 9525 9529 9533 
9558 9362 9566:9569 


9594 

9627 

9659 

9690 

9719 1 

9746 ' 

9772 

9797 

9820 

9841 


9597 

9 ‘^ 3 i 

9662 

9<>93 

9722 

9749 

9775 

9799 

9S22 

9843 


9601 j 9604 

9634 • 9C37 

9666 9669 
9696 9699 

! 9724 , 9727 


9S61 ’ 9863 
9.SS0 9882 
9897 9S99 

9913 9915 

9928 99-9 

9941 9943 
9953 * 9954 
9964 1 9965 

9973 9974 

9981 99.M 

99S7 99S8 
9992 9993 
9996 9996 

9909 


9751 

9777 

9801 

9S24 

9845 

9865 

9884 

9901 

9916 

9931 

9944 
9955 
' 99O6 

9975 

9982 

0988 

9093 

9097 

0090 


'9754 

9780 

9S04 

9S26 

9S47 

9S67 

9885 

9902 

9918 

9932 

1 

'9945 

9956 

19967 

: 9975 

! 99*83 

I 

99S9 

9001 

9007 

9090 


5 6 
5 6 
5 6 
4 6 
4 

•» 5 
•» 5 
4 5 
4 ' 5 

I 5 

I 

3 , 4 
3' 4 
3 | 4 
3 4 
3 4 

3 4 
3 ; 3 
3 , 3 
3 i 3 










LOGARITHMS OF COSINES. 


Subtract D!ffereDeei< 


“I O' 6' 12' 18' 24' 30' 36' 42' 48'i54' 




f-gggg 

1-9997 

f -9994 

1-9989 

i ‘9983 

i-9976 

1-9968 

i ’9958 

1-9946 

i ‘9934 

1-9919 

i-9904 

1-9887 

1-9869 

1-9849 

1-9S28 

1-9806 

,1-9782 

i -9757 

i’ 973 o 

1-9702 

1-9672 

1-9640 


0000 

9999 

9997 

9994 

99S9 

99S3 


0000 , 0000 

9999,9999 9999 
9997 9997 999 ^ 
9992 

99S7 

9981 

9973 
9964 

9953 
9941 

9929 9928 


Qg02 


M 


r-9375 

[•9331 

1-9284 

1-9236 

1-9186 

i’ 9 i 34 

i-9080 

1-9023 

1-8965 

f-8905 

1-8843 

f-8778 

1-8711 

1-8641 


9604 

9601 

j 9597 

9594 

9569 

9566 

1 9562 

9558 

9533 

9529 

9525 

9522 

9495 

9491 

19487 

9483 

9455 




9414 

9410 

9406 

9401 

9371 

9367 

9362' 

9358 

9326 

9322 

9317 

i 93 i 2 

9279 

9275 

9270 

;9265 

923* 

9226 

9221 ; 

1 9216 

9181 

9175 

9170 

19165 

9128 

9123 

9118 

1 

9112 

9074 

9069 

9063 1 

9057 

9018 

9012 

9006 i 

9000 

8959 

8953 

8947 

8941 

8899 

8S93 

88S7 

SS80 

8836 

8830 

8S23 

88 1 7 

8771 

8765 

8758 

S751 

8704 

8697 

S6go 

8683 

8634 

8627 

S620 

8613 

8562 

8555 

8547 

854c 


0000 I 0000 0000 9999 
9998-9998 9998 9998 
999619995 9995 9994 
9991 9991 9990 9990 
9986 9985 9985 9984 

9979 9978 9978 9977 
9971 9970 9969 9968 
9962 9961 9960 9959 
9951 9950 9949 9947 
9939 9937 993 ^ 9935 


9925 9924 

9910 ! 9909 
9S94 [ 9892 

9876 ; 9875 
9857 . 9855 


9837 i 9835 

981519813 
9/92 9789 
9767 ' 9764 

9741 j 9738 

9713,9710 
9684 . 9681 

9653 1 9650 

9621 [9617 

95S7 1 9583 
9551 9548 

9514 9510 
9475 9471 
9435 ’9431 
9393 ! 9388 


9349 9344 
9303 1 9298 
925519251 
9206 \ 92CI 

9155^9149 

9101 ' 9096 
9046 9041 
8989 j 8983 
8929 8923 


9922 99211 0 
9907 9906 o 
9891 9889 0 

9873 9871 0 

9853 9851 0 

9833 9831 o 
9811 9808 o 
9787 9785 o 
9762 9759 o 

9735 9733 o 


1 9707 
9678 
9647 
9614 
9580 

9544 

9507 

9467 

9427 

9384 


9704 

9675 

9643 

9611 

9576 

9540 

9503 

9463 

9422 

9380 





9340 9335 * ' ^ ^ 

9294 9289 122 

19246 9241 122 

'9196 '9191 123 

'9144 9139 I 2 3 

I I 

gogi 9085 1 : 2 3 


: 9035 9029 


I 2 3 


8977 8971 112 3 

8917 8911 ij 2 3 


8868:8862 8855 8849 | i! 2 3 


8804 ^ 8797 
8738 8731 
8669 8662 
8598 8591 

8525 ; 8517 


8791 8784 2 3 

8724 8718 I 2 3 

8655 8648 i! 2 3 
8584; 8577 t 

851c. 8502 i| 2 4 


1,2 4 

li 2 4 
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LOGARITHMS OF COSINES, 


Subtract Dlfferencet 


Angle. 

0' 

6' 

12' 

18 ' 

24 ' 

0 

CO 

36 ' 

42 ' 

00 

54 ' 

1' 

1 

1 

B 

1 

45 “ 

1*8495 

8487 

8480 

1 

I8472 

8464 

8457 

8449 

8441 

8433 

8426 

I 


■ 

5 


40 

a A 

1*8418 

8410 

8402 

8394 

8386 

8378 

8370 

8362 

8354 

8346 

I 

3 

H 

5 

7 

47 “ 

1*8338 

8330 

8322 

8313 

8305 

8297 

Sr.Sg 

8280 

8272 

8264 

I 

3 


6 

7 

48 “ 

1*8255 

8247 

8238 

8230 

8221 

8213 

8204 

8195 

8187 

8178 

I 

3 

ii 

6 

7 

49 “ 

1*8169 

8161 

8152 

8143 

8134 

8125 

8117 

8108 

8099 

S090 

I 

3 

H 

6 

7 


1*8081 

8072 

8063 

8053 

8044 

8035 

8026 

8017 

8007 

7998 

2 

3 

5 

6 

8 

OX 

1*7989 

7979 

7970 

7960 

7951 

7941 

7932 

7922 

7913 

7903 

2 

3 

5 

6 

8 

52 

f nO 

1*7893 

7884 

7874 

7864 

7854 

7844 

7835 

7825 

7815 

7805 

2 

3 

5 

B 

8 

63 

1*7795 

7785 

7774' 

7764 

7754 

7744 

7734 

7723 

7713 

7703 

2 

3 

5 


9 

64 

1*7692 

7682 

7671 

7661 


7640 

7629 

7618 

7607 

7597 

2 


5 


9 

66“ 
e /^o 

1*7586 

7575 

'7564 

.7553 

BSB 

7531 

7520 

7509 

7498, 

7487 

2 

M 

6 

M 

9 

60 

M fwlj 

1*7476 

7464 

7453 

7442 

BRl 

7419 

7407 

7396 

7384 

7373 

2 

Bl 

6 

8 

1 

10 

67 

am 

1-7361 

7349 

7338 

7326 

7314 

7302 

72901 

727S 

7266 

7254 

2 

H 

6 

8 

10 

68 

V #«o 

1-7242 

7230 

7218 

7205 

7193 

7181 

7168 

7156 

7144 

7131 

2 

Bl 

6 

8 

10 

69 

1-7118 

7106 

7093 

7080 

7068 

7055 

7042 

7029 

7016 

7003 

2 

H 

6, 

9 

11 

60 “ 

1-6990 

6977 

6963 1 

6950 

6937 

6923 

6910 

6890 

'6883 

6869 

2 

H 

B 

9 

II 

01“ 

1*6856 

6842 

6828 

6814 

6801 

6787 

6773; 

6-;59 

,6744 

6730 

2 

5 

B 

9 

i 

102“ 

1*6716 

6702 

6687 

6673 

6659 

6644 

6629 ; 

6615 

6600 

'6585 

2 

5 

B 

10 

: 12 

63 ® 

1*6570 

6556 

6541 

6526 

6510 

6495 

6480 j 

6465 

6449 

16434 

3 

5 

8' 

lo 

1 

1 13 

64 “ 

1-6418 

6403 

6387 

| 637 I^ 

6356 

6340 

6324 

6308 

6292 


3 

5 

8 

II 

13 

65 “ 

1*6259 

6243 

6227 

1 6210 , 

6194 

6177 

6161 

6144 

C127 

1 

' 6110 

3 

6 

8 

II ' 

14 

68“ 

1-6093 

6076 

6059 

1 6042 

6024 

6007 

5990 

5972 

5954 

5937 

1 

3, 

6 

9 

12 ' 

1 

151 

07 “ 

1-5919 

5901 

5883 

;5865 

5847 

582s 

5810; 

5792' 

5773 1 

15754 

3 ^ 

6 

9 

12 

15! 

68“ 

*•5736' 

5717 

5698 

;5679 

5660 

5641 

5621 

5602 1 

55831 

' 5563 

3 

6 

10 

13 

i6 

69 “ 

i *5543 

5523 

5504 

|5484 

5463 

5443 

5423 

1 

5402 ' 

5382: 

1 

5361 

3 

7 

lo 

14 

17 

70 “ 

i‘ 534 i 

5320 

5299 

.5278 

' 5256; 

5235 

1 

5213: 

5192 

5170' 

'5148 

4 

1 

71 

11 

*4! 

18 

71 “ 

1-5126 

5104 

5082 

' 5060 

5037' 

5015 

4993 , 

4969 

4946 

4923 

4 

8 1 

II 

15 

19 

1 72 “ 

1*4900 

4876 

4853 

14829 

' 4805 

4781 

4757: 

4733 

4709' 

4684 

4 

1 8! 

12 

16 

20 

1 

73 “ 

1*4659 

4634 

4609 

j 4584 

4559 

4533 

4308 

4482 

4456 

4430 

4 

1 9 1 

13 

17 

21 

74 “ 

1*4403 

4377 

4350 

, 4323 

'4296 

4269 

4242 

4214 

4186 

4158 

5 

; 9 

14 

18 

23! 

76 “ 

1*4130 

4102 

4073 

, 4044 

1 

'4015 

3986 

3957 

3927 

3897 

3867 

5 

10 

15 

20 ' 

24 ' 

78 “ 

1*3837 

3806 

3775 

3745 

' 3713 

3682 

3650 

3618 

3586 

3554 

5 

1 1 

16 


26 

77 “ 

i* 352 i 

3488 

3455 

' 3421 ; 

3387 

3353 

3319! 

3284 

3250 

3214 

6 

II 

17 

23 ‘ 

28, 

78 “ 

1*3179 

3143 

3107 

3070 ' 

3034 

2997 

2959 ' 

2921 

2883 

28 }5 

6 

12 

19 

25 ! 

31' 

79“ 

i*28o6 

2767 


2687 

! 2647 

2C06 

2565 

2524 ' 

2482 ■ 

2439 

7 


20 

27 i 
1 

34 . 

80 “ 

1*2397 

2353 

2310 

2266 

^2221 

2176 

2131 

20.S5 

2038 ; 

1991 

S 

15 

23 ' 

30; 

38! 

81 “ 

1*1943 

1895 

1847 

1 

^797 

1747 

1697 

1646 

1594 

1542 

1489 

8| 

17. 

25 

34 

42 : 

82 “ 

1*1436 

1381 

1326 

1271 

1214 

1157 

1099 ! 

1040 

w>Si 

OC )20 

' lu 

19 

29 

38, 

48 

| 83 “ 

1*0859 

0797 

0734 1 0670 

0605 

0539 

0472 ’ 

0403 

0334 

026.} 

11 

m w 

33 

44 

55! 

. 84 “ 

( 

1*0192 

0120 

0046 

5 ' 9<>7020894 



2 - 9^55 

2 - 9'73 

2 94'iO 

13 

1 

26 

39 

1 

52 

66 

,86“ 

5-9403 

9315 

9226 

9135 

9042 

8940 

8849 

8749 

8647 ' 

8543 

16 

32 

48, 

64 

80 

180° 

•2-8436 

8326 

8213 

8098 , 

7979 

7857 

7731 

7C02 

7468 

733 '’ 



1 

1 


, 87 “ 

■ ■ o 

2-7188 

7041 

68S9 

6731 ■ 

6567 

6397 

6220 

6035 

5842 

5640 



1 



i8b 

ArvO 

2-5428 

5206 

4971 

14723 

4459 

4179 

3880 

3558 . 

3 Ji(> 







1 o 9 

2-2419 

2-196 

2 *I 45 | 

i 

2*02CJ 

3*941 

3*844, 

3*719, 3 * 5 M, 

3 ■- 4 -’ 
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6 12 ' 1 18 ' 24 30 


5 ’ 

6 ^ 

V 

8 " 

9 ^ 

10 = 

11 ' 

12 ° 

13 ' 

14 ' 

15 ' 

16 ' 

17 ' 

IS’ 

19 ' 

20 ' 

21 ' 

22 ' 

23 ' 

24 ' 

25 ' 

26 ' 

27 = 

28 ' 

29 ' 

30 ° 

31 ' 

32 ' 

33 ° 

34' 

35 ° 

38 ' 

37 ' 

38 = 

39 ' 

40’ 

4 r 

42 '^ 

43' 

44' 


- ce 

7 ‘ 24 ig 

'^•5431 

^7194 

>•8446 

r9420 
f'02l6 
f ‘oSgi 
i-i47!!i 
T-1997 
1-2463 
i' 25 ;S 7 

i -3275 

1-3634 

f'jgOS 

i‘4'.*Si 

i-4575 

1-4653 

I'5Ii8 

i-5370 

1-5611 

i- 564 -! 

7-6064 

1-6279 

7-6486 

7-6687 

7-6882 

7-7072 

7-7257 

17436 

7-7614 

i-7788 

1-7956 

T-S125 
7 -8290 

1-6452; 

1-8613 

7-8771 

7-8928 

7-9084 

7-9238 

7-9392 

1-9544 

i -9697 


3-242 3-543 3719 3-844 
2633 3211 3559 3861 
5643 5845 6038 6223 
7337 7475 7609 7739 
6554 8659 8762 8862 


9506 

0289 

0954 

1533 

2046 

2507 

2927 

3312 

3668 

4000 


9591 

0360 ' 
1015 

1567 

2094 

2551' 

2967 

3349, 

3702 , 
4032 


9674 

0430 

1076 

1640 

2142 

2594 

3006 

3365 

3736 

4064 


9756 

0499 

”35 

1693 

21S9 

2637 

3046 

3422 

3770 

4095 


43” 4341 4371 4400 
4603 4632 4660 ' 4688 
4880 4907 4934 4961 

5M3 5169 5195 5220 
5394 15419 5443 546? 
5634 5656 5681 5704 
5864 I 5887 I 5909 I 5932 
60SG 6108 ' 6129 '6151 
6300 O321 6341 16362 
6506 6527 6547 6567 

6706 I 6726 6746 6765 
6g<n I 6920 ' 6939 6958 
7090 7109 7128 ' 7146 
7275 7293 73” 733« 
7455 7473 , 749i , 75^^ 

7632 ' 7649 , 7667 ' 7O84 
7805 7822 I 7839 ; 7.N56 
7975 7992 ' 8008 I S025 
8142 8158 8175 8191 
8306 8323 [ 8339 ' 8355 

8468 848418501 8517 
8629 8644 8660 S676 
8787 8803 8818 8S34 
8944 8959 8975 S990 
9099 I 9115 9130 9146 

I I 

9254 9269 9 2S4 9300 
9407 ' 9422 9438 9453 
9560 957519590 9605 
9712 9727 i,742 9757 
9664 , 9S79 9S94 9909 


2680 

30S5 

3456 

3604 

4127 

4430 

4716 

4987 

5245 

549» 

5727 

5954 

6172 

6363 

6567 

6785 

6977 

7165 

7348 

7526 

7701 

7673 

8042 

8208 

6371 

8533 

8692 

8850 

9006 

9161 

9315 

9468 

9621 

9773 

9924 


36 ' 

42 ' 

48 ' 

54 

2-020 

,2-087 

2-145 

2-196 

4461 

,4725 

14973 

5208 

6571 

I6736 

6894 

7046 

7988 

1 6107 

8223 

8336 

9056 

| 9 i 5 o 

,9241 

9331 

9915 

(9992 

T0068 

'T'014 

0633 
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0764 
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11367 

1423 
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I 
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2764 
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'2846 

3123 
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3237 

3493 

13529 
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3903 
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'4468 

4517 

1 
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4744 

477 J 
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4826 

5014 
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5345 

5516 

5539 

5563 

5587 

5750 

5773 

5796 

58x9 

5976 

5998; 

6020 

6042 

6194 

6215 

6236 

6257 

6404 

6424 ' 

6445 

6465 

6607 

6627 

6647 

6667 

68 v)4 

6824 

6843 

6863 

6gg6 

7015 

7034, 

7053 

7163 

7202 

7220 

7238 

7366 ’ 

7384 

7402 ; 

7420 

7544 ' 

7562; 

7579 , 

7597 

7719 

7736 

7753 

7771 

7890 

7907 

79-24 

7941 

. 8059 

8075 

8092 

8109 

S224 

8241 
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S388 
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8436 

6549 

8565 

8581 

8597 

8 70S 
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8740 , 

8755 

8865 , 

8881 

8S97 8912 1 
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9068 

9176 
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9207 
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9346 

9361 

9376 

94S3 

9499 

9514 

9529 

9636 

9651 

9666 

9681 

97SS 

9803 

gSrS 

9833 

9939 

9955 

9970 

9985 


16 32 

3 26 
22 
10 20 
9 17 
8 16 

7 14 

6 13 

6 12 
6 



48 64 81 

40 53 66 
34 45! 56 
29 39 ’ 49 
26 35 43 
23 31 ' 39 

I 

21 28 35 
19 26,' 32 
18 24 30 
1 7 22 28 
16 21 26 

15 20 25 


3 5 
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1 2 j 
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LOGARITHMS OF TANGENTS. 




ANSWERS 


p. 12. 


EXERCISE 1 


I. rf = X = ioT i. 

(^-7 + “i) ; (ft) t:(R — 2r){R -\- 2y) • 

(c) R(R + 4r)(R + 2r): (b) = 04-2. {c) = S77-.y ' 

ft 5. 4 ins. and Mi ins, 

7. (rt)^real. (fc) complex; (c) equal; {d) real, 

8. = A: sides 7-37 and 1-63. 

9. .¥ = 2-13 or - 5-63. 10, 87 secs. 


p. 18. 


EXERCISE 2 


t, X =z ± \^3 or i V2. 

2* p = — 3 or 2. The real value of y is i 

3. ^ == bH- 4. ;r = 1 i or 1 ± x^Vf. 

5, ^ = 28. 6, sin 0 5= I or J. 7. tan 6 = | or >-6 

8. sine = |or J. 9. tan 0 = — ^ or 4. 10. = 2 or 1, 

11. X ^ ± 2. 12, cosO = 0-1287. 

13. (i) AT = 0 or 0-17G1 ; (ii) sin .j: = ± i.e., x = ± 45°. 


EXERCISE 3 

p. 18. 

1. * = V-. 2. ;tr = 22. 3. ;r = ± 6- 4. :r = f. 

5. ;r = -0-29. 6. y = 4 or {S*. 7.^=3. 

8. ■» = 1- 9. .r = 11 or 4. 10. p = 2-727 
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EXERCISE 4 

p. 24. 

1. ;»r = - 1, y = 0. 2. = 7. y ^ 4. 

3. ^ = 3 or 2, y = 2 or 3. 4. ^ = 8, = 2. 

b. X = ± \^y ±_ 2. 6^ ^ = 1 or 2 or 

7. ;r = 7V2. y = \/2; ;r = - V2,_y = - 7V2; 

;r = V2, y = 7 V2: x = - l^/2,y = - ■'/2. 

8. i = 4, ^ = 3. 9. = y = ^ 1. 

10. ;r = II y = hi 11. .r = 100, y = 173-2. 

12. a = 1-6, b = 0-4. c = - 1-5; S = 102-8. 

13. A = 2. B = C = i. 

14 „ _ u-y^-yi , yi- ^yt + vt 

14. a~y^, b- 2A ' ^ - W • 


EXERCISE 6 

p. 26. 

1. a = 1-37, b = 1-86, n = 1-46. 2. p = 24-23; T = 328-3. 
3. N = 3595 4. fl = 1-24, b = 0-60, n = 2-36. 

5. R = 148. 10«. 6 . ;t = 1-52. 7. = 3 or - 1. 

8 . ;r = — §, y = i. 9. ;v = 5 or — 1. 

10. ^ = - Hf. y = - 4. 

11. a = 2-36, b = 0-84. c = 1-40; (2) y = 43-1. 


EXERCISE 6 


p. 40. 

I 

1 . (<i) y - 3 = y^(x - 2). 

(C) y + 2 = 0-7536(.v 4 - 3). 
{e) ;r + 6y + 2 = 0. 

2 . 0-6 too small, 

4 . n = 5-7 ; m = 20-1. 

6. rt = 6-5 ; b = 0-25. 

8 . k = 0-625; n = 3-25. 


(b) y + V3x + V3 - \ = 0. 
{d) 3x - 7y + 27 = 0. 

3. a = 684; b = 39-6. 

5. a = 0-17; b = 9-81. 

7. a = 6-3; b = 216. 


EXERCISE 8 

p. 52. 

i. X = 3-2 or 2. 2. X = 4-1 or 2-3. 

3. .r = 1-78 or - 0-28. x = 2-77. 

5. X = 1-27 and 3-82. Turning points at (3, 5-4) and (2, 1). 

6 . (i) 5-19. 2-49. - 1-68; (ii) 6-51, 1-92, - 1-43. 

7. 1-11.2-56, - 0-67. 8 . 2-718. 9. 2-16. 

1-17, 2-69. - 0-87. 
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EXERCISE 9 

p. 57. 

1. («! 210; (i) 1.680; (c) 720. 2. („) ,fc) 

4. 504. 5. 30. 6. 30. 7. 00; 1257 

8. 2 X [7 = 10.080. 


EXERCISE 10 

p. 60. 

1. (a) 35; (6) 28; (c) 10; (d) 1. 

17 18 |10 

2. {a) T7T.: ib) [^ 2 ^: {c) 


[4 [3 

4. 560. 

7. I’C, or »’Cio 


[5 

[ f - ‘‘'J 


5, (a) 28; (6) 56. 
8. r = 5. 


6. ®Cj X «C| = 840. 


p. 67. 


EXERCISE 11 


‘ + ^- s + i7 

(e) I - X + ^ x^: 

( g ) 1 - * + ®-'’ _ 

4 ^ 32 128 ’ 

2x 


(5) I 4- /i + + /i*: 

(d) I + 4- 1 

^ 4 ^ 32 ^ 128 ' 

' + 2+ 8 + 16 
(A) I - 3.1 4- (JX^ - 10.r3; 


... I 2x , 3.r^ 4.r® ,/ /» /j3 /,a \ 

^ ^ a=» + ai ’ "V + « “ 2a^ + 2a3)‘ 

1/ ' 


( m , Ul + 6 . + + ‘ 35 .= 


2. (a) M04; 

(f/) 1-004; 

3 - 8 ^'; 2}/x 

5x I Ux 


2 -) 
(5) 0-988; 

«) 0-332; 


(c) 1-003; 
(/) 1-007. 


4. I 4- r - 

6. I - + ‘’'-L' 7 l-’« X 5 

72 • 7. . 

8. I — 27.r 4- 324.^^* - 22(iSx^ 4 - lO, 2 (Mu'; 

A = ?-489888; 5th = 0- 1 3220970. 

3, 


x -^ ,^_ 5x * 
2 2 8 • 


I a 1 00 
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‘ ~ ix~ 0*02885, - 0-000240G. 


11. 4th term, - ^€3 . 


12 . 


4/m 

• 


p. 72. 


EXERCISE 12 


1- {a) 4; (6) 2; (c) 44; (rf) i* 2. (a) 4; (5) 6-3636; (c) LYI. 
3. (a) 53; (5) 70. 4. (a) 8^ + 6; (5) 2h^ + /i(4r - 1). 

O, W “p 1 1. 


EXERCISE 13 

p. 75. 

1- 5- 2. 5. 3. 7. 4. 3. 5. V- 6. ?. 7. H 


p. 80. 

1. 9 

3. 2 ; 2.r — y — 1 = 
5 9.r - y - 7 = 0. 


EXERCISE 14 

2. {«) 7; (6) 1; (r) /i + 2. 
0. 4. 16.r - y - 16 = 0. 


1 . 

3. 


EXERCISE 

p. 83. 

(a) 2x: (6) 6x + 1; (c) 3.^2. 

6.r -f 2 ; 8.<r - y + 1 = o. 


15 


2. 8/; 4z, 
4. 3. 


p. 87. 


EXERCISE 16 


1. (i) 7x<^: (ii) - Bx-^i (hi) _ 64r-3; (iv) - 15.^-* 

2. -^r*; -2z-». 

3. (a) - (5) - (c) 9^ A 

4. (i) - (ii) VO'*; (in) - 8 ^-®; (iv) V ■ 

5. (1) e-4x^^; (n) 0-13.r-o-87; (hi) _ lO-?.*-^ **; 

1*5 ' ^ 

(iv) (V) -2-5A-18. 
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EXERCISE 17 

p. 88. 

1. 6.(2 _ 6.r + 4; 2-6/*' 3 + Sr* - 

2- (i) ~ ^2 + ^3 - “s: {»') -l-S/o * + 2*8/- 1’ - 2/-2; 

(iii) 2;r - 1; (iv) 6{Sx + 1). 

3. (a) 12x^; (6) j.ji:-*: (c) + 24x-i-, (rf) 9^=+ 

{e) 2(2^2 - x^){'lx - 3x^~) = 2x^(2 - x) (4 ~ 3x). 

2 4^ 

4* (i) (ii) 8 x^ — 2.8*.x: (iii) ^^x-i; 

(iv) — 0-4 . 2'^''-®: (v) G.V* + 3x~*. 

Required values (i) - I (ii) 0, (iii) (iv) Y* 

5. 2x-i - + 15^-1 

6. (a) 3:r» + 4.r: (b) 19-2jr2* + (c) 4.(3 - 12.(2 ^ _ jg 

7. (a) 6x + 2; (b) - ijJ. 

8. {.'() (i) 8^+1. (ii) 3 - 

\^38 

(6) (i) where x = ± ^ ; (ii) where .t = ± 2. 

9. 2x4-2: (i) 20-3.(-» 3: (ii) - 

10. K = |: giadient = jj. 

11. x^-Gx + o; (i) (5. - Y) and (1. Y)- 
(ii) where a- = 3 -j- v'j. 

12. a = 36; b = I 13. Gx : (a) I - (6) - 2Ax. 

X 

EXERCISE 18 

p. 91. 

1 . V, == i2x^ - \2x + 2: y^ = 36^2 - 12 . 2 . 6 - ^ 3 . 

8. 6. 4. (a) 6th; (6) 4th. 5. where 4 : = J. 
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p. 94. 


EXERCISE 19 


I. 2{x^ + r)2(2.r + 1). 

3. 10.v(.r2 + 3)^ 

~(-v + 3)-' 

7 _ 2 _ 3) 

(.v=» - 3.r + \)y 
9 - xl{x^ 3 )?. 

10 . - ^( 2 .ir 2 + ^ 4 - 1 )'* . ( 4 .^ + 


2. 4(3.r2 - 6.V + 6 )^( 6 x ~ 5 ). 
- 

• (x^ + 3.r -1- 4)*’ 

6 _ 

■ + 3 )=*- 

8. 3(.t2_ 1-3^4. 4 )^ 2 x - 1-3). 
!)■ 


p. 96. 


EXERCISE 20 


1. 2x{x^ + 2x + G) + x^2x + 3). 

2. + 5.*r - 2) -f- x^2x + 5). 

3. ( 1 ) 2x{x‘ + 3x + 6)2 + 2.r2(;r2 + 3^ + &\{2x + 3); 

(ii) hx*(x - 1)4 4 - Ax^{x - 1)3. 

4. (i) - ^X'*{X^ 4 - 2)4 4 - 12.»r-3(.tr2 4 . 2)3 . 2x; 

(ii) - ir?(/ 4- 3)3 4 . 3/-*(/ 4- 3)2. 

5. fi) 4 ^ 3(^2 _|. 3 p 2 _ 2x*(x^ 4 - 3)-3 . 2x\ 

(ii) \x{\ - x^)-i 4 - ar3(i _ a-2)-3; 

(iii) 3(2 - x)~^ 4 . 12.r(2 - x)'^. 

6. (i) {X 4 - 2)‘2 - 2x[x 4 - 2)-3; 

(ii) G.r(l - x)-^ + 3.r2(l - x)--; 

(iii) - 2.v-3(;f 4 - 3)-‘ - x-^(x 4 - 3 )- 2 ; 

(iv) ( 2 .r 4 - l)(;r - 1 - l )-2 _ 2 (.r 2 4 -^ 4 - 2){x 4 - I)'®; 

(V) 2/(1 4 - t 4 - / 2)-2 _ 2(/2 4 - 3)(1 4- / 4- /") ^ (1 + 2/). 


1 . 


p. 98. 

a 


EXERCISE 21 


2 . 


4 rt 2 .r 


{X 4- rt)3‘ ■■ {x^ 4- ^/3)2- 

4 + 2 ) ■ j;r ~* - ^x ^ (2 - x) 

+ 2)2 2 \/i(.f 4 - 2)2 

„ 10 .f(A -2 _|_ 1)2 _ 20.f3(.f2 4 . 1 ) 

(-^ 24 - !)^ • 

^ (1 - ;»r)i. 1(1 4 - ;f)-* + i(l 4- ^)*(1 - 

( 1 -^) 


3. 1 - 


1 


— . 5. 3 - 


(X 4- !)'■ 
12 _ 

ix + 2)y 


x)-i 


1 


8 . 


6.r2 4 - 20a- - 3 


( 1 - Ar)i.( 14 -# 


3(a 4- 2)i . (5Ar2 _j_ 3)1- 
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EXERCISE 22 

p. 100. 

1. - 2.V-* - 9,v 2. 6(2.r _ 3)*. 

3, .J(,v — 4) 4 _ o/y j- (A-z 

5. - 10(4.t - 2)-?. 6. - 3(5 - Tu)-*. 7.' - K»’(3 - x--)i 


8 . 

10 . 

11 . 




15. 

16. 


4(3.v2 - 2x + 2)^((i^ - 2). 9. \^.v + rt + |(.v «)-*. 

+ rt)3 + 3,V=>(.V + a)2. 

\0x^{x^ + 2jr + 3)" + Ax^{x^ + 2.*r + 3)(2^ + 2). 

3 ^ 

13^ + 1)- *(2.^+1). 

[x + 2)(6.r+ J)^- (3i-= + 2:tr + I) S.v^ + 12.r + 3 
__ (.r + 2)2 ■ (^ + 2)2 • 

2\/ x '+ 1 . ;rs - .v3 . .J(5_+ J_)-i _ 5.v^ + 6.1-2 

+ 1) ~ 2(x +_ 1}*' 

- .7 iT+x 1 

U*+3)2- “2\/3-;r-(2 + 4>- 


18. 5 and 11. 19. « and |. 

21. - ^-^{2x + 3)'). 22. 


20 . - 

2v + 3 

2y + 4- 



EXERCISE 23 

p. 107. 

The constant has been omitted in the answers 


1 — 

1. . 


.6 


5. V 
2 

9 - 

». .X . 


2. Ixl 

6. Ui. 

3-2 


10 . 


12 . - 


0;1 1 
0-1 • A** » 


2-3^ 

I 

. 01 - 


,.2-3 


14. 

16. 


.■2-3 


14 


_ _ 1 
2-3 1-4 2x’ 

3Ar‘2 2-U22 

1 - 2 ’ 


2-3 ■ 
18. s = - 4. 

1 


3. - 2a-*. 

7. -yxl 
21 


4. - , *4- 

4x* 

8 ^ * 
6 X'^ 


11 . 


x^. 


1.3 


13. 3 + 

^ x‘ ~ :]x=- 

- V = + y. 

‘)/:i 

19. s = 4- 5/ - 31. 


A-* 2 


20. (a) - (6) V2.X- , (c) 


4a2 


1-25 


3 


s>x 
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21. (a) 

1 


{b) 3 x - 


/-» , X-' 

^ "7 y + T 


22. (a) — — _ 10v';ir; 


23. 


t- 

{0) 2 ; 


(c) - g - -vZ-v; [d) 3^5 4. 8^2 4. 6^1^ 

(6) 12a/^+2^. 


EXERCISE 24 

p. no. 

The constant has been omitted in the answers. 

3. _ (5 + ^)1'' 


, {X + 3)« 

1.-2 


« (^ + 4)3 
2 . — 


1 


(> + 3)* 

7 

8 '* 

10 — i --- 1 

2-(a-2+5)2- 


5. 6 + 3)3 

(£lzL^)' Q + 3)« 

6 -jy— • 


8 . 


11 _ 12 ^ 


6(^3 4. 5) 


13. 2Vx^ + 3. 

1 1 


14. l(x^ + a2)«. 15. - r- 


1 


{x^-\-x + 3)’ 


16. - 


2 • (.^3 + .^2 4. 1J2- 


EXERCISE 2.'') 

p. 114. 

1. (1) 2 ft.; (2) 35 ft. /sec. : (3) after / sec.; (4) 0 ft./sec.*; 
(5) 23 ft. /sec. ' 2. 73: 

3. (rt) 108 — 3/3; (6) — 0/; (c) after (5 secs, and 440 ft. 

4. Calculated value 19 ft./sec.*. 

5. Vels. are 40, 41-8. 43*8. 4l)-3. 40-1. 52-1 ft./sec. 

Accels. are 17-5. 21-0. 24-(}. 28-0, 30-8 ft./sec.*. 

6. At 1 and 3T miles. 

7. \'els. are 108. 130. 104, 72. 40. 8 ft./sec.; 32 ft./sec.*. 


p. 126. 


EXERCISE 26 


1. (1) oi, I: (2) 12. - 20; (3) 5, 3S3. 

3. 206-4 cu. ins. 


f. iV 3 k f 

2. — 7^ — cu. ft. 


9 
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4. 107,270 units; V = 30*96. 

5. 2*52 is side of sq. ; hi = 1-26 ft. 

6. 5*65 in from one end. 7. From — to 4 - 

8, Slopes are - 2, - 9: I where 

9. a = 36; 6 = J; 16*35. 

10. Side of triangle = 5*88 in. ; length = 3-40 ins. 

11. 0. ^min.; ^ max. 12 a = ^ ; 5 = ; 

iw* X = \) mm. ; or — 1 max. 

14. 8*94 ins. by 4*47 ins. 

15. (a) a min. where x = | ; (5) 44. 


- 2. 1.4. 


16. r = h = 


100 


= 68*3 ft. 


p. 131. 

1. ± 0*173 sq. in. 
4. in. too long, 
6. 1% increase. 


EXERCISE 27 


2. ± 0*4 sq. in. 3. ± ~ sq. in, 
5. (1) 19J: (2) 20^1^; (3) 13-86. 

7. sV 9* 0*028 in. 


EXERCISE 28 

p. 134. 

1. 14*47tcu. ins./sec. 2. 22. 

5, 0*087 ft. /sec. towards O. 

7. 6 ft. /sec. 


, 24Tt 

3. ^ cu. ms. /sec. 
o 


8. 0*754 cu. ft. /sec. 


EXERCISE 29 

p. 146. 

1. (i) 0*829; (ii) - 0*0428; (hi) 0*8391 ; (iv) - 4*809' 

(v) 2*923; (vi) 0*866; (vii) 0*9749; (viii) - 0*4142. 

« 2^ y/5 o - A 3V10 , V/IO 

2. 5 ■ 3 * 3. sm A - . cos A = 


4. sin 0 = . tan 0 = 2\/2. 

^ 0/70 /y^Q r\ ^ r ^ 600 120 


o ^ 2^ o7* 

6' 4’ 3' J' 4o • 


7. 36°, 67° 30'. 25f°, 


71 r 


10. 5860. 


VOL. III. 


2 A 
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EXERCISE 30 

p. 151. 

1 . 2t:, 2k, k. 2 . 7 c . 

3- (i) y ; (ii) 2' (“0 3^ (iv) 

4. sin (00 + A) = cos A ; cos (90 + A) = - sin A ; 
tan (90 + A) = — cot A. 

5. (i) IS'’ and 75°; (ii) 10° and 110°; (iii) 22i°, 112*°- 

(iv) 4° 15' and 31° 45'; (v) 21° 9' and 81° 9'; (vi) .r = 20° 
or 100°. ' ' 

6. 48° 12', 311° 48' (0° and 360°). 

7. 120°, 240°. 70° 32', 289° 28'. 

8. 14° 29'. 165° 31', 41° 48', 138° 12'. 

9- (i) J. (ii) j; (iii) (iv) ^ (v) 

10. - sin 20°. cos 60°, — tan 42°. sec 130°. 


EXERCISE 31 

p. 161. 

1. 7-93 and 3-17 miles. 

2. (i) 3-007; (ii) 5-405. AC = 6-498 ins. 

3. (i) r =_\/5. a = 26° 34' ; (ii)j- = v^. a = 30° 58'. 

Vo sin {x 4- 26° 34'). V34 cos {x + 30° 58'). 

4. 10° 28' or 17° 4'. 5. (5) ^ { Vs + 1) ; 

8. 3-61. 

9. 3 cos 4^-2 cos ^4/ + gj. 1-62 ft. / = 0-167 secs. 

11. 36-9°. 61-2°. 

12. A = 45-6. a = 64°. 6^, = 26°. = 206°. 

zero when 0 = _ 64° ; (4) 6 = 8° 6' or 43° 54'. 

13. A = VS; a = 26° 34'. 


EXERCISE 32 

p. 170. 

1. tan 0 = 0-018 or - 1-618. 2. 6 = 4 or - f. A = 34°. 

3. 0 = 60°. 300°, 36° 52' or 323° 8'. 

4. 4 sin A(1 - sin A)(l -f sin A). 1-225. 5. tan B = 0-21 

6. (1) i(sin 50° + sin 14°). (2) i(sin 90° - sin 16°). 

(3) cos 82° + cos 6°. (4) cos 4° — cos 80°. 

(5) cos 2a — cos 40. 
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7. (1) 2 sin ^ cos ? 

(3) 2 cos 40°. cos ir. 

9. cos3 0 = J(cos 30-1-3 cos 0). 
10. 0 = 77° or 283°. 


(2) 2 sin 42° cos 6°. 

(4) - 2 sin + I) sin 
sin» 0 = J{3 sin 0 — sin 30) 


EXERCISE 33 

p. 182. 

1. 49° and 59°. 2. 500 ft. 3. 1*998 ins. 

4. 6*14 ft. 57° 54' and 122° 6'. 5. 30° 52'. 81° 12'. and 61° 56' 
58°. 7. 19 ft.. 19*8 ft., 56° 29'. 8. 48 yds. 

9. 70°; 2*1 ins. 10. 29*8 ins. 11. 654*2 ft. 

12. 446*1 ft. 13. 2564 ft. 14. 115*4 ft 

15. 113*8 ft. 16. 5*38 ft. 

17. (1) 24 ins. ; (2) 19^ ins. 18. 77° 10' and 102° 50'. 


EXERCISE 34 

p. 190. 

1. B = 65° 15'; C = 56° 21'. 

3. 30*43 ft.; 92° 51' and 49° 5'. 

5. 72° 20'; 107° 40'; 36*45 sq. ins. 


2. 1515 sq. ft. 
4. 90° 14'. 


p. 196. 

1. cos i. 

4. cos tt/. 

*7 1 t 
7. g cos 3. 

10. 5 cos (0 + a). 

13. 16cos^30~^^. 
15. 2afco% {2fl - 1 - «7r), 

17. — - sin =. 

5 6 

20. - 15 sin (50 -f a) 
22. — ^ sin (AO + a). 


EXERCISE 35 

2. 4 cos 4t. 

6. n cos nt, 

8. 2cos7r^ 


o 1 t 

3. 3 cos 3. 

6. 6 cos 2t. 
9. ab cos bt. 


11. 3cos{0 + 7 :). 12. acos(^0 - 

i (2^ + -3)- 

16. — 3 sin 3.ir. 

18. — 7csin7r.r. 19. — 15 sin 30. 

21. - 12 sin (^30 + 

23. — 2na sin {2tix -f Ait). 
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1 . 

4. 

7. 

9. 


p. 198. 
sec’^ 0. 


EXERCISE 36 


— cosec* y, 

— 3 cosec 3x cot Zx. 


2. sec ;r tan AT. 
5. 3 sec* 36. 


3. — cosec z cot z. 

ft 1 0* 0 

6. ^ sec ^ tan 
8. — 12 cosec* 40. 


10 sec ^ + 2 ) I j ~ cosec 20 . cot 20. 


10. 3 sec* 6. 
13. 


TT 

90 


sec* AT®, 


1 . 

3. 

5. 

6 . 

7. 

8 . 

9. 

10 . 

11 . 

12 . 

15. 

16. 

17. 

18. 


p. 200. 

2Ar sin at + at* cos x. 

4Ar* sin 2Ar -{- 2 a^ cos 2x. 
2Ar* cos 2Ar — 2Ar sin 2x 


11. ^ . cos 3Ar®. 


EXERCISE 37 


~ iio 


2. Gat* sin x + 2x^ cos x. 

4. 12Ar^ cos 3x — 6x^ sin 3x. 


— 2x-^x cos 2Ar — sin 2Ar). 


— 12a'‘® cos 4Ar — 12Ar~^ sin 4x. 
cos 0 . cos 26 ~ 2 sin 0 sin 20. 

6 cos 20 cos 40—12 sin 20 . sin 40. 
cos 20 . cos 0 + 2 sin 26 . sin 0 

cos* 20 ' 

12 cos 30 . cos 40 - 16 sin 30 sin 40. 
2n cos 2 t 7/ . cos tt/ — tc sin 2rJ . sin nt. 
sin 2Ar. 13. 9 sin* AT cos AT. 

— 30 cos 30 . sin 30 := — 15 sin 60. 
24 sin* 4Ar cos 4Ar. 

— sin X (2 cos x . sin x) — cos* x 


14. — 3 cos* 0 . sin 0. 


sin* AT 


1 . 

2 . 

5 . 


= — 2 cos AT — 
- 6 cos2Ar sin AT — 12 sin 2Ar cos 2x. 

EXERCISE 38 

p. 207. 

(rt) 0*49975; {6) 1*0000; (cj 0*49975. 

3. 6 sec* 0 . i/6. 1*75%. 


cos* AT 
sin* x' 


050 ft. 


4. 0*71 ft. 


{1) where 0 = 7, etc. Max. at etc. 

(2) where at = 36=» 22'. 143® 38'. 237® 27', 302® 33'. 
Max. at AT = 30® 22'. 237® 27'. 

(3) where x ='^. 14® 29', 105® 31'. 

Max. at AT = 14® 29'. 105® 31'. 

(4) where 6=0,? 


Max. at 0 = 7- 
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6. At 54® 44'. 7. 3-8 lb. 

9. 2450 lb.; 1733 lb. 10. 

11. Vel. =0*185 ft. /sec.; Accel. = 
displacement = 4*717 ins. 


8. 0*37 sec. 

Just more than 1 15. 

— 0*347 ft. /sec. max. 


EXERCISE 39 

p. 210. 

The constant has been omitted in the answers. 


1. sin 0. 

4. — I cos 26. 

7 9 20 

-8"® 3' 

9. — cos (6 + a). 
11. 2 cos — oj. 


2. — cos 0. 
5. ^ sin 40. 


3. — J cos 30 
6. 2 sin ^0. 


8. — I cos 20 — i sin 50. 

10. ^sin (30 +^). 

12. — 0 sin (a — 


EXERCISE 40 

p. 220. 

1. («) {b) (i*i9: (c) 4: {d) 4. 

2. (1) 8; (2) IGt:; {3) 558; (4) 0. 3. 38*33. 

4. (1) 29; (2) 4; (3) 04. 

5. (1) (2) I; (3) - 4; (4) (5) 224*3. 

7- (a) (6) 4*01; (c) 0; {d) J. 

8. (1) 30,; (2) 2*925; (3) J; (4) 2 sin (^ + l)- 2 

9. (1) 9; (2) 0; (3) - 44 . 10 87. 

11* 9*295. 12. m = 4; 4 O 5 . 13. 8*1. 

14. 294^::. 15. c = 2U; 7000^ 16. tc cu 

17. a = 1*08; 6 = 0*53. 35*0l7c. 


sin 1. 


. ms. 


p. 226. 


EXERCISE 41 


1- (a) (6) i: (C) f. 


2 . 80. no. 


3. - 

5. 1 

7t 


2u^a 


4.0*442. M.V. =2*147. 




9. ~y. 


7. 73*28. 


10 . 2 . 


8. 3454. 801 
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3^2 


11. (1) 1-41; (2) ; (3) 0-707; {4} 0-707. 


12 


- 




13. 2-55. 


EXERCISE 42 

p. 233. 

1. 33,600 cu. ins. 2. 6-25 sq. ins. 

3. 40 ins. 511 cu. ins. 4. 1370 sq. ft. 5. 67-78 cu. ft. 
6. 38-3o; 575-25. 7, 417-3 sq.ft.; 1418-8 cu. ft. /sec. 

9. ^[ab + + {a + c){6 + rf)] 


8. (1) 6-28; (2) M. 

10. 210 ft./lb. 11. 2-5 and 2-502. 12. 17,000 cu. ins. 


1 


p. 243. 
12 3 


EXERCISE 43 


•("J)- 3. ,3.^,. 4 .( 14 ,. 

5. (1) 2hi ; (2) (2-05, 6-78). 6. 0-48 in. from centre. 

* 437 * /” 

7. (1) - - cu. ins.; (2)^,^ in. from face. 8. — 


9. of median from P. 


10. 3H 

4 


(¥• «)• 

12. 2j from centre. 13. (f 4 14 ^ ^ ^ 2-1 (nearly) 

15. 3 a ms. from centre. 16. 18cu. ins.; x = 

’ 1 »> o 


p. 249. 

1. 24-52 cu. ems 
3. 240 t cu. ins. 

5. 1215-3 cu. ms, 
8. 281 lb. 

p. 263. 

3M . 


EXERCISE 44 


2. ins. from centre. 
2a .4a 


(^) (2) r* from centre 


13 

7. Area is ^Vab. 


M 


2 ' 


1 . 

3. 

5. 19-9 ins.^. 


hd^ 

~ ; 1293 ins.r 


EXERCISE 45 


2. 39-6 ins.\- 13-2 ins.^. 

4. (1) M . (2) ^\3a= + 4/^) 


12 ' 12 


8 . 0-4%. 
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9. 1546| ins.*. 
12. 182-1 ins.*. 


10. 184-3 ins.*. 
13. 5200. 


11. 55 ins.*, 


EXERCISE 46 

p. 272. 

1. (I) (2) — (3) e*; (4) e'*’ (5) — 

(C) — 20e-*^: (7) 6e^ -f 8e-^. 

2. (1) (2) - ^3) 20e’^; 4) Sg-a* 

!1! If' + + 9-'' : (3) - + 2 x-’) ■ 

r I t? • (3> ‘’’‘(3 “S 4^-4 sin 4x ) ; 

(6) a sin bx 4 - b cos bx ) ; (7) - e~^l2 cos 3/ - 1 - 3 3 /^ • 

(8) .-(4^3 _ 3/ + 3 sm 30 , 

4. (1) 3 sinh 2x\ (2) 4 cosh 4x\ (3) sinh -. 

5. (1) cos ;re (2) 6 cos 2.r«3 «>» a» . 

(3) €-*[(2a ~ b)x + b - c ^ ax^i 

{1} -Ylog's ‘ 5 - 31 °®' ^ *« • 

7. {!) 36fi3x. [§j 2V3«.‘ 9_ 


10. sinh - , 
c 


11. (1) 2 e + ?; (2} iVl - 10, 

C \/ ^ 


12. (1) i(s“-i): (2) fi-^y 

& 


p. 279. 


EXERCISE 47 


1. ( 1 ) i; , 2 ) 1 ; 


(3) 


1 


1 


( 6 ) 


2.r + 3 


1 


( 6 ) 


x-^2 ;»r + 5’ 

^x 10.r 


(4) 


3;r — 4 


x^ + Zx X -\- \ ' ^ ^ 4f3 — 5 6.«-2 + 3‘ 


2. (1) ;t(l + 2 log X) ; (2) 34^ - Hx + 1) log [X + 1) _ 


(3) cos ;r log ;»r + 


Sin ... 31og;r 


x\x + 1) 


(4) - 


+ 


(^+ D' 

(6) + 31og;rj: (6) 3^-3^('j - 31og(l + ; 

(7) 3 cos 3^ log (x"~ 4 - X + 1) + (2^' + J^in ^ , 

(8) sec^ :r log .r + ^"-5 ; (9) (10) 9-4343(0,^+1). 

^2“+^)' COt4r+ (13) * 


cos X 


1 — J 
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3. (1) log{x 2)-\-c; (2) -3Iog (2-^r); (3) J log (;r2+ 1) ; 

(4) log ( 1 + sin AT) ; (5) log 1 (6) log (3 + ^ ; 

(7) } log (3^ + 2) ; (8) - § log (4 - 3*) ; (9) £ log (b + ; 

(10) J log (*2 + 6* + 4) ; (11) log Vi^-^2r+J, 

4. 3 log I + - a»). 

5. (1) logj; (2) ilog. 5; (3) log, 2; (4) log, 2; (5)ilog,V. 


p. 285. 


EXERCISE 48 


1. (1) 2V';ir + 3 + C; (2) - 2Vr=li-, (3) ?? VbTTi. 

c 

2. (1) ;ir - 41og{;r + 4): (2) + 4^ 4. leiog (x ~ 4) : 

(3) 2;r - 6 log (^r + 3) ; (4) ^ | log (2;r + 3). 

3. (1) sin-»|; (2) sin-»^; (3) —sin-^^ (4)sin-i^^*; 


(5) sin 


,x + 2 

in *• I • ♦ 


♦ i£i\ ^ ^ 1 ^ ^ 1 


^ • 


4 (1) tan-‘;r: {2)|tan-i|: (3}|tan-i~: (4)itan->^^- 


( 6 ) ( 6 ) 


I 


= tan 


(3) - ( 


.. , 2.r + 3 

2 “VsT^ 

V3 • 

1 /cos 2x cos 84r\ 
( 2 “ 


3V3 


COS 6/ , cos 2/\ 


6 


+ 


'); (4) ( 


2 8 
sin 2/ sin 8/' 


8 


l/sin 8^ sin 4x\ t 2 3/ 

+ — ^ ); (6) 2 cos ^ . cos 2* 


8 


6 . ( 1 ) 5 ^®: ( 2 ) 


1 


( 5 ) 


4 ’ 2 cos2 8 

cos^ 0 - 

— i cos 0. 


: (3) - ; ,4) 


4 
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p. 289. 


EXERCISE 49 


3 (•'^ - 3) - log (x-2): 

3 Alog {x + 6) + H log (;. - 5); (4) ^ log (x^ - 9). 
(5) t log - 1) -Alog (3^ + 2) ; 


(6) 3 log (^ - 4) - log {x - 1) ; (7) 2 log ; 

^ + 2 

(8) i log J^2- (^ + 6) - I log (;r + 1). 


2. (1) 

( 3 ) 

( 6 ) 


1 


^ + J — 


^3 


V3 


A log 


^ i + 


1 


AT + S — 


2 

V5 


\/6 


= log 


^ + t + 


V2 


log 


<+ 1 


V5 

2 

_ 1 _ 

V2 


< + 1 + 


1 

■s/2 


(2) 1 log 


AT _ 2. 
X + i‘ 



I 

2V3 



x-\- 2^ V 3. 
^ + 2 + V3 ' 


EXERCISE 50 

p. 293. 

1. e^{x~l)-{’C: (2) e'(^*-2:ir + 2}: (3) ie^(2x~-2x+ 1); 

(4) - (2. + I) ; (5) + ij. 

2. (1) sin — ;r cos 4r; (2) ;r sin ;r + cos x; 

(3) — x^ cos ;»r + 2^ sin ^ + 2 cos x ; 

(4) |(3 - 2x>) cos 2x + - 3) ; 

(6) 2x sin I + 4 cos ^ ; (6) sin - 2 sin x -i- 2x cos 

3. (1) log ;(r - ^ : (2) _ (1 + 2 log X) : (3) 4 (log x)\ 
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4. (1) |{sin - cos x) ; (2) ^(sin ;»r + cos x) ; 

(3) ^ (2 sin - cos X) ; (4) - ^(2 sin ;tr -f- cos x ) ; 




^ix 


(6) y--( 3 sin 2^ — 2 cos 2x) ; (6) (sin 2^ -f 2 cos 2x) ; 


( 7 ) 


13' 10 

- /Q civ^ 0^ O • /0\ 

10 


(3 sin Zx - cos 3^) ; (8) - ^ (2 sin 3^ + 3 cos 3^). 


CZ 


sin + a cos hx ) ; 
ai + sin - 6 cos bx). 


p. 304. 


EXERCISE 61 


1. 63° 30' (nearly). 

4. (1) R = 4-47. a = 63° 26'; (2) R = 3-61. a = 33° 41'; 

(3) R = 1-8, a = 33° 41'. 

6. 0-698. 7. 0-48. 


9. y = 6 sin -f- (/ in secs.). 


TT 


10. ^ min.; x = 40° 12' max. Min value = — 1. Max. 

value = 2-152. 


1 . 


2 . 


EXERCISE 62 

p. 309. 

(a) (2, 3) ; (6) (- 2. 1) ; (c) (5. 0) ; {d) (0, - 2) ; 

W (1. - 2)_; (f) (0, 3). _ 

W - 2 ± (b) I ± M 0-35 ± l ij. 


p. 316. 

1. II + 7;. 

4. 25. 

7. - 11 4- 2j. 

10. 40 - 20;. 


EXERCISE 53 


2. - ¥ + Jy. 3. 11-2 - 0-6;. 

5. 4-25. 6. 5 — 12;. 

8. - 7 - 24;. 9. - 10 + 5;. 

11. cos 75° +; sin 75°. 

12. cos 30° +;■ sin 30°. 13. ^ + ^;. 14. if + H)- 

15. 16. — i| + izj- 17. — f| + fly* 

18« 1. 



ANSWERS 


371 


p. 320 . 

1 . 5 | 53 °S\ 

4 . C -33 ~ ICr 34 '. 


exercise 54 

2. 5 I — 53^ 8', 3. 3-7 I 71“ 4'. 

5. 0-58 I — 149° 2', 

6. 32-02 [ 178“ 13'. 7. 3-14 I - 9“ 10' 8 3^3 4- 

' " — ' 9-'* 

9. 1-71 + 1.54;. 

12. 6 I 45“, 

15. 1-5 I 30“. 

18. 1-44 I 45°. 

21 . 1.53 


10 . 4-21 — 3 -OG;. H. 4*08 — 4 - 22 ; 
13 . 6-72 I 36 °. 14 . 3-64 ( — 42 “.^ 


16 . 0*75 
19 . 2-32 


()° 8'. 


18 °. 


24 . 3 I — 45 °. 

26 . 1-3 - 2 .lr ^ 

27 . 1 - ; ■ ? _ 

-' 4 4 ^ 


17 . 1-5 I 90 °. 

20 . 2 . 24 |- 2 (>° 34 ' 

22 . 0-53 I — 10 ° 51 '. 23 . 1 I 45 ° 


34 ° 6 '. 


25 . 0-67 I 84 ° 47 '. 

~2j‘ ^ I 103°. 
5 V 2 . 

; -g- I - 105°. 


p. 321. ^MISCELLANEOUS EXERCISES 
t‘ ’ 3, 0-857. 

7 iill: I i«385 I- 

10. (a) O-0G2; (6) 0-2738. 

11. [a) X = ± 3-02; (5) x = 0-75; (c) x — 

12. (a) ;tr = or | (6) a = ?, 6 = 84. ' 

13. rt = _, 5 = c = _ iGO; 1G95. 

?5* S p"" ^ = ± M23. 

15. (a) R = 4; (6) a = - 4. 6 = 25G. 

16. r = 0*575. 

\l' S (*> ^ = 0-38. 

18. (a) .r = 1.142; lb) X = 11 V = _ 13 

19. C = 9-712 X 10-’. ^ " ■ 

20. (a) 11 = l-S, k = 0-4585; (5) x = 1-3, 21. 42° 5' 

22. (fl) A = a = tan-’^: (5) 0-()5Gl. 

23. 4-95: 30° with AH. 24 21° 20' 

25. ? -f- I cos 20, 57° 41' or 122° 19' 

li oar • 29. G-93 in. 

33 TOO 32. 4-53 in.; 0-88 in. 

??• ' ^2°. 34. 30° 58' or 210° 58'. 

35. 110 4o. 36_ g^ft. 
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37. y = 0-17, a = I39M6'. 38. (ii) 0°. 45“. 135°, 180°. 

39. 25-3 in.. 12° 50'. 40. 4903 ft. N. 78° 29' W. 

41. A = 25, a = 16° 15' {a) When 0 = 73° 45'; (6) 20° 37' 

or 120" 53'. 42. (a) 1340yds.; (6) 1214yds. 

43. 2054 ft. 45. Z = lO-IS. cos <j> = 0-9829. 

46. (i) +^-. (ii) e'{l - x)-. (iii) - 20. 

47. (a) 4-51 cos;r — 2-5 sin ;r; (6} 61°; (c) 7-01. 

48. Vel. = 25 + 32^ ft. /sec. Acc. = 32 ft. /sec.*; (a) 124; 

(6) cos 0 — 0 sin 0. 49. ;v = 6. H = 180. 

50. (a) 36^^ + 18..-4: (i) W “ + ?)■ 

= 2(1 +T); (a) 4; (6) 1. 


51. - V3, - 


52. 
- 2 a 


dx 

13°. 23°. 144°. 


53. {a) 1 + log,;r; (5) 

56. Slide = base = 12 in. 57. 6-43 in. 

58. (a) 5; (6) - ?; (c) 59. (a) 17-21; (6) f; {c] 


Tt 


62. 


✓ 

8 

3’ 


65. y = 


(10 - X)* 


lOx 

36 


3; .V = 
12877 

3‘ 

61. 0-48 Io- ‘^. 

3“’ 


64. 7-07; 7-07. 

25 


10\/2 5 10 , ,, , 

3(y 

66. (a) 

3 • 2 ' 


144 X 100 

68. (a) I ; (6) 9-36 ; (c) 1 ; (d) 1 1| lb. 69. x^ - x'^ + C, 18, 

70. (a) y ; (6) 4' - ~ + C; (c) 2; y = 5e- + 1. 

71.0-997; 0-997. 72. ± 0-02. 73. 6 in. 1088 in.^. 

74. 130a + 66. / = 3-0385. 75. 288 in.* 922 in.*. 

76. {2» + 2^ . 6A). (2^ + 2^ . 3/0 ; 2-03. 77. (a) ^ in.*; (5) 

78. 'f . lb. m.^ . lb. 79. 3V2, 45°. 

80. 36 in. 182 tt. 81. 2-5, 1. 

82. rad. = 4 in. BC = 4^3. CD = 2v'3; (c) SVj. 

83. 519-6 cu. in. 84. 3i *-A. 85. - 1. 2-5. 

^ 1 0 

86. 109° 28'. Max. = V2'. Hvp. = , — ^— 5 —. s- 

.Mm. =4-14. 1 + sin 0 + cose 


• ^ 


87. 2‘[l + ^^ + ^-^ + 


5x^ 


, 5x* , x^l 

To 32J ’ 


V v* 

1+2+2+ 


7.r* 

12 ' 


X = 0-04, value = 1-0208; — 

3 + t(=> - 3^)- 89- 
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